
·



bacterium(x) macrophage(y) redbloodcell(z) x, y z

{bacterium(x),macrophage(y)} → macrophage(y) with ρ(‖x− y‖)

ρ
‖x− y‖



Ψc/d

d



Ψc/d

Θ

Θ(P ) ≡
{

1 if Predicate P is true
0 otherwise

.

δK(a, b) δab

δK(a, b) = Θ(a = b) =

{
1 if x = y

0 otherwise

δ(x, y) = δ(x− y)
µ V

{x|P (x)}
P

[x(i)||i ∈ I] [x(i)|P (x(i), i)||i ∈ I] x(i) P (x(i), i)
I I

I ⊆ N x(i) P



d [xk||k ∈ {1, ..., d}]
[xk]

[Mij || i, j ∈ I]
[[Mij ||i ∈ I] ||j ∈ I] [Mij ]

A1(x1), A2(x2), ..., An(xn) → B1(y1), B2(y2), ..., Bm(ym) with ρ([xi] , [yj ])

Ak Bl τa T = {τa|a ∈ A}
a ∈ A A T

Ak Bl

τa A B
τa xi

yj LP

xi

τa(xi) τa

xi Ai

Bj

A1(x1), ..., An(xn) → B1(y1), ..., Bm(ym) A
B t

fire

ρ
LR F

A
A B

ρ

HydrogenAtom(x), HydrogenAtom(y) → HydrogenMolecule(z)

with f(||x− y||) exp(−
(
||x− z||2 + ||y − z||2

)
/2σ2)

x y z



nodeset(x) → {node(xi)}

nodeset(x) → node(x) q0

nodeset(x) → node(x), child(x) q1

nodeset(x) → node(x), child(x), child(x) q2

child(y) → nodeset(x) φ(x, y)

nodeset(x) → {node(xi)}
nodeset(x)

i xi

qn

φ(x|y) ≡ φ(x, y)/
∫

φ(x, y)dx φ(x, y) x− y
x y

qn φ(x, y)

qn nodeset(x)
Φ(y) =

∫
φ(x, y)dx child(y)

x φ(x, y) [qn]



LP

LR

LP Ai(xi) Bj(yj) τa xi

Va da

D = {Dβ|β ∈ B} Dβ

µβ Dβ Z

R Dβ Va =
da∏

k=1
Dβ=γ(ak)

[γak ∈ B|1 ! k ! da] τa

[σab ∈
{0, 1}||a, b ∈ A] [σ̃akβ ≡ (Dβ ⊆ Dγ(ak)) ∈
{T, F}||1 ! k ! da, β ∈ B] Z R

b a σab

δab ≤ σab ≤ Θ(∃mappingl(k, b)| ∧1≤k≤da σ̃akγ(bl(k,b)))

σ̃akβ ≡
(
Dβ ⊆ Dγ(ak)

)

σab = δab

xi da xik

Dβ=γ(ak) Xc(c ∈ C)
Dβ(c)

xi yj xik

Dβ=γ(ak) θ : c *→ Dβ(c) Xc

Xc

xi Va θ LP

LR ρ([xi], [yj ])

[xi] [yj ] ρ
LR

R
LR

p p ∈ R
Dβ ρ

F(V ) V
Va(i)



∈ A
a

a(i) i a′(j) j

ρr

(
[xi|a(i) ∈ A||i ∈ IL] ,

[
yj |a′(j) ∈ A||j ∈ IR

])

xi xi′ a(i) a(i′)
ρr

x y x y z

LR ρr([xi], [yj ]) LR

ρr ρpure
r ([xi])Prr([yj ]|[xi])

Prr([yj ]|[xi]) ρpure
r ([xi])

A B
τi(xi)

τi

τi(xi)
{...τa(i)(xi)...}∗

τa(i)(xi) i

IL IR

{element(i)|Predicate(i)}

{
τa(i)(xi)|i ∈ IL

}
∗ →

{
τa′(j)(yj)|j ∈ IR

}
∗ with ρr([xi] , [yj ])

τa(i)(xi) i
i *→ (a(i), xi) i *→ (a′(i), yi)

τi = τa(i) τ ′j = τa′(j) {}

{τi(xi)} →
{
τ ′j(yj)

}
with ρr([xi] , [yj ])

→
E(x, y) exp(−E(x, y))/Z(x)

Z(x) E(y)
x f(x, y) δ(f(x, y))

δ f(x, y) = 0
f(x, y) ≶ 0



Θ(P )
Γ Γ

ρ ρ

nodeset(x) → node(x), {child(x)|1 ! i ! n}with q(n) subject to 0 ! n ! 2

LS

n

LS

LP LR LS

Γ
T D σ

LP LR LS

→

LP LR LR LS



{
τa(i)(xi)|i ∈ IL

}
→

{
τa′(j)(yj)|j ∈ IR

}
via Γ̃

Γ Γ̃

Γ
T

Γ̃

Γ̃ (
{

τb(i)(xi)|i ∈ ĨL

}
→

{
τb′(j)(yj)|j ∈ ĨR

}
)

{
τa(i) (xi) |i ∈ IL

}
→

{
τa′(j) (yj) |j ∈ IR

}

via Γ̃
({

τa(i) (xi) → τb(i) (ϕi (xi)) |i ∈ IL
}
→

{
τb′(j) (yj) → τa′(j) (ϕ̃j (yj)) |j ∈ ĨR

})

{τi(xi)} →
{
τ ′j(yj)

}
via Γ̃({τi(xi) → σi(ϕi(xi))} →

{
σ′j(yj) → τ ′j(ϕ̃j(yj))

}
) .

Γ
M (1)

ba M̃ (1)
ab

{ϕi|i ∈ IL}, {ϕ̃j |j ∈ ĨR}
LR ϕi : Va(i) *→ Vb(i) ϕ̃i : Vb′(j) *→ Va′(j)

{τi} {τ ′j}
τi σi σi(xi) σ′j(yj)

σ′j τ ′j
ϕi ϕ̃j

M (1) M̃ (1) 1 ·M ! 1 1 · M̃ ! 1



σab ≥ δab

M (2)
ba ≤

∑

cd

σbdM
(1)

dcσca and
∑

b

M (2)
ba ! 1

M̃ (2)
ab ≤

∑

cd

σacM̃
(1)
cd σdb and

∑

a

M̃ (2)
ab ! 1

σab ≥ δab

M (2) = M (1) M̃ (2) = M̃ (1)

M M̃

Γ̃ Γ̃ M
M̃

Γ̃ Γ

M = M (3) =
(

M (2) 0
I − diag(1 ·M (2)) 0

)
; M̃ = M̃ (3) =

(
M̃ (2) I

0 0

)
;

M̃M =
(

M̃ (2)M (2) + I − diag(1 ·M (2)) 0
0 0

)
!

(
I 0
0 0

)
, elementwise.

M M̃

i ∈ IL1

j ∈ IR1

... via Γ̃(
{{

τa(i)(xi)|i ∈ IL1
}

,
{
τa(i)(xi) → τb(i)(xi)|i ∈ IL2

}}
→

{{
τb′(j)(yj)|j ∈ IR1

}
,
{
τb′(j)(yj) → τa′(j)(yj)|j ∈ IR2

}})

M (1) = I
M (2) M (3)

...via Γ̃(t)

substituting Γ̃
ρ(x)

Γ̃
{
τa(i)(xi)|i ∈ IL

}
→

{
τa′(j)(yj)|j ∈ IR

}
substituting Γ̃



→
Γ̃ M M̃

M M̃

nodeset(x; Null) → {node(xi)}

nodeset(x; G) → P := node(x; G), {child(x; P )|1 ! i ! n}

q(n) 0 ! n ! 2

child(y; P ) → nodeset(x; P ) φ(x|y)

P := τa(i)(xi;LP )

P LP

!i

{node(i, x), {!j edge(i, j)}} → leaf(i, x) with f(x)

∀i

i

{node(i, x), {∀j edge(i, j)}} → node(i, x) with f(x)



{τi(xi)|i ∈ IL} → {τi(xi)|i ∈ IL} solving
{

dxi

dt
= Fi([xj |j ∈ IL])|i ∈ IL

}

Fi

Fi LR F(V )

! ∀ via

Ψc(Γ)

Ψd(Γ)

