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Abstract

Starting with a statistical domain model in the form of a stochastic grammar, one can derive neural network architectures with
some of the expressive power of a semantic network and also some of the pattern recognition and learning capabilities of
more conventional neural networks. For example in this paper a version of the “Frameville” architecture, and in particular its
objective function and constraints, is derived from a stochastic grammar schema. Possible optimization dynamics for this
architecture, and relationships to other recent architectures such as Bayesian networks and variable-binding networks, are
also discussed.

1.0 Introduction

This paper outlines a statistical approach to unifying certain symbolic and neural net architectures, by deriving them from a
stochastic domain model with sufficient structure. The domain model is a stochastic L-system grammar, whose rules for gen-
erating objects and their parts each include a Boltzmann probability distribution. Using such a domain model in high-level
vision, it is possible to formulate object recognition and visual learning problems as constrained optimization problems [16]
of a restricted form which can be locally optimized by suitable neural network architectures. In ths way, one can semi-auto-
matically produce neural nets for object recognition with some of the representational properties of semantic nets.

In technical content, this paper generalizes the method in several ways: it includes a fairly general recursive grammar in
which derivations may have a large but bounded depth; it allows the compositional hierarchy of object and part models or
types to be a general graph; it subsumes a specialization hierarchy of object models within the compositional hierarchy; it
adds learning as another constrained optimization problem; it introduces a general way to reformulate the optimization prob-
lems by “changing variables”. However, many restrictions on the expressiveness and functionality of the combined architec-
ture remain. The most important issue not addressed in this paper is the neural network dynamics by which the nonlinear
global optimization problem is to be solved, for large systems. There has been substantial progress on this subject for related,
less difficult combinatorial optimization problems [9][20][26] and their application to pattern recognition and learning in
high-level vision [6][5] derived from somewhat simpler stochastic grammars [16].

Deriving the unified architecture from a statistical model has several advantages, including the integration of suitable “dis-
tance” or “similarity” measures for pattern recognition and learning on structured objects, and the specification of a broad
class of domain models for which the symbolic neural network architecture is applicable. In Section 2 we will describe the
grammar domain model and how it incorporates compositional and specialization hierarchies (as present in semantic nets)
within a parameterized grammar schema. In Section 3 we summarize some of the technical manipulations by which probabi-
listic parsing and grammatical inference problems can be cast as constrained optimization problems with various cost charac-
teristics, including the derivation of a semantic net-like formulation with instantiation links, and solved by neural networks.
Section 4 compares the present approach to symbolic/neural net unification with several related architectures, and concludes.
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2.0 The Grammar

Our basic modeling tool is neither a neural net nor a symbol processor, but rather a type of stochastic grammar which permits
quantitative, probabilistic modeling as well as considerable expressive power. The grammar is “parameterized” because each
term carries numerical parameters whose values are determined when the right rule fires. Each rule has a conditional probabil-
ity distribution on these parameters which could be any Boltzmann distribution; such a distribution by itself is an expressive
language for many domains. The presence of multiple rules serves to integrate qualitatively different processes into one
model.

As is common in high-level languages, we first design for appropriate expressiveness (now including learning and pattern rec-
ognition) and then worry about program transformations which can obtain high performance on a useful class of examples.
Here the program transformations include different ways of translating inference problems on grammars to constrained opti-
mization problems and thence to neural architectures which seek good local minima at low cost, as well as transformations
within each of these stages. Such transformations [16][12][13] can be much more quantitative than conventional program
transformations, and introduce great flexibility in the neural “wiring diagrams” that correspond to a given grammar model.
They may also include outright approximations, such as our use of deterministic annealing in place of global optimization.
This transformational approach gives us new methods with which to explore the inevitable trade-offs between expressiveness
and efficiency.

