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Abstract

We proposea functionalmixture modelfor simultaneouglusteringand
alignmentof setsof curvesmeasuredn adiscretetime grid. Themodel
is specbcally tailoredto geneexpressiorntime coursedata. Eachfunc-
tional clustercenteris a nonlinearcombinationof solutionsof a simple
lineardifferentialequatiorthatdescribeshechangeof individualmRNA
levels whenthe synthesisand decayratesare constant. The mixture of
continuoudime parametridunctionalformsallows oneto (a) accounfor
theheterogeneityn theobsenedprobles, (b) aligntheproblesin time by
estimatingreal-valuedtime shifts, (c) capturethe synthesisanddecayof
mMRNA in the courseof an experiment,and(d) regularizenoisy probles
by enforcingsmoothnesén the meancurves. We derive an EM algo-
rithm for estimatingheparametersf themodel,andapplytheproposed
approachto the setof cycling genesin yeast. The experimentsshov
consistenimprovementin predictive power andwithin clustervariance
comparedo regular Gaussiammixtures.

1 Introduction

Curve dataarisesnaturallyin a variety of applications.Eachcurve typically consistsof a
sequencef measurementasa function of discretetime or someotherindependentari-
able. Examplesof suchdataincludetrajectorytracksof individuals or objects(Gaffney
andSmyth,2003)andbiomedicalmeasurementsf responséo drugtherapie{Jamesand
Sugar, 2003).In somecasesthecune datais measurednregulargridsandthecurveshave
thesamdengths.It is straightforvardto treatsuchcurvesaselement®f thecorresponding
vectorspacesandapplytraditionalvectorbasedtlusteringmethodologiesuchask-means
or mixturesof Gaussiardistributions Oftenthe curvesaresampledrregularly, have vary-
ing lengths,lack properalignmentin the time domainor the task requiresinterpolation



or inferenceat the off-grid locations. Suchpropertiesmake vectorspacerepresentations
undesirable.Cune dataanalysisis typically referredto as OfunctionablataanalysisOn
the statisticalliterature(RamsayandSilverman,1997),wherethe obsened measurements
aretreatedas sampledrom an assumedinderlyingcontinuous-timeprocess. Clustering
in this context canbe performedusing mixturesof continuousfunctionssuchassplines
(Jamesand Sugar, 2003) and polynomial regressionmodels(DeSarboand Cron, 1988;
Gaffney and Smyth,2003). In this paperwe focuson the specbc problemof analyzing
geneexpressiortime coursedataandextendthe functionalmixture modellingapproacho
(a) clusterthe datausingplausiblebiological modelsfor the expressiondynamicsand(b)
alignthe expressiomproblesalongthetime axis.

Large scalegeneexpressiomrobling measuresherelative abundanceof tensof thousands
of MRNA moleculesn the cell simultaneouslyThe goal of clusteringin this contet is to
discover groupsof geneswith similar dynamicsandbnd setsof geneghatparticipaten the
sameregulatorymechanism For the mostpart, clusteringapproacheo geneexpression
datatreatthe obsered curvesaselementof the correspondingectorspace A variety of
vectorbasedlusteringalgorithmshave beensuccessfullapplied,rangingfrom hierarchi-
cal clustering(Eisenet al., 1998)to modelbasedmethodsYeungetal., 2001). However,
approachesperatingin the obsened Ogridded@omainof discretetime areinsensitve to
mary of theconstraintghatthetemporalnatureof the dataimposesjncluding

Continuity of the temporal process: The continuous-timenatureof geneexpression
dynamicsare quite importantfrom a scientbc viewpoint. Therehasbeensome
previouswork on continuougime modelsin this contet, e.g.,mixed effectsmix-
turesof splines(Bar-Joseptetal., 2002)wereappliedto clusteringandalignment
of the cell-cycle regulatedgenesin yeastandgoodinterpolationpropertiesvere
demonstratedHowever, suchspline modelsare OblackboxesChat canapprox-
imate virtually ary temporalbehaior N they do not take the speckcs of gene
regulationmechanism#to account.n contrastjn this papemwe proposespecic
functional forms that are targetedat shorttime courses,jn which fairly simple
reactionkineticscandescribethe possibledynamics.