τa(xa)
nmax

a

Ψc(Γ) Ψd(Γ)



n : V → Z∗ = {0, 1, 2, ...} na(xa) ∈ {0, 1, 2, ...}
τa(xa) Xc (a, xa) ∈ V =∐

a∈A
a ⊗ Va a ∈ A xa ∈ Va

{na(x)}
{(a, xa, na(xa))|na(xa)) .= 0} τa

n(max)
a na(xa) ∞

na(xa) ∈ {0, 1}
t

Pr({na(xa)|(a, xa) ∈ V}; t) ≡ Pr({na(xa)}; t)
{na(xa)}

|{na(xa)}〉

Ψc(Γ)

d
dt Pr({na(x)} ; t) =

∑
{ma(x)}

H{n}{m} Pr({ma(x)} ; t), i.e. in matrix notation

d
dt Pr(t) = H · Pr(t)

Pr(0)

Pr(t) = exp(tH) · Pr(0).

t > 0
Γ Pr(0) T ∈ [0,+∞] T ′ ∈ [0,+∞)

t ∈ [0, T ′] Pr(0)
T [0, 0] = {0}

k [0, (1 − 1/k) × T ]
Pr(0) Ψc(Γ) t ∈ [0, T ) =⋃∞

k=1[0, (1 − 1/k) × T ] ⊥
t ∈ [T,+∞]

t t
Ψc(Γ) H

Ψc(Γ)

Ψd(Γ) U
◦

k

Pr(k) = U ◦ ...U ◦ Pr(0) ≡ Uk ◦ Pr(0)



k # 0 Pr({na(x)}; 0) Ψd(Γ) U
Ψd(Γ) H U

Ĥ

Ψ∗
c(Γ) · Pr(0) = limt→∞ Pr({na(x)}; t)

Ψc/d(Γ)

H Ĥ

R[{Bα}] {Bα}

{Bα} na(x)

Pr({na(xa)})

Va σ σa

X
Va P σ P (X) = 1

na na

τa(xa)
na Va

fa(na) =

(
na⊗

m=1

Va

)
/S(na) .

S(n) n
na

σ fa(na)
σ

na



fa(na) a

fa =
∞⊕

na=0

fa(na) and f =
⊗

a

fa

f σ
F f

|{na(xa)}〉

{Bα} {âa(x)|a ∈ A ∧ x ∈ Va}
{aa(x)|a ∈ A ∧ x ∈ Va} na(x)

âa(x)| {nb(y)}〉 = | {nb(y) + δK(a, b)δ(x, y)}〉
aa(x)| {nb(y)}〉 = na(x)| {nb(y)− δK(a, b)δ(x, y)}〉

δK(a, b)
Na(x) = âa(x)aa(x)

Na(x)| {nb(y)}〉 = âa(x)aa(x)| {nb(y)}〉 = na(x)| {nb(y)}〉 ,

[aa(x), âb(y)] ≡ commutator a â ≡aa(x)âb(y)− âb(y)aa(x)
= 0 if a .= b or x .= y.

â, a

n(max)
a τa n(max)

a

â =
(

0 0
1 0

)
, a =

(
0 1
0 0

)

{a, â} ≡ anticommutator a â ≡ aâ + âa

=
(

1 0
0 1

)
= I; âa = N ≡

(
0 0
0 1

)
.

2 × 2
(p(0), p(1)) n = 0 n = 1



p(n = 1) n = 0
p(n = 0)

a

(
q
p

)
=

(
0 1
0 0

)(
q
p

)
=

(
p
0

)

â

n
a x

n(max)
a ∞

â =





0 0 0 0 · · ·
1 0 0 0
0 1 0 0
0 0 1 0




= δn,m+1 and a =





0 1 0 0 · · ·
0 0 2 0
0 0 0 3

0 0 0 0




= mδn+1,m,

[a, â] ≡ (aâ− âa) = I =





1 0 0 0 · · ·
0 1 0 0
0 0 1 0
0 0 0 1




; âa = Na ≡





0 0 0 0 · · ·
0 1 0 0
0 0 2 0
0 0 0 3




.

n(max) < ∞
Q(N |n(max)) n(max) N

[a, â] = I + NQ(N |n(max)).

n(max) Q = −2 n(max) ∞ Q = 0 x

[a(x), â(y)] = δ(x− y)[I + NQ(N |n(max))]

δ µ
V

x n(max)

a(x) â(x)

[A, [B, C]] + [B, [C,A]] + [C, [A,B]] = 0



n(max) = 1

r

x, y Xc

Ôr = ρr([xi] , [yj ])




∏

i∈rhs(r)

âa(i)(xi)








∏

j∈lhs(r)

ab(j)(yj)





{Xc}⊗
c

Dβ(c)

Ôr =
∫

Dβ(1)

...

∫

Dβ(c)

...

(
∏

c

dµβ(c)(Xc)

)
ρr([xi({Xc})] , [yj({Xc})])

×




∏

i∈rhs(r)

âa(i)(xi({Xc}))








∏

j∈lhs(r)

ab(j)(yj({Xc}))





d b(j) σb(j)d = 1

Ôr =
∫

Dβ(1)

...

∫

Dβ(c)

...

(
∏

c

dµβ(c)(Xc)

)
ρr([xi({Xc})] , [yj({Xc})])

×





∏

i∈rhs(r)

âa(i)(xi({Xc}))










∏

j∈lhs(r)

[
∑

d

σb(j)dad(yj({Xc}))
]


 .

σ



τa na(na − 1) ≡ (na)2(na
2

)

na nb

k (âa)k

na!/(na − k)! ≡ (na)k
k

(na
k

)
k!

ρr([xi], [yj ]) r na

ρr

na ρr ρr/k! r

Ôr = ρr([xi] , [yj ])




∏

i∈rhs(r)\lhs(r)

âa(i)(xi)








∏

j∈lhs(r)

Nb(j)(yj)



 .

Ôr

Ôr

Or = Ôr − diag(1T · Ôr) ≡ Ôr −Dr

y Dr (N)n ≡
N(N − I) (N − 2I) ... (N − (n− 1) I) = N !/ (N − nI)!

Dr = ρr([xi] , [yj ])




∏

b∈A,y∈Vb

(Nb(y))|{j|j∈lhs(r)∧(b(j)=b)∧(yj=y)}|





Dr ρ

H =
∑

r

Or =
∑

r

Ôr −
∑

r

Dr ≡ Ĥ −D .

Ĥ =
∑
r

Ôr R[{Bα}]



Ψ(c)

t → it =
√
−1t

â =





0 0 0 0 · · ·
1 0 0 0
0
√

2 0 0
0 0

√
3 0




=
√

nδn,m+1 and a =





0 1 0 0 · · ·
0 0

√
2 0

0 0 0
√

3

0 0 0 0




=
√

mδn+1,m,

[a, â] = I nmax ∞



Γ Γ̃
M M̃ Ψ∗

c(Γ̃) Pr(0)
B∗(Γ̃) = limt→∞ exp tH(Γ̃)

na(x) = 0 τa

P ({τa(i)|i ∈ IL}) P̃ ({τa′(j)|j ∈ ĨR}) {τa(i)}
Mba M̃ab

Ôr =
(
P̃ (

{
τa′(j)|j ∈ IR

}
)
)

B∗(Γ̃)
(
P (

{
τa(i)|i ∈ IL

}
)
)

B∗(Γ) = limt→∞ exp tH(Γ)

P M

P (
{
τa(i)|i ∈ IL

}
) =

∑

i∈IL

∫

Va(i)

∑

b

MbaS ((b, ϕi(xi)) , (a(i), xi)) dxi

S(B, A)nBnA
= δnBnA =

(
0 0
I 0

)

B = (b, y ∈ Vb) A = (a, x ∈ Va) M̃ P̃
ST

Or

{
τa(i)(xi)|i ∈ IL

}
→

{
τa′(j)(yj)|j ∈ IR

}
via Γ̃

Γ

P

t B(Γ̃|t) = exp tH(Γ̃)
B∗(Γ̃) ...via Γ̃(t)

substituting Γ
ρ(x) Γ̃

Ôr = ρ(x)
(
P̃ (

{
τa′(j)|j ∈ ĨR

}
)
)

H(Γ̃)
(
P (

{
τa(i)|i ∈ IL

}
)
)

ρ Γ
Γ

via substituting



Ĥ

p0 = |{ma(xa)}〉
t > 0

p1

Ĥ · p0

n p1

[p1]n ≡ Prdiscrete

(
| {na(xa)}〉

∣∣∣∣k = 1| {ma(xa)}〉)
)

p1 =
(
Ĥ · p0

)
/

(
1 · Ĥ · p0

)
if 1 · Ĥ · p0 .= 0.

p0 l p0 [p0]l = δ(l, m)

∑
l

Ĥn,l ∗ [p0]l
∑
n′

∑
l

Ĥn′,l ∗ [p0]l
=

Ĥn,m∑
n′

Ĥn′,m

=
∑

l

(
Ĥn,l/

(
∑

n′

Ĥn′,l

))
([p0]l) =

[
Ĥ · diag(1 · Ĥ)

−1 · p0

]

n
.

