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Abstract

We proposea functionalmixturemodelfor simultaneousclusteringand
alignmentof setsof curvesmeasuredon a discretetime grid. Themodel
is speciÞcally tailoredto geneexpressiontime coursedata. Eachfunc-
tional clustercenteris a nonlinearcombinationof solutionsof a simple
lineardifferentialequationthatdescribesthechangeof individualmRNA
levels whenthe synthesisanddecayratesareconstant.The mixture of
continuoustimeparametricfunctionalformsallowsoneto (a)accountfor
theheterogeneityin theobservedproÞles,(b) aligntheproÞlesin timeby
estimatingreal-valuedtime shifts,(c) capturethesynthesisanddecayof
mRNA in thecourseof anexperiment,and(d) regularizenoisyproÞles
by enforcingsmoothnessin the meancurves. We derive an EM algo-
rithm for estimatingtheparametersof themodel,andapplytheproposed
approachto the set of cycling genesin yeast. The experimentsshow
consistentimprovementin predictive power andwithin clustervariance
comparedto regularGaussianmixtures.

1 Introduction

Curve dataarisesnaturallyin a varietyof applications.Eachcurve typically consistsof a
sequenceof measurementsasa functionof discretetime or someotherindependentvari-
able. Examplesof suchdataincludetrajectorytracksof individualsor objects(Gaffney
andSmyth,2003)andbiomedicalmeasurementsof responseto drugtherapies(Jamesand
Sugar, 2003).In somecases,thecurvedataismeasuredonregulargridsandthecurveshave
thesamelengths.It is straightforwardto treatsuchcurvesaselementsof thecorresponding
vectorspaces,andapplytraditionalvectorbasedclusteringmethodologiessuchask-means
or mixturesof GaussiandistributionsOftenthecurvesaresampledirregularly, have vary-
ing lengths,lack properalignmentin the time domainor the task requiresinterpolation



or inferenceat the off-grid locations. Suchpropertiesmake vector-spacerepresentations
undesirable.Curve dataanalysisis typically referredto asÒfunctionaldataanalysisÓin
thestatisticalliterature(RamsayandSilverman,1997),wheretheobservedmeasurements
aretreatedassamplesfrom an assumedunderlyingcontinuous-timeprocess.Clustering
in this context canbe performedusingmixturesof continuousfunctionssuchassplines
(Jamesand Sugar, 2003) and polynomial regressionmodels(DeSarboand Cron, 1988;
Gaffney and Smyth,2003). In this paperwe focuson the speciÞc problemof analyzing
geneexpressiontimecoursedataandextendthefunctionalmixturemodellingapproachto
(a) clusterthedatausingplausiblebiologicalmodelsfor theexpressiondynamics,and(b)
align theexpressionproÞlesalongthetime axis.

LargescalegeneexpressionproÞling measurestherelativeabundanceof tensof thousands
of mRNA moleculesin thecell simultaneously. Thegoalof clusteringin this context is to
discover groupsof geneswith similardynamicsandÞndsetsof genesthatparticipatein the
sameregulatorymechanism.For themostpart,clusteringapproachesto geneexpression
datatreattheobservedcurvesaselementsof thecorrespondingvector-space.A varietyof
vector-basedclusteringalgorithmshavebeensuccessfullyapplied,rangingfrom hierarchi-
cal clustering(Eisenet al., 1998)to modelbasedmethods(Yeunget al., 2001). However,
approachesoperatingin theobservedÒgriddedÓdomainof discretetime areinsensitive to
many of theconstraintsthatthetemporalnatureof thedataimposes,including

Continuity of the temporal process: The continuous-timenatureof geneexpression
dynamicsarequite importantfrom a scientiÞc viewpoint. Therehasbeensome
previouswork oncontinuoustimemodelsin thiscontext, e.g.,mixedeffectsmix-
turesof splines(Bar-Josephetal.,2002)wereappliedto clusteringandalignment
of thecell-cycle regulatedgenesin yeastandgoodinterpolationpropertieswere
demonstrated.However, suchsplinemodelsareÒblackboxesÓthat canapprox-
imatevirtually any temporalbehavior Ñ they do not take the speciÞcs of gene
regulationmechanismsinto account.In contrast,in thispaperweproposespeciÞc
functional forms that are targetedat short time courses,in which fairly simple
reactionkineticscandescribethepossibledynamics.