Alignment: Individual geneswithin clustersof co-regulatedgenescanexhibit variations
in the time of the onsetof their characteristidehaiors or in their initial con-
centrations.Suchdifferencescansignibcantly increasewithin-clustervariability
andproduceincorrectclusterassignmentsWe addresghis problemby explicitly
modellingthe unknavn real-valuedtime shifts betweerdifferentgenes.

Smoothing. The high noiselevels of obsened geneexpressiondataimply the needfor
robust estimationof meanbehaior. Functionalmodels(suchasthosethat we
proposehere)naturallyimposesmoothnes thelearnedmeancurves,providing
implicit regularizationfor suchdata.

While someof theseproblemshave beenpreviously addresseéhdividually, no prior work
handlesall of themin a uniPed manner The primary contritutionsof this paperare(a) a
new probabilisticmodelbasedon functionalmixturesthat cansimultaneouslyclusterand
align setsof curvesobseredonirregulartime grids,and(b) a proposafor a speckc func-
tional form thatmodelschangesn mRNA levelsfor shortgeneexpressiortime courses.

2 Model Description

2.1 Generative Model

We describea generatre modelthat allows oneto simulateheterogeneousetsof curves
from a mixture of functionalcurve models.Eachgeneratedure Y| is a seriesof obser



vationsatadiscretesetof valuesX; of anindependentariable.In mary applicationsand
for geneexpressiormeasurements particular theindependentariableX is time.

We adoptthesamegenerabpproachio functionalcurve clusteringthatis usedn regression
mixture models(DeSarboand Cron, 1988), randomeffectsregressionmixtures(Gaffney
and Smyth,2003)andmixturesof splinemodels(Jamesand Sugar, 2003). In all of these
models the componentlensitiesareconditionedon the valuesof theindependenvariable
X, andtheconditionallikelihoodof asetY of N curvesis debnedas

IN K
P(YIX,!) = P(Yi|Xi,! «)P(K) 1)
i=1 k=1

Here P (k) is the componentprobability and! is a completeset of model parameters.
The clustersare debned by their meancurves parametrizediy a setof parametergu,:
fx(x) = f (X, i), andanoisemodelthatdescribeshedeviation from themeanfunctional
form (describedbelow in Section2.2.

In contrastto standardsaussiammixtures,the functionalmixture is debnedin continuous
time, allowing evaluationof the meancurves on a continuumof Oof-gridOtime points.
This allows usto extendthe functionalmixture modelsdescribedabove by incorporating
real-valuedalignmentof obseredcurvesalongthetime axis. In particular thepreciseime
grid X; of obserationi is assumedinknovn andis allowedto vary from curve to curve.
This is commonin practicewhenthe measuremenprocesscannotbe synchronizedrom
cune to cune. For simplicity we assumgunknavn) linear shifts of the curvesalongthe
time axis. We bx the basictime grid X, but generateeachcurve on its own grid (X + ;)
with a curve-spedpc time offset! ;. We treatthe offset correspondindo curve Y; asan
additionalreal-\valuedlatentvariablein the model. The conditionallikelihood of a single
cune undercomponenk is calculatedby integratingout all possibleoffsetvalues:

#
PYilIX,! k)= PYiIX+ i, Pl «)d! (2

Finally, we assumehat the measurementbave additve Gaussiamoisewith zeromean
anddiagonalcovariancematrix Cy, and expressthe conditionallik elihoodas

POYi[X+ i, b)) ! N(Yilfe(X+15),Cx) 3

Thefull setof clusterparameters y includesmeancurve parameterg, thatdebnef  (x),
covariancematrix Cy, clusterprobability P (k), and time shift probability P (! |k): ! ¢ =
{1, Cic, P(K), P (! [K)}

2.2 Functional form of the mean curves

Thegeneratie modeldescribedabore usesagenericfunctionalform f (x, i) for themean
cunes. In this section we introducea parametriaepresentatioof f (x, i) thatis spech-
cally tailoredto shortgeneexpressiortime courses.