Ĥ · p0 = 0

Ψd(Γ)

H̃(ω) = Ĥ + ω diag(Θ(1 · Ĥ = 0)) D̃(ω) = diag(1 · H̃(ω))

ω # 0 Θ

[
D′(D)

]
nm

=

{
1/Dnn if n = m and Dnn .= 0
0 otherwise

D′′ = D
ω

H = Ĥ −D = H̃ − D̃



p1 = H̃ · D̃′ · p0, where D̃(H̃) = diag(1 · H̃)

p1 = 0 ω p1 = p0 ω > 0
ω

p1

pk = H̃ · D̃′ · pk−1 =
(
H̃ · D̃′

)k
· p0 for k ∈ N.

ω > 0
H̃ D̃

H̃ =
(

H̃11 0
H̃21 ωI

)
; D̃ =

(
diag(1 · H̃1) 0

0 ωI

)
;

D̃′ =

(
diag

(
1 · H̃1

)−1
0

0 I/ω

)
; H̃ · D̃′ =

(
H̃11 · diag(1 · H̃1)

−1 0
H̃21 · diag(1 · H̃1)

−1
I

)

1 · H̃ · D̃′ 1 ω > 0 ω > 0
[H̃ · D̃′]22 = I

ω > 0

Ĥ ω
ω

ω

H̃ = Ĥ =
(

Ĥ11 0
Ĥ21 0

)
; D̃ =

(
diag(1 · Ĥ1) 0

0 0

)
;

D̃′ =

(
diag(1 · Ĥ1)

−1
0

0 0

)
; H̃ · D̃′ =

(
Ĥ11 · diag(1 · Ĥ1)

−1
0

Ĥ21 · diag(1 · Ĥ1)
−1

0

)
= ĤD

pk k
Ψd(Γ)

ω
pk

pk(6) pk k
ω






pk+1

pk+1(6)
1



 =




Ĥ ·D′ 0 0

−1 · Ĥ ·D′ 0 1
0 0 1








pk

pk(6)
1










pk = Ĥ ·D′ · pk−1 =
(
Ĥ ·D′

)k
· p0

pk(6) = 1− Ĥ ·D′ · pk−1 = 1−
(
Ĥ ·D′

)k
· p0






6

Ψd(Γ, ω >
0) = Ψd(Γ, ω = 0)

U
Ψd

Ψ′
d(Γ)

p2 =
Ĥ · p1(

1 · Ĥ · p1

) =
Ĥ ·

[(
Ĥ · p0

)
/

(
1 · Ĥ · p0

)]

(
1 · Ĥ ·

[(
Ĥ · p0

)
/

(
1 · Ĥ · p0

)]) =

=

(
Ĥ ·

(
Ĥ · p0

))
/

(
1 · Ĥ · p0

)

(
1 · Ĥ ·

(
Ĥ · p0

))
/

(
1 · Ĥ · p0

) =
(
Ĥ2 · p0

)
/

(
1 · Ĥ2 · p0

)

k
Ĥk · p0

pk =
(
Ĥk · p0

)
/

(
1 · Ĥk · p0

)

Ĥ =
∑
r

Ôr ck = 1/(1 · Ĥk ·

p0)

n k k ck = αk

ck .= αk

ω > 0
α = c1



Ψd(Γ) Ψ′
d(Γ)

k = 1 p0

p0

exp(tH)

exp(tH)

exp(tH)

exp(tH) = limk→∞

[
I +

t

k
H

]k

= limk→∞

[
I +

t

k

∑

r

Or

]k

p(t)
p(0)=p0 t/k

t/k
k

1/k

exp[t(H0 + H1)] = limk→∞

[
I +

t

k
(H0 + H1)

]k

= limk→∞

[(
I +

t

k
H0

)(
I +

t

k
H1

)]k

= limk→∞

[
e(t/k)H0e(t/k)H1

]k
.

H0 H1



exp (tH0) exp (tH1) = exp
(

tH0 + tH1 +
t2

2
[H0,H1] +

t3

12
[H0, [H0,H1]]−

t3

12
[H1, [H0,H1]] + O(t4)

)

[H0,H1] = 0
exp(tH0 + tH1) = exp(tH0) exp(tH1)

ρr([xi], [yj ]) ρpure
r ([xi])Prr([yj ]|[xi])

exp (tH) · p0 = exp (t (H0 + H1)) · p0

=
∞∑

k=0

[∫ t

0
dt1

∫ t

t1

dt2 · · ·
∫ t

tk−1

dtk exp((t− tk)H0)H1 exp((tk − tk−1)H0) · · ·H1 exp(t1H0)

]
· p0

H0 H exp(tH0)
exp(tH)

k

H1 = Ĥ and H0 = −D

Ĥ

exp(−tD)

H1 = H̃(ω) and H0 = −D̃(ω).

H
H



Ψc

Γ H(Ĥ(Γ))

t p0 Tdef(p0) ∈ [0, +∞]
t ∈ [0, Tdef) Ψc(Γ)(t) · p0

Ψd

Γ H̃(Γ, ω)

k ω # 0
ω > 0

Tdef(p0)
T ′ # 0

t ∈ [0, T ′] p0 [0, Tdef) =
∪0<T ′<Tdef

[0, T ′] Tdef

T ∗ > Tdef [0, T ∗)
[0, Tdef) [0, T ′ = (T ∗+Tdef)/2]

Tdef T ′ (T ∗ + Tdef)/2 ! Tdef T ∗ ! Tdef

T ∗ > Tdef

Prcontinuous({na(x)}|t) ≡ Prcontinuous(·|t) t ∈ [0, Tdef)
exp(tH) · p0

Prcontinuous(·|k) k Prdiscrete(·|k)
k t

Prcontinuous(·|t) Prcontinuous(t)
exp(−D∆t) ∼= 0 t

k Ψc(Γ)(t)
t T < Tdef(p0) t

T k t



Prcontinuous(·|k, τk = t− tk = 0, T, p0) tk k

q(t) =

{
1/T if t ∈ [0, T ]
0 otherwise

= Θ(0 ! t ! T )/T

Prcontinuous(·, τ0, ..., τk, k|T, p0)
≡

∫∞
0 dtPrcontinuous(·, τ0, ..., τk, k|t, p0)q(t)

=
∫ T
0 dtPrcontinuous(·, τ0, ..., τk, k|t, p0)q(t)

t τj = tj+1 − tj j

Prcontinuous(·, τk = 0, k|T, p0) =
∫ ∞

0
dτ0 · · ·

∫ ∞

0
dτk−1Prcontinuous(·, τ0, ..., τk−1, τk = 0, k|T, p0)

tk = t

Prcontinuous(·|k, τk = 0, T, p0) =
Prcontinuous(·, τk = 0, k|T, p0)
Prcontinuous(τk = 0, k|T, p0)

k

k Ψd(Γ)
k k

ω = 0 k Prdiscrete(·|not halted, k events, p0)

Prdiscrete(·|not halted, k events, p0) =
Prdiscrete(·, not halted|k events, p0)

Prdiscrete(not halted|k events)

k
k

Prcontinuous(τk = 0, k|T, p0)

Prcontinuous(τk = 0, k|T, p0) = 1 · Prcontinuous(·, τk = 0, k|T, p0).

k Ψd(Γ)
k Prdiscrete(not halted|k events)

Prdiscrete(not halted|k events) = 1 · Prdiscrete(·, not halted|k events, p0).

γ ∈ (0, 1) a, b > 0 a 9 b
a/b < γ

Γ
H̃ δ > 0 ω = δ ω # 0

0 < T < Tdef(p0) 0 < ε < 1/e ε 9 1

Tδ : k| log(ε/k)|
(

=⇒ ε : ke−kδ/k since log(1/ε) > 1
)

,



k Prcontinuous(τk = 0, k|T, p0)
k Prdiscrete(not halted|k events)

Prcontinuous(·|k, τk = 0, T, p0) Prdiscrete(·|not halted, k events, p0)
O(ε)

Prcontinuous(·|k, τk = 0, T, p0) ∼= Prdiscrete(·|not halted, k events, p0).