In a parameterized L-system grammar [23], rules can fire in parallel and terms can carry parameters which are altered by the
rules. Our stochastic grammar rules will be of the form:

term(params): 1-condition(params)— {term1(paramsl), term2(params2), ... | r-condition(choice-params)}; // comments
E = E ( {paramsi}, choice-params; params) // comments
> constraints({paramsi}) // comments

In this rule schema, E is the energy function in a Boltzmann probability distribution on the parameters {paramsi} of the new
terms termi, given the fixed parent term and its fixed params. The constraint introduction symbol “>  is read “such that”,
and the constraints are predicates (usually conjunctions of equalities or inequalities) which restrict the space of allowed
parameter values for the new terms. The optional left and right conditions are predicates, depending on the parent and choice
parameters respectively, which must be satisfied for the rule to fire; they are introduced by symbols “:” and “I” which can be
read as “for which” and “such that”. The optional choice parameters are used to parameterize all the alternative sets of terms,
{termi}, which could result from the same left hand side, to determine their relative probabilities in the relevant Boltzmann
distributions, and to record numerically the choice made. The set of new terms could have just one element, in which case
we’ll omit the braces, and it is unordered except for any implicit order encoded in the parameters. This form of rule is context-
free, but we will also use one context-sensitive rule in which the left hand side is a set of terms rather than a single term.

“l”

We now introduce a particular grammar for generating images consisting of sparse point-like features that represent hierarchi-
cal objects. A “scene” generates a single scene “object”, which recursively generates other “objects” each of which can be
randomly deleted, through L generations of a part-whole hierarchy. A generation-L object generates a “point”, and the con-
text-sensitive final rule randomly relabels all the points. The “object” terms will be of the form object(<level>, <type>,
<deriv-trace>, <instance-params>), where <level> is an integer level number /, constrained to increase with each rule firing
and to not exceed a maximal derivation depth L; <type> is the object type or model number o; <deriv-trace> is a record of the
path to this node in the compositional (part-whole) hierarchy, in the form of a unique sequence (s,s,...s,) of slot or sibling
numbers; and <instance-params> are possibly analog parameters specifying, for example, the spatial coordinates and orienta-
tion of the object.

Each object has an ordered set of slots to be filled by its children in the compositional hierarchy. The children are pre-objects
which, if they are not randomly deleted, survive to become objects. The child of an object of type o, whose path index is
(s,8,...s,) , must choose some type B; the choice is constrained by the constant 0/1 array of allowed component types

INA e and recorded in the 0/1-valued choice variables CSZIB_,S[ . In detail, the grammar is:
21l

0
scene — object(/=0, a="“scene”, (),X ); E = Ho(xo)

Object(l—l,a, (sl...sl_l),xifls ) <L
1°°°°1-1
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The object-part recursion proceeds according to a fixed part-whole hierarchy between models (or types, or frames) a and f3, if
they are related by the constant matrix INA, and will result in a kind of semantic network we call “Frameville” [18][17]. The
other variables may be explained as follows: / is the level number, bounded by L; o is the object type or “frame” index; (s) is
a derivation path index consisting of a string of slot indices s, ; x is a set of analog parameters for an object, such as the posi-
tion vector of its centroid; u is a set of constant analog parameters for a model, such as the expected displacement vector from
the parent object’s centroid to that of a child object; H is the penalty function (e.g. a quadratic) for deviations from the
expected relations between parent and child parameters; C are the 0/1-valued choice parameters recording which frame 3 was
chosen as the type of each preobject child of a given object; w is the 0/1-valued choice parameter recording whether a preob-
ject was deleted, or survived to become an object; and P is the random permutation that renumbers the level-L objects (now
points) as “imagepoints” in an uninformative order. An example two-level derivation is shown below, in which transitions
according to the level-1 object rule, the level-2 object rule (in two steps: part generation and point jitter), and the final point
renumbering rule are shown:

1 1@ 12 119 012 6905
.
130 @ 14 1309 14 7 004
¢« — S S —_—
R 21¢ e 31 210 ® 31 s @ [ ] 2
o . 220 o 32 22 @ o 32 9 @ .
2 23 ® o 33 23 o e 33 106 ® 1

Figure 1: Generating a hierarchical object image

Because the model or “frame” indices o and f§ are term parameters in the grammar, the two mutually recursive object«<>pre-
object rules are able to subsume many parameterized L-system rules of the form o (x) — {B (x) } , in which the allowed tran-
sitions are given by the INA array. (If several different rules start with the same « (x) , we introduce intermediate models
a,(x) to select among them in two steps, o (x) — o, (x) = {f (x)} . This is still encoded in INA, using its ability in this
grammar to simulate ISA links.) In this way, the single six-rule grammar above is actually a grammar schema for any number
of much larger grammars whose transitions can be tabulated by INA arrays. Considered as a graph on models or “frames”,
INA is not restricted to being a tree or a directed acyclic graph (DAG). We can compute the joint probability distribution on
all the possible parameterized terms which could arise in a derivation of this grammar; it is another Boltzmann distribution
[16]. The problem of finding the most probable derivation giving rise to a given set of level-L final terms is the constrained
optimization problem of minimizing the resulting energy function. The objective may be straightforwardly calculated as:
E(C.o.x) = Ho(xo> . E Cilal(H(scenesl(x]) <x;], xO, u(scenesl(x] ) B M(S]GI)(DI

‘YI

&Sy
2a, (oy5,0,) (2 1 (oysy0,) (s,0,) 2
+(u 2 Cc, \H Xy s X5 U -u 0
a237 2 -
L-1 Lo, (o _ys;0)( L L-1 (o, _ys,0p) (s,0) L
+"‘+ws1...sL,| EC‘YI'”SL H XspospX sy, o U M U)Sl"'SL
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I I Lo (as)( | -1 (@) (B
E(C o) = Hyl gzcsf Gl (wal_,s,) [P (L el G P T )
k=1

I=1
and the constraints are:

C,o,P,INAE {0,1}

l
W (s, ...5) 5; S8, = 1_[00 Sy
Lo @)
xk=E(S)P(S)kx(S) A E(S)P(S)k=1 A EkP(S)k= stl_uslsl

1[5 I-lo
EINA‘”tﬁql

Note that the constraint o (lA ) = 2 C [(ﬁA ) < Hi__l 0] (3) has been used to simplify the objective in equation (1), by removing

a product over C’s from earlier levels. Note also that the object—{preobject} grammar rule could be resltrlcltecll so that it
o 1o

couldn t delete preob]ects (and only the preobject deletion rule could do so), eg. C o =1=
gFC(S o) = maxgINA . But the extra condition would later be eliminated along with the auxiliary variables of section

The mapping from such constrained optimization problems to neural nets is discussed in section 3.2. This particular problem
formulation (1),(2) is difficult to work with because it has high polynomial degree (L+4 or more depending on H), making cir-
cuit implementations and global optimization difficult, and because there are several sets of variables indexed by the possible
derivation paths (s) = (s,...s;) , of which there are exponentially many as the maximum depth L increases. If the probability
of preobject deletion is not very low, this leads to polynomial or even exponential discrepancies between the number of image
points (which is the size of the input data to a recognition problem) and the number of possible intermediate terms which have
to be represented to parse, explain or recognize a given scene. So the cost of storing an arbitrary configuration, let alone com-
puting the optimal one, is prohibitive. Reformulating the constrained optimization problem to remove these obstacles is
addressed in the next section.

3.0 Problem Reformulations

The cost and polynomial degree of the constrained optimization problem (1), (2) may be improved by repeatedly changing to
a better set of variables. In this section we introduce the conditions that must be verified for a change of variables to produce
an equivalent Boltzmann probability distribution and optimization problem.