Alignment: Individual geneswithin clustersof co-regulatedgenescanexhibit variations
in the time of the onsetof their characteristicbehaviors or in their initial con-
centrations.SuchdifferencescansigniÞcantly increasewithin-clustervariability
andproduceincorrectclusterassignments.We addressthis problemby explicitly
modellingtheunknown real-valuedtime shiftsbetweendifferentgenes.

Smoothing. The high noiselevels of observed geneexpressiondataimply the needfor
robust estimationof meanbehavior. Functionalmodels(suchas thosethat we
proposehere)naturallyimposesmoothnessin thelearnedmeancurves,providing
implicit regularizationfor suchdata.

While someof theseproblemshave beenpreviously addressedindividually, no prior work
handlesall of themin a uniÞedmanner. Theprimarycontributionsof this paperare(a) a
new probabilisticmodelbasedon functionalmixturesthatcansimultaneouslyclusterand
alignsetsof curvesobservedon irregulartimegrids,and(b) aproposalfor aspeciÞc func-
tional form thatmodelschangesin mRNA levelsfor shortgeneexpressiontime courses.

2 Model Description

2.1 Generative Model

We describea generative modelthat allows oneto simulateheterogeneoussetsof curves
from a mixtureof functionalcurve models.Eachgeneratedcurve Yi is a seriesof obser-



vationsatadiscretesetof valuesXi of anindependentvariable.In many applications,and
for geneexpressionmeasurementsin particular, theindependentvariableX is time.

Weadoptthesamegeneralapproachto functionalcurveclusteringthatis usedin regression
mixture models(DeSarboandCron,1988),randomeffectsregressionmixtures(Gaffney
andSmyth,2003)andmixturesof splinemodels(JamesandSugar, 2003). In all of these
models,thecomponentdensitiesareconditionedon thevaluesof theindependentvariable
Xi , andtheconditionallikelihoodof a setY of N curvesis deÞnedas

P(Y|X, !) =
N!

i =1

K"

k=1

P(Yi |Xi , ! k )P(k) (1)

Here P(k) is the componentprobability and ! is a completeset of model parameters.
The clustersare deÞned by their meancurves parametrizedby a set of parametersµk :
f k (x) = f (x, µk ), andanoisemodelthatdescribesthedeviationfrom themeanfunctional
form (describedbelow in Section2.2.

In contrastto standardGaussianmixtures,thefunctionalmixture is deÞnedin continuous
time, allowing evaluationof the meancurveson a continuumof Òoff-gridÓtime points.
This allows us to extendthe functionalmixturemodelsdescribedabove by incorporating
real-valuedalignmentof observedcurvesalongthetimeaxis. In particular, theprecisetime
grid Xi of observation i is assumedunknown andis allowedto vary from curve to curve.
This is commonin practicewhenthemeasurementprocesscannotbesynchronizedfrom
curve to curve. For simplicity we assume(unknown) linearshiftsof thecurvesalongthe
time axis. We Þx thebasictime grid X, but generateeachcurve on its own grid (X + ! i )
with a curve-speciÞc time offset ! i . We treatthe offset correspondingto curve Yi asan
additionalreal-valuedlatentvariablein themodel. Theconditionallikelihoodof a single
curve undercomponentk is calculatedby integratingout all possibleoffsetvalues:

P (Yi |X, ! k ) =
#

! i

P(Yi |X + ! i , ! k )P(! i |! k )d! i (2)

Finally, we assumethat the measurementshave additive Gaussiannoisewith zeromean
anddiagonalcovariancematrixCk , and expresstheconditionallikelihoodas

P(Yi |X + ! i , ! k ) ! N (Yi |f k (X + ! i ), Ck ) (3)

Thefull setof clusterparameters! k includesmeancurveparametersµk thatdeÞnef k (x),
covariancematrix Ck , clusterprobabilityP(k), and time shift probabilityP(! |k): ! k =
{ µk , Ck , P(k), P(! |k)}

2.2 Functional form of the mean curves

Thegenerativemodeldescribedaboveusesagenericfunctionalform f (x, µ) for themean
curves. In this section,we introducea parametricrepresentationof f (x, µ) that is speciÞ-
cally tailoredto shortgeneexpressiontime courses.