Tdef(p0) ∞ T → ∞
k k

limT→∞Prcontinuous(·|k, τk = 0, T, p0) = Prdiscrete(·|not halted, k events, p0);

Γ ω
Γ′(Γ) Γ

t T δ k
O(ε)

PrcontinuousΓ′(·|k, t = T, p0) = p∗k(t = T ) ∼= PrdiscreteΓ(·|not halted, k events, p0).

Prcontinuous(τk = 0, k|T, p0) = 0 τk = t− tk

Prcontinuous(τk = 0, k|T, p0) = 0 = Prdiscrete(not halted|k events)

Prcontinuous(τk = 0, k|T, p0) > 0

ω .= 0 O(ε)

Prcontinuous(·|k, τk = 0, T, p0) ∼= Prdiscrete(·|k, p0)

ω = 0 O(ε)

Prcontinuous(·|k, τk = 0, T, p0) ∼= Prdiscrete(·|not halted, k events, p0).

ω .= 0
Prdiscrete(·|k, p0) Prdiscrete(·|not halted, k events, p0)

T → 0



δ

Γ Tdef(p0)
Ψc(Γ) t t → 0 k

Ψ′
d(Γ) k

k
t S =

T t

Γ → Γ′ Ψ(Γ) = Ψ(Γ′)
Ψ∗(Γ) = Ψ∗(Γ′)

PO O
POΨ(∗)(Γ) = POΨ(∗)(Γ′)

Pr(in, out)

PrΓ(out, internal|in) Pr(in) = Pr(in, internal, out) = PrInference(in, internal|out)Pr(out)



(in, internal, out)
Γ

PrInference r

input(x) → output(y) with ρforward Prr(y|x)

r′

output(y) → input(x) with ρreverse Prr′(x|y),

nodeset(x) → {node(xi)}

nodeset(x) → node(x), {child(x)|1 ! i ! n} q(n) n # 0

child(y) → nodeset(x) φ(x|y)

T (q, φ)



Pr = q(1)q(2)2q(0)3 ×φ(x1|x)φ(x11|x1)φ(x12|x1) ×φ(x111|x11)φ(x112|x11) Pr = q(3)q(2)q(1)q(0)4

×φ(x1|x)φ(x2|x)φ(x3|x) ×φ(x11|x1)φ(x12|x1)φ(x21|x2)

Ψ′
d(Γ) T (q, φ)

x

Ĥ =
∞∑

k=0

q(k)âka = g(â)a H = g(â)a−N

Ĥ2 = g(â)2a2 + g(â)g′(â)a

Ĥ3 = g (â)3a3 + 3(g (â))2g′ (â) a2 + g (â)
(
g′ (â)

)2
a + (g (â))2g′′ (â) a; ...

g(z) =
∞∑

n=0

znq(n) and g(1) =
∞∑

n=0

q(n) = 1

Ĥ exp tH

f(x) (a, â) (∂x, x×)
Ĥ *→ [g(x)∂x] H *→ [(g(x)− x)∂x]

J(x; x0) =
∫ x

x0

du

g(u)− u
and K(x; x0) =

∫ x

x0

du

g(u)

J(x; x0) x

d

dJ
=

dx

dJ

d

dx
=

1
dJ/dx

d

dx
←! H

etHf(x) *→ et(d/dJ)f(J−1(J(x))) = f(J−1(t + J(x)))



eα∂xf(x) = f(x+α) J−1(t+J(x))

K

esĤf(x) *→ f(K−1(s+K(x))) = f(x+sg(x)+
s2

2
g(x)g′(x)+

s3

3!

(
g(x)

(
g′(x)

)2 + (g(x))2g′′(x)
)
+...)

= f(x) + sg(x)∂xf(x) + ... ←! (I + sg(â)a + ...) f(x),

Ĥ = ρ(1 + c2â2)a ρ = 1/(1 + c2)

K(x) = arctan(cx)/(ρc) esĤ |1〉 *→ (tan(sρc) + cx)/[c(1 − cx tan(sρc))] 1 · esĤ |1〉 =
(tan(sρc) + c)/[c(1 − c tan(sρc))] s
eαs α 1 · Ĥn|1〉 .= αn

c = 1 J−1(t + J(x)) = t+2x−tx
t+2−tx =

t
2+t +

∞∑
n=1

4tn−1

(2+t)n+1 xn

q

q(n) =
{

p0 n = 0
(1− p0)n−α/ζ(α) n > 0

g(z) = p0 + (1− p0)Liα(z)/ζ(α) Liα(z)

J(x;x0) =
∫ x

x0

dz

p0 − z + (1− p0) Liα(z)/ζ(α)
and K(x; x0) =

∫ x

x0

dz

p0 + (1− p0) Liα(z)/ζ(α)

Pr({node(xI)|1 !
I ! N}|N)

T (N, q, φ)

nodeset(x,N) → {node(xi)}

nodeset(x,N) → node(x), children(x, n, N − 1)|1 ! i ! n} r(n|N)

children(x, n,N) → child(x,N ′), children(x, n− 1, N −N ′) R(N ′|n,N)



children(x, 0, N) → ∅

child(y, N) → nodeset(x,N) φ(x|y)

q(n)
T (q, φ)

q(0) 0
R r

start(N) → {cluster(i, θk, πk)|1 ! k < ∞}

start(N) → cluster′(0, 0, 0, 1, 0)

cluster′(k, θk, βk,Ξk, πk) → cluster(k, θk, πk), cluster′(k + 1, θk+1, βk+1, Ξk+1, πk+1)

βk+1 Beta(·|1, α) = (Γ(1 + α)/Γ(α))(βk+1)α−1

G0(θk)

πk+1 = βk+1Ξk

Ξk+1 = (1− βk+1)Ξk

start(N) → {sample(x)|1 ! k ! N}

start(N) → samples(N), {cluster(k, θk, πk)|1 ! k < ∞}

samples(N), C = {cluster(i, θk, πk)|1 ! k < ∞} → samples(N − 1), C, sample′(θk)

πk

N > 0

sample′(θ̂) → sample(x) · θ̂



Γtree

T (q, φ) Γrl−tree

T (N, q, φ)

(S − s)
S S,

start(x̂) → {cluster(x, σ, l, s), item(x̃)}

start(x̂) → cluster(x̂, σ̂, 0, 0)

cluster(x, σ, l, s) → {cluster(x, σ, l, s + 1), cluster[x′, σ/V, l + 1, 0]}

(S − s) ∗N(x′; x, σ)

l < L

cluster(x, σ, L, s) → {cluster(x, σ, L, s + 1), item(x′)}

(S − s) ∗N(x′; x, σ)



-10 -7.5 -5 -2.5 2.5 5

-15

-10

-5

5

10

(S − s)

clusters[l] := {cluster[x, σ, l, s, χ]}

clustersB[l] := {clusterB[x, σ, l, s, χ]}

clusters[l] clustersB[l]

{start, cluster(x, σ, l, s), item(x̂)} → {cluster(x̃, σ, l, s), item(x̂)}

start → Step[1, L− 1]

StepF[s, l] → Step[s + 1, l]

{Step[1, l], clusters[l], clustersB[l]} → {StepF[1, l], clusters[l]}

{Step[2, l], clusters[l], clusters[l + 1]} → {StepF[2, l], clusters[l], clustersB[l + 1]}



{Step[3, l], clusters[l − 1], clusters[l]} → {StepF[3, l], clusters[l − 1], clustersB[l]}

{Step[4, l], clustersB[l]} → {StepF[4, l], clusters[l]}

Step[5, l] → Step[1, Mod[l − 1, L]]

({Step[s, l], clusters[l], clusters[l+1]}→ {StepF[s, l], clusters[l], clustersB[l+
1]})

{cluster[x, σ, l, s, χ], cluster[x′, σ′, l + 1, s′, χ′]} →

{cluster[x, σ, l, s + 1, χ + x′], clusterB [x′, σ′, l + 1, s′ + 1, χ′ + x]}

(S − s) ∗N(x′; x, σ)

N(x′; x, σ)

Step[s, l] → StepF[s, l]

({Step[s, l], clusters[l], clustersB[l]} → {StepF[s, l], clusters[l]})

clusterB[x, σ, l, s, χ] → cluster[x, σ, l, 0, 0]

cluster[x, σ, l, s, χ] → cluster[x, σ, l, 0, 0]

Step[s, l] → StepF[s, l]

({Step[s, l], clustersB[l]} → {StepF[s, l], clusters[l]})

clusterB [x, σ, l, s, χ] → cluster[χs , σ, l, 0, 0]

clusterB [x, σ, l, s, χ] → cluster[x̃, σ, l, 0, 0] x̃ ∼ N(χ
s , σ)

Step[s, l] → StepF[s, l]
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{
m(r)

a Aa|1 ! a ! Amax

} k(r)−→
{

n(r)
b Ab|1 ! a ! Amax

}
,

m(r)
a n(r)

b

a(i) =
Amax∑

c=1

cΘ
(c−1∑

d=1

m(r)
d < i !

c∑

d=1

m(r)
d

)
=






1 if 0 < i ! m(r)
1

2 if m(r)
1 < i ! m(r)

1 + m(r)
2

... ...

a if
a−1∑
c=1

m(r)
c < i !

a∑
c=1

m(r)
c

... ...

b(j) {n(r)
b }

{
τa(i)|0 < i !