To a brst-orderapproximationtheraw mRNA levels{v, ..., vy} measuredn geneex-
pressiorexperimentcanbemodeledvia asystenof differentialequationawith thefollow-
ing structure(seeGibsonandMjolsness, eg. 1.19,andMestl, Lemay and Glass(1996)):

dy;
d_tI: "Oi(Ve, .o, WND) T AVIG2i (VL. WD) 4)



The brst term on the right handsideis responsiblefor the synthesisof v; with maximal
rate” , andthesecondermrepresentslecaywith maximalfractionalrate#. In generalwe

don®©know the speckbc coefrcientsor nonlinearsaturatingunctionsg; andg, thatdebne

theright hand-sideof theequationsinsteadwe make afew simplifying assumptionabout
the equationanduseit asa motivationfor the parametridunctionalform thatwe propose
belown. Specbcally, supposehat

¥ thesetof N heterogeneougariablescanbe dividedinto K groupsof variables,
whoseproductionis driven by similar mechanisms;

¥ thesynthesisanddecayfunctionsg; andg, areapproximatelypiecavise constant
in time for any givengroup;

¥ thereareat mosttwo regimesinvolvedin the productionof v;, eachcharacterized
by theirown synthesisanddecayratesN thisis appropriatdor shorttime courses;

¥ for eachgrouptherecanbe an unknavn changepoint on the time axis wherea
relatively rapid switchingbetweenthe two differentregimestakes place,dueto
exogenouschangesn thevariableg(vs, ..., vy ) outsidethegroup.

Within theregionsof constansynthesisanddecayfunctionsg; andg,, we cansolve equa-
tion (4) analyticallyandobtaina family of simple exponentialsolutionsparametrizedy

= {$,",#:
$ %

Pom) = 8" 4 e "+ 7 ()

This motivatesus to constructthe functional forms for the meancurves by concatenat-
ing two parameterize@xponentswith an unknovn changepoint anda smoothtransition
mechanism:

f ) = 1206 mg) (1" (X, %&)) + F2(X, pa)"( X, %&) (6)

Heref 2(x, pq) andf 2(x, u,) representheexponentdo theleft andright of theswitching
point, with differentsetsof initial conditions synthesisasnddecayratesdenotedoy param-
etersp, and p,. The nonlinearsigmoidtransferfunction”( x, %&) allows usto model

switchingbetweerthetwo regimesatx = & with slope%"( x, %&) = (1 + € #x! $))' '

Therandomeffectsonthetime grid allow usto time-shifteachcurveindividually by replac-
ing x with (x + !;) in Equation(6). Thereareotherbiologically plausibletransformation
on thecurvesin a clusterthatwe do not pursuein this paper suchasallowing & to vary
with eachcurwve, or representingminor differencesn theregulatoryfunctionsg; ; andgs
which affectthetiming of their transitions.

Whenlearningthesemodelsfrom data,we restrictthe classof functionsin Equation(6) to
thosewith non-negative initial conditions,synthesisanddecayrates,aswell asenforcing
continuity of the exponentsat the switchingpoint: f 2(&, pq) = f 2(&, ,). Finally, given
thatthelog-normalnoisemodelis well-suitedto geneexpressiordata(Yeungetal., 2001)
we usethelogarithmof thefunctionalformsproposedn Equation(6) asa generaklassof
functionsthatdescribethe meanbehaior within theclusters.

3 Parameter Estimation

We usethe well-knowvn ExpectationMaximization (EM) algorithmto simultaneouslye-
cover the full setof modelparameters = {! 1,...,!  }, aswell asthe posteriorjoint
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Figurel: A view of the clustermeancurves(left) andvariationin the switching-pointpa-
rametersacrosslO cross-alidationfolds (right) usingfunctionalclusteringwith alignment
(seeSectiond for full details).

distribution of clustermembershipZ andtime offsets! for eachobsered curve. Each
clusteris characterizedby the parametersf the meancurves,noisevariance clusterprob-
ability andtime shift distribution: ! = { ., Cx, P(k), P (! |K)}.

¥ In the E-step,we Pnd the posteriordistribution of the clustermembershifz; and
thetime shift! ; for eachcurve Y, givencurrentclusterparameters ;

¥ In theM-step,we maximizethe expectedog-likelihoodwith respecto the poste-
rior distributionof Z and! by adjusting! .

Sincethetime shifts! arereal-valued,the E-steprequiresevaluationof the posteriordis-
tribution over a continuousdomainof ! . Similarly, the M-step requiresintegrationwith
respecto ! . We approximatehe domainof ! with a bnite samplefrom its prior distribu-
tion. Thesampleis keptbxed throughouthe computation The posteriomprobability of the
sampledvaluesis updatedaftereachM-stepto approximatehemodeldistribution P (! |k).