To a Þrst-orderapproximation,the raw mRNA levels { v1, . . . , vN } measuredin geneex-
pressionexperimentscanbemodeledvia asystemof differentialequationswith thefollow-
ing structure(seeGibsonandMjolsness, eq. 1.19,andMestl,Lemay, and Glass(1996)):

dvi

dt
= " g1,i (v1, . . . , vN ) " #vi g2,i (v1, . . . , vN ) (4)



The Þrst term on the right handsideis responsiblefor the synthesisof vi with maximal
rate" , and thesecondtermrepresentsdecaywith maximalfractionalrate#. In general,we
donÕt know thespeciÞc coefÞcientsor nonlinearsaturatingfunctionsg1 andg2 thatdeÞne
theright hand-sideof theequations.Instead,wemakeafew simplifying assumptionsabout
theequationanduseit asa motivationfor theparametricfunctionalform thatwe propose
below. SpeciÞcally, supposethat

¥ thesetof N heterogeneousvariablescanbedivided into K groupsof variables,
whoseproductionis driven by similar mechanisms;

¥ thesynthesisanddecayfunctionsg1 andg2 areapproximatelypiecewiseconstant
in time for any givengroup;

¥ thereareatmosttwo regimesinvolvedin theproductionof vi , eachcharacterized
by theirown synthesisanddecayratesÑ thisis appropriatefor shorttimecourses;

¥ for eachgrouptherecanbe an unknown changepoint on the time axis wherea
relatively rapid switchingbetweenthe two differentregimestakesplace,dueto
exogenouschangesin thevariables(v1, . . . , vN ) outsidethegroup.

Within theregionsof constantsynthesisanddecayfunctionsg1 andg2, wecansolveequa-
tion (4) analyticallyandobtaina family of simpleexponentialsolutionsparametrizedby
µ1 = { $, " , #} :

f a(x, µ1) =
$

$ "
"
#

%
e! " x +

"
#

, (5)

This motivatesus to constructthe functional forms for the meancurves by concatenat-
ing two parameterizedexponents,with anunknown changepoint anda smoothtransition
mechanism:

f (x, µ) = f a(x, µ1) (1 " "( x, %, &)) + f a(x, µ2)"( x, %, &) (6)

Heref a(x, µ1) andf a(x, µ2) representtheexponentsto theleft andright of theswitching
point,with differentsetsof initial conditions,synthesisanddecayratesdenotedby param-
etersµ1 andµ2. The nonlinearsigmoidtransferfunction "( x, %, &) allows us to model
switchingbetweenthetwo regimesatx = & with slope%: "( x, %, &) = (1 + e! #(x ! $ ) )

! 1

Therandomeffectsonthetimegridallow usto time-shifteachcurveindividually by replac-
ing x with (x + ! i ) in Equation(6). Thereareotherbiologically plausibletransformation
on thecurvesin a clusterthatwe do not pursuein this paper, suchasallowing & to vary
with eachcurve,or representingminor differencesin theregulatoryfunctionsg1,i andg2,i
which affect thetiming of their transitions.

Whenlearningthesemodelsfrom data,werestricttheclassof functionsin Equation(6) to
thosewith non-negative initial conditions,synthesisanddecayrates,aswell asenforcing
continuityof theexponentsat theswitchingpoint: f a(&, µ1) = f a(&, µ2). Finally, given
thatthelog-normalnoisemodelis well-suitedto geneexpressiondata(Yeungetal., 2001)
weusethelogarithmof thefunctionalformsproposedin Equation(6) asageneralclassof
functionsthatdescribethemeanbehavior within theclusters.

3 Parameter Estimation

We usethe well-known ExpectationMaximization(EM) algorithmto simultaneouslyre-
cover the full setof modelparameters! = { ! 1, . . . , ! K } , as well astheposteriorjoint
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Figure1: A view of theclustermeancurves(left) andvariationin theswitching-pointpa-
rametersacross10cross-validationfolds (right) usingfunctionalclusteringwith alignment
(seeSection4 for full details).

distribution of clustermembershipZ and time offsets! for eachobserved curve. Each
clusteris characterizedby theparametersof themeancurves,noisevariance,clusterprob-
ability andtime shift distribution: ! k = { µk , Ck , P(k), P(! |k)} .

¥ In theE-step,we Þnd theposteriordistribution of theclustermembershipZi and
thetime shift ! i for eachcurveYi , givencurrentclusterparameters! ;

¥ In theM-step,wemaximizetheexpectedlog-likelihoodwith respectto theposte-
rior distributionof Z and! by adjusting! .