Amax∑

c=1

m(r)
c

}

∗

→
{

τa′(j)|0 < j !
Amax∑

c=1

n(r)
c

}

∗

with k(r)

Ôr = k(r)




∏

i∈rhs(r)

âa(i)








∏

j∈lhs(r)

ab(j)



 .

2H + 1O
k−→ 1H2O

{H, H,O} → H2O with k .

H1 = Ĥ H0 = −D



i j
i j

{
PIN1[i,j]

auxin[i] =⇒ auxin[j],
auxin[i]

∅ =⇒ PIN1[i],
auxin[j]

PIN1[i] =⇒ PIN1[i, j],PIN1[i, j] → ∅, PIN1[i, j] → PIN1[i]

}
,

PIN1[i,j]

auxin[i] =⇒ auxin[j] =
{auxin[i], PIN1[i, j] → Complex1[i, j], Complex1[i, j] → auxin[i], PIN1[i, j], Complex1[i, j] → auxin[j],PIN1[i, j]}



w := C(l, c; (w1, w2))
w C

l c (w1, w2)
w V (w)

H(w)

ε

σ(x) =
κ

1 + e−x/ε
>

{
κ if x ≥ 0
0 otherwise

{w1 := C(l1, c1; (w0, w)), w := C(l, c; (w1, w2)), w2 := C(l2, c2; (w, w3)), V (w)}

→ {w1, C(l, c; (w1, w2)), w2, V (w)}
dc
dt = η(c1 + c2 − 2c)− µc dl

dt = λl

Λ

{w := C(l, c; (w1, w2)), V (w)} →

{w11 := C(kl, c; (w1, w12)), w12 := C((1− k)l, c; (w11, w2)), V (w11), V (w12)}



σ(l − Λ)

{w := C(l, c; (w1, w2)), V (w)} → {w := C(l, c; (w1, w2)),H(w)}

σ(ψ − c)

{w := C(l, c; (w1, w2)),H(w)} → {w := C(l, c; (w1, w2)),H(w)}
dl
dt = ψ ∗ (Λ− l) dc

dt = ϕ ∗ (K − c)

c
dc/dt = η(c1+c2−2c)−µc

λ
Λ

ψ
Λ K

S
I

S, I → I, I with ρi //infection
I → S with ρr //recovery

(nI , nS = N − nI) Ĥ = ρiâ2
IaSaI + ρrâSaI

nS = ntotal − nI nS

aS *→ NS = diag(nS) = diag(ntotal)− diag(nI) = ntotalII −NI ,

II nI âS *→ I n(max)
I *→ ntotal

Ĥ *→ Ȟ = ρiâINI(I −NI/ntotal) + ρraI nI ! N
Ȟ = ρi(1 − 1/ntotal)â2

IaI − (ρi/ntotal)â3
IaI

2 + ρraI

Ȟ
I, I →

I, I, I with − ρi/ntotal

Ȟ
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p1 ∧ ... ∧ pn ⇒ q, n # 0.

n = 0

p1, ..., pn → q, p1, ..., pn

pi q τa na ∈ {0, ...nmax
a } =

{0, 1} ρ = 1

Ĥ =
∑

r

Ôr =
∑

r




∏

i∈rhs(r)\lhs(r)

âa(i)








∏

j∈lhs(r)

Nb(j)





Nb(j) = âb(j)ab(j) pi

Ψ∗(Γ) · |0〉

Ψ∗(Γ) · |0〉

|0〉

¬r

p1 ∧ ... ∧ pn ∧ ¬r1 ∧ ... ∧ ¬rm ⇒ q, n,m # 0

0 ! l ! |S| =
∑
i∈A

Θ(pi) ! u ! ∞

S = {i|pi} l=u=0 !i

nmax = ∞



{Bα}

Zi =





1 0 0 · · ·
0 0 0
0 0 0




for nmax = ∞; Zi =

(
1 0
0 0

)
= Ii −Ni for nmax = 1

i i = r1 rm

Zi

i
m∏

k=1
Zrk ¬rk

τa(x)

0 ! l ! |S| ! u ! ∞
{Bα}

S {pi|i ∈ A}

NS = log2

⊗

i∈A

(Ii + Θ(pi)Ni)

Θ Ii Ni i
nmax

a = 1 log2(1 or 2) = 0 1 log
∏

=
∑

log
NS

i i pi = (i ∈ S)
S NS

S P NS · P =
(|S| in state P )P 1 ·NS ·P = (|S| in state P )

Ni τi

1 ·Ni ·P = (|terms τi| in state P ) P 〈·〉P
P

1 ·Ni · P = 〈|terms τi|〉P and 1 ·NS · P = 〈|S|〉P .

θlu(n) ≡ Θ(l ! n ! u)

θlu(NS)
P

1 · θlu(NS) · P =

〈
Θ(l ! |S| =

∑

i∈A

Θ(pi) ! u)

〉

P

.



→ log2(·) θlu(·)
NS θlu(NS)

ai
Ni Ni

τi

a|n〉 = n|n − 1〉,
ak|n〉 = (n)k|n− k〉 an|n〉 = n!|0〉

âNi
i →




0 1! 2! 3! ...
0 0 0 0
0 0 0 0



 = |ni = 0〉
(

nmax∑

n=0

ni!〈ni = n|
)

{w := C(l, c; (w1, w2)), V (w)} →
{w11 := C(kl, c; (w1, w12)), w12 := C((1− k) l, c; (w11, w2)), V (w11), V (w12)}

{C(w, l, c, w1, w2), V (w), OIDGen(NextOID)} →
{C(NextOID, kl, c, w1,NextOID + 1), C(NextOID + 1,

(1− k) l, c, NextOID, w2) , V (w11), V (w12), OIDGen(NextOID + 2)}

w := C(...) w

Li

N(i, σ) N ′(j, σ)

{Lλ|λ ∈ Λ} Xc Lλ(i)



N(i, σ)
N ′(j, σ) λ(i) λ′(i) (λ(i) =
λ(j)) ⇒ (i = j) (λ′(i) = λ′(j)) ⇒ (i = j)

{
Lλ(i) := τi(xa(i);

[
LN(i,σ)||σ ∈ 1..σmax

a(i)

]
)|i ∈ I

}

→
{
Lλ(i)|i ∈ I1 ⊆ I

}
∪

{
Lλ′(j) := τj(x′a′(j);

[
LN ′(j,σ)||σ ∈ 1..σmax

a′(j)

]
)|j ∈ J

}

with ρr(
{

x′a′(j)

}
|
{
xa(i)

}
)

σcur
i ! σmax

a(i)

I = I1 ∪ I2 and I1 ∩ I2 = ∅
J1 =

{
j ∈ J ∧

(
∃i ∈ I2|λ(i) = λ′(j)

)}

J2 =
{
j ∈ J ∧

(
!i ∈ I2|λ(i) = λ′(j)

)}

I3 =
{
i ∈ I2 ∧

(
!j ∈ J1|λ(i) = λ′(j) ⊆ I2

)}

I I1 I2

I3

I1 J1 J2

I3

{
τa(i)(Lλ(i), xa(i),

[
LN(i,σ)||σ ∈ 1..σcur

i

]
)|i ∈ I

}
, OIDGen(NextOID)