The M-step optimization problem does not allow closed-formsolutions due to non-
linearitieswith respectto function parameters.We use conjucate gradientdescentwith
a pseudo-Nerton stepsize selection. The stepsize selectionissueis crucial in this prob-
lem, asthe secondderivatives with respecto differentparameter®f the modeldiffer by
ordersof magnitude. This indicatesthe presenceof ridgesandravineson the likelihood
surface,which makes gradientdescenthighly sensitve to the stepsize and slow to con-
verge. To speedup the EM algorithm,we initialize the coebcientsof the meanfunctional
formshby approximatinghe meanvectorsobtainedusinga standardrectorbasedGaussian
mixture modelon the samedata. This typically producesa usefulsetof initial parameter
valueswhich arethenoptimizedby runningthefull EM algorithmfor afunctionalmixture
modelwith alignment.

We usethe EM algorithmin its maximuma posteriori(MAP) formulation,usinga zero-
meanGaussiarprior distribution onthe curve-spedpc time shifts. Thevarianceof theprior
distribution allows usto controlthe amountof shifting allowedin the model. We alsouse
conjugateprior distributionsfor the noisevarianceCy to regularizethe modelandprohibit
degeneratesolutionswith nearzerocovarianceterms.

Figurel shavs examplesof meancurves(Equation(6)), thatwerelearnedrom actualgene
expressiordata.Eachfunctionalform has7 freeparametersu = {$," 1, #1," 2, #, %&} .
Note that, as with mary time-coursegene expressiondata sets, having so few points
presentsan obvious problemfor parameteestimationdirectly from a singlecurve. How-
ever, the curve-spedpc time shifts in effect provide a Pner samplinggrid that helpsto
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Figure2: Cross-alidatedconditionallogP scores(left) and cross-alidatedinterpolation
mean-squaredrror (MSE) (right), asa function of the numberof mixture componentsfor
theprstcell cycle of the Choetal. dataset.

recover the parametergrom obsened data,in additionto the Opooling@ffect of learning
commonfunctionalforms for groupsof curves. Theright-handside of Figurel shows a
scatterplot of the switching parametergor 5 clustersestimatedrom 10 differentcross-
validationruns. The 5 clustersexhibit differentdynamics(asindicatedby the spreadin

parametespaceandthealgorithmbndsqualitatively similar parameteestimategor each
clusteracrosghe 10 differentruns.

4 Experimental Evaluation

4.1 Gene expression data

We illustrate our approachusing the immediateresponsesf yeastSactharomycescere-
visiaewhenreleasedrom cell cycle arrestusingtheraw datareportecby Choetal (1998).
Brielly, the CDC28 TS mutantswere releasedrom the cell cycle arrestby temperature
shift. CellswerehanestedandRNA was collectedevery 10 min for 170min, spanningwo
cell cycles. The RNA wasthananalyzedusing Affymetrix genechip arrays. Fromthese
datawe selectonly the 416 geneswhich arereportedto be actively regulatedthroughout
the cell cycle andareexpressedor 30 continuousminutesaborve an Affymetrix absolute
level of 100 (atotal of 385 genegpassthesecriteria). We normalizeeachgeneexpression
vectorby its medianexpressionvaluethroughouthetime courseto reducetheinfuenceof
probe-spedic intensitybiases.

4.2 Experimental results

In orderto studytheimmediatecellularresponseve analyzeonly the brst 8 time pointsof
this dataset. We evaluatethe cross-alidatedout-of-sampleperformanceof the proposed
functionalmixturemodel.A conventionalGaussiammixturemodelappliedto obsenations
on the discretetime grid is usedfor baselinecomparison. It is not at all cleara priori
thatthe functionalmixture modelswith highly constrainegparametricsetof meancurves
shouldoutperformGaussiammixturesthatimposeno parametricassumptiongandarefree
to approximateary discretegrid obsenation. While onecanexpectthatmixturesof splines
(Bar-Josephet al., 2002) or functionswith universalapproximationcapabilitiescan be
bttedto any meanbehaior, therestrictedclassof functionsthatwe proposedbasecnthe
simpliPeddynamicsof themRNA changesmplied by thedifferentialequationin Equation
(4))is likely to fail if thetruedynamicsdoesnot matchtheassumptions.