Sincethetime shifts ! arereal-valued,theE-steprequiresevaluationof theposteriordis-
tribution over a continuousdomainof ! . Similarly, the M-steprequiresintegrationwith
respectto ! . We approximatethedomainof ! with a Þnite samplefrom its prior distribu-
tion. Thesampleis keptÞxed throughoutthecomputation.Theposteriorprobabilityof the
sampledvaluesis updatedaftereachM-stepto approximatethemodeldistributionP(! |k).

The M-step optimization problem does not allow closed-formsolutions due to non-
linearitieswith respectto function parameters.We useconjugate gradientdescentwith
a pseudo-Newton stepsizeselection.Thestepsizeselectionissueis crucial in this prob-
lem, asthe secondderivatives with respectto differentparametersof the modeldiffer by
ordersof magnitude.This indicatesthe presenceof ridgesandravineson the likelihood
surface,which makesgradientdescenthighly sensitive to the stepsizeandslow to con-
verge. To speedup theEM algorithm,we initialize thecoefÞcientsof themeanfunctional
formsby approximatingthemeanvectorsobtainedusingastandardvector-basedGaussian
mixturemodelon thesamedata.This typically producesa usefulsetof initial parameter
valueswhicharethenoptimizedby runningthefull EM algorithmfor a functionalmixture
modelwith alignment.

We usethe EM algorithmin its maximuma posteriori(MAP) formulation,usinga zero-
meanGaussianprior distributiononthecurve-speciÞc timeshifts.Thevarianceof theprior
distribution allows usto control theamountof shifting allowedin themodel.We alsouse
conjugateprior distributionsfor thenoisevarianceCk to regularizethemodelandprohibit
degeneratesolutionswith near-zerocovarianceterms.

Figure1 showsexamplesof meancurves(Equation(6)), thatwerelearnedfrom actualgene
expressiondata.Eachfunctionalform has7 freeparameters:µ = { $, " 1, #1, " 2, #2, %, &} .
Note that, as with many time-coursegeneexpressiondata sets,having so few points
presentsanobviousproblemfor parameterestimationdirectly from a singlecurve. How-
ever, the curve-speciÞc time shifts in effect provide a Þner samplinggrid that helpsto
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Figure2: Cross-validatedconditionallogP scores(left) andcross-validatedinterpolation
mean-squarederror(MSE) (right), asa functionof thenumberof mixturecomponents,for
theÞrst cell cycle of theChoetal. dataset.

recover theparametersfrom observeddata,in additionto theÒpoolingÓeffect of learning
commonfunctionalforms for groupsof curves. The right-handsideof Figure1 shows a
scatterplot of the switchingparametersfor 5 clustersestimatedfrom 10 differentcross-
validationruns. The 5 clustersexhibit differentdynamics(as indicatedby the spreadin
parameterspace)andthealgorithmÞndsqualitatively similarparameterestimatesfor each
clusteracrossthe10 differentruns.

4 Experimental Evaluation

4.1 Gene expression data

We illustrateour approachusing the immediateresponsesof yeastSaccharomycescere-
visiaewhenreleasedfrom cell cyclearrest,usingtheraw datareportedby Choetal (1998).
Brießy, the CDC28TS mutantswere releasedfrom the cell cycle arrestby temperature
shift. CellswereharvestedandRNA wascollectedevery10min for 170min, spanningtwo
cell cycles. The RNA wasthananalyzedusingAffymetrix genechip arrays.From these
datawe selectonly the 416 geneswhich arereportedto be actively regulatedthroughout
thecell cycle andareexpressedfor 30 continuousminutesabove anAffymetrix absolute
level of 100(a total of 385genespassthesecriteria). We normalizeeachgeneexpression
vectorby its medianexpressionvaluethroughoutthetimecourseto reducetheinßuenceof
probe-speciÞc intensitybiases.

4.2 Experimental results

In orderto studytheimmediatecellularresponseweanalyzeonly theÞrst8 timepointsof
this dataset. We evaluatethecross-validatedout-of-sampleperformanceof theproposed
functionalmixturemodel.A conventionalGaussianmixturemodelappliedto observations
on the discretetime grid is usedfor baselinecomparison. It is not at all cleara priori
that the functionalmixturemodelswith highly constrainedparametricsetof meancurves
shouldoutperformGaussianmixturesthat imposeno parametricassumptionsandarefree
to approximateany discretegrid observation.While onecanexpectthatmixturesof splines
(Bar-Josephet al., 2002) or functionswith universalapproximationcapabilitiescan be
Þttedto any meanbehavior, therestrictedclassof functionsthatweproposed(basedonthe
simpliÞeddynamicsof themRNA changesimpliedby thedifferentialequationin Equation
(4)) is likely to fail if thetruedynamicsdoesnotmatchtheassumptions.