→
{
τa(i)(Lλ(i), xa(i),

[
LN(i,σ)||σ ∈ 1..σcur

i

]
)|i ∈ I1

}
∪

{
τa′(j)(Lλ′(j), x

′
a′(j),

[
LN ′(j,σ)||σ ∈ 1..σcur

j

]
)[|j ∈ J1] ∧ [i ∈ I2] ∧

(
λ(i) = λ′(j)

)}
∪

{
τa′(j)(Lλ′(j), x

′
a′(j),

[
LN ′(j,σ)||σ ∈ 1..σcur

j

]
)|j ∈ J2

}
∪

{
Null(Lλ(i))|i ∈ I3

}

∪{OIDGen(NextOID + |J2|)}

with ρr(
{

x′a′(j)

}
|
{
xa(i)

}
)

∏

j∈J2

δK(Lλ′(j), NextOID + |{j′ ∈ J2|j′ < j}|)

Ψc/d

τa

τa(Lλ(1), x,
[
LN(1,σ)||σ ∈ 1..σcur

1

]
), Null(Lλ(2))

→ τa(Lλ(1), x,
[
LN(1,σ)|N(1, σ) .= λ(2)||σ ∈ 1..σcur

1

]
), Null(Lλ(2))

with ρcleanup

∑

σ∈1..σmax

δK(LN(1,σ), Lλ(2))



ζ ζ

ζ

Gab
injn

∈ {0, 1}
(ik, jk)

i, j (i1, i2, ...ik−1) (ij , j2, ...jk−1)
(i, ik) (i1, i2, ...ik)
A(i,ik)

il

start → {node(i), link(a, i, j}

start → {node((0)), link(1, (0), (0))}

N := node(i) → N, {node((i, ik))|A(i,ik) = 1 ∧ ik < imax}

E = µ
∑
ik

A(i,ik)

link(a, i, j), N := node((i, ik)),M := node((i, ik)) →

{link(b, (i, ik)(j, jk))|Gab
ikjk

= 1}, N,M



[
τa(i)(xi)|i ∈ IL

]
→

[
τa′(j)(yj)|j ∈ IR

]
with ρr([xi|i ∈ IL] , [yj |j ∈ IR])

ρr

η(t) = 0

dxi = vi([xk])dt + σ([xk])dW or
dxi

dt
= vi([xk]) + ηi(t)

η(t)
P ({x}, t)

∂P (x, t)
∂t

= −
∑

i

∂

∂xi
vi(x)P (x, t) +

∑

ij

∂2

∂xi∂xj
Dij(x)P (x, t)

P (y, t|x, 0) P (y, 0) = δ(y − x) =∏
k

δ(yk − xk) µ

t = 0

∂P (y, 0|x, 0)
∂t

≡ ρ([yi] | [xi]) = −
∑

i

∂

∂yi
vi(x)δ(y − x) +

∑

ij

∂2

∂yi∂yj
Dij(x)δ(y − x)

ρ([yi]|[xi])

ρdrift([yi] | [xi]) = −
∑

i

∂

∂yi
vi(x)

∏

i

δ(yi − xi)

ρdiffusion([yi] | [xi]) =
∑

ij

∂2

∂yi∂yj
Dij(x)

∏

i

δ(yi − xi)



OFP = Odrift+Odiffusion

Odrift = −
∫

dx

∫
dyâ(y)a(x)

(
∑

i

∇yivi(y)
∏

k

δ(yk − xk)

)

Odiffusion =
∫

dx

∫
dyâ(y)a(x)




∑

ij

∇yi∇yjDij(y)
∏

k

δ(yk − xk)





−
∑
i

∂
∂xi

vi({x})
∑
ij

∂2

∂xi∂xj
Dij({x})

|z〉 = â(z )|0〉 , 〈w| = 〈0|a(w)
[a(x), â(y)] = δ(y − x)[1 + N(x)Q(N( x), nmax)]

〈w|z〉 = δ(w − z)

〈w| exp(tOFP)|z〉

〈w |Odrift| z〉 = −
〈

w

∣∣∣∣∣

∫
dx

∫
dy

(
∑

i

∇yivi(y)δ(y − x)

)
â(y)a(x)â(z)

∣∣∣∣∣ 0

〉

= −
〈

w

∣∣∣∣∣

∫
dx

∫
dy

(
∑

i

∇yivi(y)δ(y − x)

)
â(y)δ(z − x)[1 + N(x)]

∣∣∣∣∣ 0

〉

= −
∫

dx

∫
dy

(
∑

i

∇yivi(y)δ(y − x)

)
δ(z − x) 〈w|y〉

= −
∫

dy

(
∑

i

∇yivi(y)δ(y − z)

)
δ(w − y)

= +
∫

dyδ(y − z)

(
∑

i

vi(y)∇yiδ(w − y)

)

=
∑

i

vi(z)∇ziδ(w − z)

〈w |exp(tOdrift)| z〉 = exp(t
∑

i

vi(z)∇zi)δ(w − z)

= δ(w −
(
{z(0) = z}+

∫ t

0
vi(z(t))dt

)
)



(dxi)/dt = vi(xk)

ρDE({yi}|{xi})
F(V )

exp((tn+1 − tn)OFP)
exp(tH)





Rd=3

Ψc/d

LR ρr([yj ], [xi])
F(V )

{Gra, Gar} τa a r a
r Gra = 1 τa r r

a Gar = 1 r τa



H0 H1

exp(tH) · p0 = exp(t (H1 + H0)) · p0

z
H1

S(z) = exp(t (H1z + H0)) · p0 =
∞∑

n=0

skz
k

=
∞∑

k=0

zk

k!

[
∂z

k exp(t (H1z + H0))
]

z=0

· p0

=
∞∑

k=0

zk

n!

[
∂z

k
∞∑

l=0

(t (H1z + H0))l

l!

]

z=0

· p0

=
∞∑

k=0

zk

k!

[ ∞∑

l=k

1
l!

∑

{0!ip!l−k}∧
k∑

p=0
ip=l−k

k!(tH0)iktĤ(tH0)
ik−1 · · · tĤ(tH0)i0

]
· p0

=
∞∑

k=0

zktk
[ ∞∑

l=0

1
(l + k)!

∑

{0!ip!l}∧
k∑

p=0
ip=l

(tH0)ikH1(tH0)ik−1 · · ·H1(tH0)i0

]
· p0

=
∞∑

k=0

zktk
[ ∞∑

l=0

∑

{0!ip!l}∧
k∑

p=0
ip=l

k∏
p=0

(ip)!
(

k∑
p=0

ip + k

)
!

(tH0)ik

(ik)!
H1

(tH0)ik−1

(ik−1)!
· · ·H1

(tH0)i0

(i0)!

]
· p0

=
∞∑

k=0

zltl
[ ∑

{0!ip!∞}

k∏
p=0

(ip)!
(

k∑
p=0

(ip + 1)− 1

)
!

(tH0)ik

(ik)!
H1

(tH0)ik−1

(ik−1)!
· · ·H1

(tH0)i0

(i0)!

]
· p0

=
∞∑

k=0

zktk
[ ∑

{0!ip!∞}

k∏
p=0

Γ(ip + 1)

Γ

(
k∑

p=0
(ip + 1)

) (tH0)ik

(ik)!
H1

(tH0)ik−1

(ik−1)!
· · ·H1

(tH0)i0

(i0)!

]
· p0



n∏
p=0

Γ(ip + 1)

Γ

(
n∑

p=0
(ip + 1)

) =
∫ 1

0
dθ0 · · ·

∫ 1

0
dθkδ




k∑

p=1

θp − 1




k∏

p=0

(θp)ip .

S(z) =
∞∑

k=0

zk tk
[ ∑

{0!ip!∞}

∫ 1

0
dθ0 · · ·

∫ 1

0
dθkδ

( k∑

p=1

θp − 1
)( k∏

p=0

(θp)ip

)

(tH0)ik

(ik)!
H1

(tH0)ik−1

(ik−1)!
· · ·H1

(tH0)i0

(i0)!

]
· p0

=
∞∑

k=0

zk tk
[ ∑

{0!ip!∞}

∫ 1

0
dθ0 · · ·

∫ 1

0
dθkδ

( k∑

p=1

θp − 1
)

(θktH0)ik

(ik)!
H1

(θk−1tH0)ik−1

(ik−1)!
· · ·H1

(θ0tH0)i0

(i0)!