Therearetwo main reasondo usethe proposedestrictedclassof functionalforms: (1)
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Figure3: Cross-alidatedone-step-aheapredictionMSE (left) andcross-alidatedinter
polationMSE (right) for the brst cell cycle of the Choetal. dataset.

to be ableto interpretthe resultingmeancurvesin termsof the synthesid decayratesat
eachof theregimesaswell asthe switchingtimes; (2) to naturallyincorporatealignment
by real-\aluesshiftsalongthetime axis.

In Figures2 and 3, we presents-fold cross-alidatedout-of-samplescoresasa function
of thenumberof clustersfor boththefunctionalmixture modelandthe baselineGaussian
mixture model. The conditionallogP score(Figure 2, left panel) estimateghe average
probability assignedo a singlemeasuremerdttime points6, 7, 8 within anunseercurve,
given the brst bve measurementsf the samecurve. Higher scoresindicatea betterpt.
Theconditioningon the brstfew time pointsallows usto demonstratéhe power of models
with randomeffects since estimationof alignmentbasedon partial curvesimproves the
probability of theremaindernf thecurve.

The interpolationerrorin Figure 2 (right panel)shawvs the accurag of recovering miss-
ing measurementsThe obsened improvementin this scoreis likely dueto the effect of

aligning the testcurves. To evaluatethe interpolationerror, we trainedthe modelson the
full training curves, and then assumeda single measurementvas missingfrom the test
cune (at time point 2 through7). The modelwas thenusedto make a predictionat the
time point of the missingmeasurementandthe interpolationerror was averagedfor all

time pointsandtestcurves. Theright panelof Figure3 containsa detailedview of these
results:eachsubplotshavs the meanerrorin recovering valuesat a particulartime point.

While sometime pointsareharderto approximatehanthe others(in particular T = 2, 3),

the functional mixture modelsprovide betterinterpolationpropertiesoverall. Difbculties
in approximatingat T = 2,3 canbe attributedto the large changesn the intensitiesat
thesetime points,and possiblyindicatethe limitations of the functionalforms chosenas
candidateneancurves.

Finally, the left panelof Figure3 shavs improvementin one-step-aheagredictionerror.
Again, we trainedthe modelson thefull curves,andthenusedthe modelsto make predic-
tion for testcurvesattime T given all measurementgpto T " 1 (T = 6,7, 8). Figures
2 and 3 demonstratea consistenimprovementin the out-of-sampleperformanceof the
functionalmixtures.

The improvementsseenin theseplots result from integrating alignmentalong the time
axis into the clusteringframevork. We found that the functional mixture modelwithout
alignmentdoesnotresultin betterout-of-samplgerformancehandiscrete-timeGaussian
mixtures.This may not be surprisinggiven the constrainedhatureof the bttedfunctions.

In theexperimentpresentedh this papemwe useda Gaussiamprior distributiononthetime-



shift parameteto softly constrainthe shiftsto lie roughly within 1.5 time grid intervals.
The discretegrid alignmentapproacheshatwe proposecearlierin Chudosa et al (2003)
can successfullyalign curvesif one assumeoffsetson the scaleof multiple time grid

points. However, they are not designedo handlebner sub-gridalignments. Also worth

notingis the factthat continuougime mixturescanalign curvessampledon non-uniform
time grids (suchnon-uniformsamplingin time is relatively commonin geneexpression
time coursedata).

5 Conclusions

We presentea probabilisticframeawork for joint clusteringandalignmentof geneexpres-

siontime coursedatausingcontinuougime clustermodels. Thesemodelsallow (1) real-

valued off-grid alignmentof unequallyspacedmeasurementq?) off-grid interpolation,
and (3) regularizationby enforcingsmoothnessmplied by the functional clusterforms.

We have demonstratethata mixture of simpleparametridunctionswith nonlineartransi-

tion betweerntwo exponentialregimescanmodela broadclassof geneexpressiorprobles

in a single cell cycle of yeast. Cross-alidatedperformancescoresshov the advantages
of continuougtime modelsover standardsaussiammixtures. Possibleextensionsinclude

addingadditionalcurve-spedpc parametersincorporatingotheralignmentmethodsand

introducingperiodicfunctionalformsfor multi-cycle data.
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