Therearetwo main reasonsto usethe proposedrestrictedclassof functional forms: (1)
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Figure3: Cross-validatedone-step-aheadpredictionMSE (left) andcross-validatedinter-
polationMSE (right) for theÞrst cell cycle of theChoetal. dataset.

to beableto interpretthe resultingmeancurvesin termsof thesynthesis/ decayratesat
eachof theregimesaswell astheswitchingtimes;(2) to naturallyincorporatealignment
by real-valuesshiftsalongthetime axis.

In Figures2 and3, we present5-fold cross-validatedout-of-samplescores,asa function
of thenumberof clusters,for boththefunctionalmixturemodelandthebaselineGaussian
mixture model. The conditional logP score(Figure 2, left panel)estimatesthe average
probabilityassignedto a singlemeasurementat time points6, 7, 8 within anunseencurve,
given the Þrst Þve measurementsof the samecurve. Higher scoresindicatea betterÞt.
TheconditioningontheÞrst few timepointsallowsusto demonstratethepowerof models
with randomeffectssinceestimationof alignmentbasedon partial curves improves the
probabilityof theremainderof thecurve.

The interpolationerror in Figure2 (right panel)shows the accuracy of recovering miss-
ing measurements.The observed improvementin this scoreis likely dueto the effect of
aligning the testcurves. To evaluatethe interpolationerror, we trainedthemodelson the
full training curves, and then assumeda single measurementwas missingfrom the test
curve (at time point 2 through7). The modelwas thenusedto make a predictionat the
time point of the missingmeasurement,and the interpolationerror was averagedfor all
time pointsandtestcurves. The right panelof Figure3 containsa detailedview of these
results:eachsubplotshows themeanerror in recoveringvaluesat a particulartime point.
While sometimepointsareharderto approximatethantheothers(in particular, T = 2, 3),
the functionalmixture modelsprovide betterinterpolationpropertiesoverall. DifÞculties
in approximatingat T = 2, 3 canbe attributed to the large changesin the intensitiesat
thesetime points,andpossiblyindicatethe limitations of the functionalforms chosenas
candidatemeancurves.

Finally, the left panelof Figure3 shows improvementin one-step-aheadpredictionerror.
Again,we trainedthemodelson thefull curves,andthenusedthemodelsto make predic-
tion for testcurvesat time T given all measurementsup to T " 1 (T = 6, 7, 8). Figures
2 and3 demonstratea consistentimprovementin the out-of-sampleperformanceof the
functionalmixtures.

The improvementsseenin theseplots result from integrating alignmentalong the time
axis into the clusteringframework. We found that the functionalmixture modelwithout
alignmentdoesnot resultin betterout-of-sampleperformancethandiscrete-timeGaussian
mixtures.This maynotbesurprisinggiven theconstrainednatureof theÞttedfunctions.

In theexperimentspresentedin thispaperweusedaGaussianprior distributiononthetime-



shift parameterto softly constrainthe shifts to lie roughly within 1.5 time grid intervals.
The discretegrid alignmentapproachesthat we proposedearlierin Chudova et al (2003)
can successfullyalign curves if one assumesoffsetson the scaleof multiple time grid
points. However, they arenot designedto handleÞner sub-gridalignments.Also worth
noting is thefact thatcontinuoustime mixturescanalign curvessampledon non-uniform
time grids (suchnon-uniformsamplingin time is relatively commonin geneexpression
time coursedata).

5 Conclusions

We presenteda probabilisticframework for joint clusteringandalignmentof geneexpres-
siontime coursedatausingcontinuoustime clustermodels.Thesemodelsallow (1) real-
valuedoff-grid alignmentof unequallyspacedmeasurements,(2) off-grid interpolation,
and (3) regularizationby enforcingsmoothnessimplied by the functional clusterforms.
Wehavedemonstratedthatamixtureof simpleparametricfunctionswith nonlineartransi-
tion betweentwo exponentialregimescanmodela broadclassof geneexpressionproÞles
in a singlecell cycle of yeast. Cross-validatedperformancescoresshow the advantages
of continuoustime modelsover standardGaussianmixtures. Possibleextensionsinclude
addingadditionalcurve-speciÞc parameters,incorporatingotheralignmentmethods,and
introducingperiodicfunctionalformsfor multi-cycle data.
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