]
· p0

=
∞∑

k=0

zk tk
[∫ 1

0
dθ0 · · ·

∫ 1

0
dθkδ

( k∑

p=1

θp − 1
)

∑

{0!i0!∞}

(θktH0)i0

(ik)!
H1

∑

{0!i1!∞}

(θk−1tH0)i1

(ik−1)!
· · ·H1

∑

{0!ik!∞}

(θ0tH0)ik

(i0)!

]
· p0

=
∞∑

k=0

zk tk
[∫ 1

0
dθ0 · · ·

∫ 1

0
dθkδ

( k∑

p=1

θp − 1
)

exp(θktH0)H1 exp(θk−1tH0) · · ·H1 exp(θ0tH0)
]
· p0

S(z) =
∞∑

k=0

zk

[∫ t

0
dτ0 · · ·

∫ t

0
dτkδ

( k∑

p=1

τp−t

)
exp(τkH0)H1 exp(τk−1H0) · · ·H1 exp(τ0H0)

]
·p0

p0

exp(t (H1 + H0))

=
∞∑

k=0

[∫ t

0
dτ0 · · ·

∫ t

0
dτkδ

( k∑

p=1

τp − t

)
exp(τkH0)H1 exp(τk−1H0) · · ·H1 exp(τ0H0)

]
.

t1 = τ0 t2 = t1 + τ1 tn+1 = tn + τn = t

exp(t (H1 −H0)) · p0 =
∞∑

k=0

[∫ t

0
dt1

∫ t

t1

dt2 · · ·
∫ t

tk−1

dtk exp((t− tk)H0)H1 exp((tk − tk−1)H0) · · ·H1 exp(t1H0)

]
· p0



H1 = Ĥ, H0 = −D

exp(t
(
Ĥ −D

)
) · p0 =

∞∑

k=0

[∫ t

0
dt1

∫ t

t1

dt2 · · ·
∫ t

tk−1

dtn exp(− (t− tk)D)Ĥ exp(− (tk − tk−1)D) · · · Ĥ exp(−t1D)

]
· p0

exp(−τD)
Ĥ

exp(t(Ĥ−D))

exp(−τD)

Ĥ

H H0

−D H1 Ĥ

exp(t (H0 + H1)) · p0 =
∞∑

k=0

[∫ t

0
dt1

∫ t

t1

dt2 · · ·
∫ t

tk−1

dtk exp((t− tk)H0)H1 exp((tk − tk−1)H0) · · ·H1 exp(t1H0)

]
· p0

i=
√
−1

t k
ω

Prcontinuous

(
| {na(xa)}〉, k

∣∣∣∣| {ma(xa)}〉
)

S(z) H1 = H̃ H0 = D̃ Ĥ D
ω

S(z) = exp
(
t
(
zH̃ − D̃

))
· p0



z z H̃ = Ĥ+ω diag(Θ(1·
Ĥ = 0)) Ĥ ω .= 0

S(z) =

=
∞∑

k=0

zk

[∫ t

0
dτ0 · · ·

∫ t

0
dτkδ

( k∑

p=1

τp − t

)
exp(−τkD̃)H̃ exp(−τk−1D̃) · · · H̃ exp(−τ0D̃)

]
· p0

k

Prcontinuous(·, k|t, p0) =
∫ t

0
dτ0 · · ·

∫ t

0
dτkδ

( k∑

p=1

τp−t

)
exp(−τkD̃)H̃ exp(−τk−1D̃) · · · H̃ exp(−τ0D̃)·p0

τ0· · · τk

Prcontinuous(·, τ0· · · τk, k|t, p0) = δ

( k∑

p=1

τp − t

)
exp(−τkD̃)H̃ exp(−τk−1D̃) · · · H̃ exp(−τ0D̃) · p0

D D
δ > 0

ε 9 1
q(t) t ∈ [0, T ] T : k| log(ε/k)|/δ

q(t) =

{
1/T if t ∈ [0, T ]
0 otherwise

= Θ(0 ! t ! T )/T

Prcontinuous(·, τ0, ..., τk, k|T, p0) =
∫∞
0 dtPrcontinuous(·, τ0, ..., τk, k|t, p0)q(t)

=

Θ

(
k∑

p=1
τp < T

)

T
exp(−τkD)H̃ exp(−τk−1D̃) · · · H̃ exp(−τ0D̃) · p0

Prcontinuous(·, τk = 0, k|T, p0) =
∫ ∞

0
dτ0 · · ·

∫ ∞

0
dτk−1Prcontinuous(·, τ0, ..., τk−1, τk = 0, k|T, p0)

=
∫ ∞

0
dτ0 · · ·

∫ ∞

0
dτk−1

Θ

(
k∑

p=1
τp < T

)

T
exp(− (τk = 0) D̃)H̃ exp(−τk−1D̃) · · · H̃ exp(−τ0D̃) · p0

=
∫ T

0
dτ0 · · ·

∫ T

0
dτk−1

Θ

(
k∑

p=1
τp < T

)

T
H̃ exp(−τk−1D̃) · · · H̃ exp(−τ0D̃) · p0



D δ > 0 ε T > 0
∫ T
T/k dτ exp(−τδ)
∫ T
0 dτ exp(−τδ)

<

∫∞
T/k dτ exp(−τδ)

∫ T/k
0 dτ exp(−τδ) +

∫ T
T/k dτ exp(−τδ)

<

∫∞
T/k dτ exp(−τδ)

∫ T/k
0 dτ exp(−τδ)

=
exp(−Tδ/k)

1− exp(−Tδ/k)
9 ε/k

T : k| log(ε/k)|/δ

Prcontinuous(·, τk = 0, k|T, p0)

∼=





∫ T/k

0
dτ0 · · ·

∫ T/k

0
dτk−1

Θ

(
k∑

p=1
τp < T

)

T
H̃ exp(−τk−1D̃) · · · H̃ exp(−τ0D̃) · p0




× (1 + O(ε))

=

[
1
T

∫ T/k

0
dτ0 · · ·

∫ T/k

0
dτk−1H̃ exp(−τk−1D̃) · · · H̃ exp(−τ0D̃) · p0

]
× (1 + O(ε))

=

[
1
T

H̃

[∫ T/k

0
dτk−1 exp(−τk−1D̃)

]
· · · H̃

[∫ T/k

0
dτ0 exp(−τ0D̃)

]
· p0

]
× (1 + O(ε))

∼=
[

1
T

(
H̃ D̃−1

)k
· p0

]
× (1 + O(ε))

∫ T/k

0
dτ exp(−τD) =

[
1− exp(−TD̃/k)

]
D̃−1

∼=

{
T/k for D̃ss = 0(
1/D̃ss

)
× (1 + O(ε/k)) for D̃ss .= 0

= D̃′[T/k]× (1 + O(ε/k)) .

1 · Ĥ · p > 0 1 · Ĥ · p = 0

µ(ω, T/k) ≡
{

T/k if ω = 0
ω otherwise

H̃

[∫ T/k

0
dτk−1 exp(−τk−1D̃)

]
∼=

(
H̃11 0
H̃21 ωI

) (
diag

(
1 · H̃1

)−1
0

0 µ(ω, T/k)I

)
× (1 + O(ε/k))

=

(
H̃11 · diag(1 · H̃1)

−1 0
H̃21 · diag(1 · H̃1)

−1
IΘ(ω > 0)

)
× (1 + O(ε/k)) = H̃ · D̃′ × (1 + O(ε/k))



k τk

Prcontinuous(τk = 0, k|p0) = 0

0 = 1 ·
(
H̃ D̃′

)k
· p0 ⇒ ω = 0 ⇒

(
H̃ = ĤandD̃ = D

)
; thus

0 = 1 ·
(
Ĥ D′

)k
· p0 = 1− pk(6) = Prdiscrete(not halted|k events)

Prcontinuous(τk = 0, k|T, p0) = 0 = Prdiscrete(not halted|k events)

Prcontinuous(τk = 0, k|T, p0) > 0 k τk

|{na(xa)}〉

Prcontinuous(·|k, τk = 0, T, p0) =
Prcontinuous(·, τk = 0, k|T, p0)
Prcontinuous(τk = 0, k|T, p0)

=
Prcontinuous(·, τk = 0, k|T, p0)

1 · Prcontinuous(·, τk = 0, k|T, p0)

∼=





(
H̃ D̃′

)k
· p0

1 ·
(
H̃ D̃′

)k
· p0



× (1 + O(ε))

ω .= 0 ω # δ 1 · (H̃ D̃′)k · p0 = 1
D̃ D̃ = diag(1 · H̃)

Prcontinuous(·|k, τk = 0, T, p0) =
(
H̃ D̃′

)k
· p0 × (1 + O(ε)) .

O(ε)

Prcontinuous(·|k, τk = 0, T, p0) ∼= Prdiscrete(·|k, p0)

ω = 0

Prdiscrete(·|not halted, k events, p0) =
Prdiscrete(·, not halted|k events, p0)

Prdiscrete(not halted|k events)
=

(
H̃ D̃′

)k
· p0

1 ·
(
H̃ D̃′

)k
· p0

O(ε)

Prcontinuous(·|k, τk = 0, T, p0) ∼= Prdiscrete(·|not halted, k events, p0).

ω .= 0
Prdiscrete(·|k, p0) Prdiscrete(·|not halted, k events, p0)



k

k

Γ

r r′(r)
r

r′ r
κ > 0

r Γ
{
τa(i)(xi)|i ∈ IL

}
→

{
τa′(j)(yj)|j ∈ IR

}
with ρr([xi] , [yj ])

Γ′(Γ) r r′(r)

live(True),
{
τa(i)(xi)|i ∈ IL

}
→ live(True),

{
τa′(j)(yj)|j ∈ IR

}
with ρr([xi] , [yj ])

live(True),
{
τa(i)(xi)|i ∈ IL

}
→ live(False),

{
τa′(j)(yj)|j ∈ IR

}
with κρr([xi] , [yj ])

H̃∗ D̃∗ H̃
D̃

H̃∗ =
(

H̃ 0
κH̃ ωI

)
; D̃∗ =

(
(1 + κ) D̃ 0

0 ωI

)
; p∗0 =

(
p0

0

)

alsoD̃∗′ =
(

D̃′/ (1 + κ) 0
0 (Θ(ω > 0)/ω) I

)
⇒ H̃∗D̃∗′ =

(
H̃D̃′/ (1 + κ) 0
κH̃D̃′/ (1 + κ) Θ(ω > 0)I

)

D̃
δ > 0

ε 9 1 T
T : k| log(ε/k)|/δ

p∗k(t) = Prcontinuous(·|k, t, p0) =
Prcontinuous(·, k|t, p0)

1 · Prcontinuous(·, k|t, p0)



Prcontinuous(·, k|t = T, p0) =



∫ T

0
dτ0 · · ·

∫ T

0
dτkδ




k∑

p=1

τp − t



 exp(−τkD̃
∗)H̃∗ exp(−τk−1D̃

∗) · · · H̃∗ exp(−τ0D̃
∗)



 · p∗0

limT→∞pk(T ) k
ε

Prcontinuous(·, k|t = T, p0) ∼=


∫ T/k

0
dτ0 · · ·

∫ T/k

0
dτk−1

∫ t

0
dτkδ




k−1∑

p=1

τp + τk − t



 exp(−τkD̃
∗)H̃∗ exp(−τk−1D̃

∗) · · · H̃∗ exp(−τ0D̃
∗)





·p∗0 × (1 + O(ε))

exp(−τ0D) exp(−τk−1D) Dss

Ĥ

∫ t

0
dτkδ




k−1∑

p=1

τp + τk − t



 exp(−τkD̃
∗) = exp



−



t−
k−1∑

p=1

τp



 D̃∗





=





1 for

(
D̃∗

)

ss
= 0

! exp(−Tδ/k) = O(ε) for
(
D̃∗

)

ss
.= 0

= θ(D̃∗) + O(ε)

θ(D̃) D̃

θ(
(
D̃∗

)

ss′
) =





1 ifs = s′and

(
D̃∗

)

ss
= 0

0 otherwise

t ε
k

PrcontinuousΓ′(·, k|t = T, p0) ∼=
(
θ(D̃∗) + O(ε)

)
×

[∫ T/k

0
dτ0 · · ·

∫ T/k

0
dτk−1H̃

∗ exp(−τk−1D̃
∗) · · · H̃∗ exp(−τ0D̃

∗)

]
· p∗0 × (1 + O(ε))

∼=
(
θ(D̃∗) + O(ε)

)
×

[(
H̃∗ D̃∗′

)k
· p∗0

]
× (1 + O(ε))



p∗k(t = T ) = Prcontinuous(·|k, t = T, p0) =

(
θ(D̃∗) + O(ε)

)
×

[(
H̃∗ D̃∗′

)k
· p∗0

]
× (1 + O(ε))

1 ·
(
θ(D̃∗) + O(ε)

)
×

[(
H̃∗ D̃∗′

)k
· p∗0

]
× (1 + O(ε))

ω = 0

θ(D̃∗) =
(

0 0
0 I

)
; H̃∗D̃∗′ =

(
H̃D̃′/ (1 + κ) 0
κH̃D̃′/ (1 + κ) 0

)
;

(
H̃∗D̃∗′

)k
=




(
H̃D̃′/ (1 + κ)

)k
0

κ(H̃D̃′/ (1 + κ))k 0



 =
(

I 0
κI 0

)
⊗

(
H̃D̃′/ (1 + κ)

)k

(
0 0
0 I

) (
I 0
κI 0

)
=

(
0 0
κI 0

)

p∗k(t = T ) ∼=

(
θ(D̃∗) + O(ε)

)
×

[(
H̃∗ D̃∗′

)k
· p∗0

]

1 ·
(
θ(D̃∗) + O(ε)

)
×

[(
H̃∗ D̃∗′

)k
· p∗0

]

1 ·
[(

0 0
κ 0

)
⊗

(
H̃D̃′/ (1 + κ)

)k
]
·
(

1
0

)
⊗ p0 =

{
(κ, 0)⊗

[
1 ·

(
H̃D̃′/ (1 + κ)

)k
]}

·
(

1
0

)
⊗ p0 =

= 1 · κ(H̃D̃′)k

(1 + κ)k
· p0

p∗k(t = T ) ∼=

[(
0 0
κ 0

)
⊗ (H̃D̃′)k

(1+κ)k

]
·
(

1
0

)
⊗ p0

1 · κ(H̃D̃′)
k

(1+κ)k · p0

=

(
0
κ

)
⊗

[
(H̃D̃′)k

(1+κ)k · p0

]

κ1 · (H̃D̃′)k

(1+κ)k · p0

=

=
(

0
1

)
⊗

(
H̃D̃′

)k
· p0

1 ·
(
H̃D̃′

)k
· p0

O(ε)

PrcontinuousΓ′(·|k, t = T, p0) = p∗k(t = T ) ∼= PrdiscreteΓ(·|not halted, k events, p0).

t



k

S(z) =
∞∑

k=0

skz
k = exp

(
t
(
Ĥz −D

))
· p0

sk = Coefk
(
exp

(
t
(
Ĥz −D

))
, z

)
· p0.

n

limt→0 [sk/1 · sk] = limt→0

[
Coefk

(
exp

(
t
(
Ĥz −D

))
, z

)
· p0/1 · Coefn

(
exp

(
t
(
Ĥz −D

))
, z

)
· p0

]
.

S

S(z) =
∞∑

k=0

skz
k = exp

(
t
(
Ĥz −D

))
· p0

=
∞∑

k=0

zk

k!

[
∂z

k exp
(
t

(
Ĥz −D

)) ]

z=0

· p0

=
∞∑

k=0

zk

k!

[
∂z

k
∞∑

l=0

(
t
(
Ĥz −D

))l

l!

]

z=0

· p0

=
∞∑

k=0

zk

k!

[ ∞∑

l=k

1
l!

∑

{0!ip!l−k}∧
k∑

p=0
ip=l−k

k!(−tD)iktĤ(−tD)
ik−1 · · · tĤ(−tD)i0

]
· p0

=
∞∑

k=0

zk

[ ∞∑

l=0

1
(l + k)!

∑

{0!ip!l}∧
k∑

p=0
ip=l

tk(−tD)ikĤ(−tD)
ik−1 · · · Ĥ(−tD)i0

]
· p0

ip = 0

limt→0S(z) =
∞∑

k=0

zk

[
1

(l + k)!
|(l=0)t

kĤk

]
· p0 =

∞∑

k=0

zktk

k!
Ĥk · p0

limt→0 [sk/1 · sk] = Ĥk · p0/
(
1 · Ĥk · p0

)