Given a free energy objective, F| (x;T) , depending on some set of variables x and on a fixed global temperature parameter 7,
and given a constraint predicate on x, C, (x) , we can change variables to another set of variables y, free energy F, (y;T) and
constraint predicate C,(y) by finding two change-of-variable predicates, (A, (Y, X), A, (X, Y)) (for the forwards and back-
wards directions respectively), usually expressed as conjunctions of equality and inequality constraints between supersets X
and Y of x and y, such that:

CinAp=CynA, and
C,AALACyAAy=>F (x) =TS (X\x) = F,(y) - TS, (Y\y) - TlogJ (x,) (3)

The first condition says that the constraint space on X and Y is the same, whether it is described by a set of boolean constraints
on x and a forward change of variables, or by a set of constraints on y and a backwards change of variables. The second con-
dition says that in this common constraint space, the free energies differ only by entropy terms §, and S, which account for
the logarithm of the volume of the allowed space of auxiliary variables X\x and Y\y (where \ is the set difference), and the log-
arithmic ratio of volume elements of any continuous variables among x and y. The entropy and Jacobian terms arise from the
partition function in the statistical mechanics treatment of Boltzmann probability distributions, and may be ignored at zero
temperature (7=0). For simplicity we’ll ignore these terms and just verify the equality of objective functions E before and
after the change of variables, but it is easy to reinstate the temperature-dependent terms.
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3.1 Degree Reduction

If we change to the object “aliveness” variables Asll,_[_ssl [15] which are 1 or 0 depending on whether an object with path index
(s) and type a is in the derivation or not, rather than the “rule choice” variables Cs,...s, and w(s) , we can reduce tllle objective
and constraints to low polynomial degree. To this end, we use change of variable equations like A,y = C(S) w(s) ,which
says that an object is live with type f if and only if it was a preobject with type f§ and it survived to become an object. For
deleted objects, however, we retain the choice variables C . In detail, the change of variables is:

~0
A= O gene N A =1 /I (& 1is the Kronecker delta function)
Ag: >
I g 1 Al i ~ 1B l i
()B o’ ol A Aw zon A G o=ay’ (1—%)) (I=1) 4)
Ip
)

- Ip ! N
Ag: C( =Ays +Qy) A o) =Ar)  (I=1)

The new objective function is:

Al (as, B)( 4 -1 (as,B) (s,8)
E(Ax) = g%A Sp..8 s ..sf] [H I <xsl...s,,x Spens;_q o U l )‘H ] } ()
=1

which is a sum of low-degree monomial interaction terms. (In a Hopfield neural network, a quadratic monomial becomes two
regular synapses and a cubic monomial becomes three multiplicative synapses.) The H functions may be interpreted as con-
text-dependent “distance” or “similarity” measures between a model 3 and the set of instantiation parameters Xs,..s, ulti-
mately constrained by data X, . The associated constraints for the (A, P, x) variables are:

A A, C, P, INAE {0,1}
AP =%

a, root

[

n 1B
Ay = Eﬁfks)
i -1 (6)
As .4.s, + Eﬁc vl...s SAsI.A.s,il
1B . 4 l-Te
Asis * " = E INA Omlﬁ Sy,

~ L
Em 0t A E(S)P(S)k=l A Ekp(s)k=A(s)

For these objectives, constraints, and forward and backward changes of variable, the change of variable conditions () are
proven to hold in Appendix I. The advantage of the new system is that all polynomial degrees are low (3 or 4 rather than L).
However, the overly numerous (s)-indexed variables remain.

The objective and constraints of (5) and (6) may be diagrammed as shown below, in which the small open circles are vari-
ables, the ovals represent the models (which store constant database infor mation like u, u, H, and INA), and the squares are
possible terms in a derivation. Each diagram below shows only a representative clique of related variables which interact in
one constraint in a conjunction thereof or one summand of the objective function. Links connect variables which share an
index. The objective function and the inequality constraint are shown in these two diagrams, with object types on the left and
instances (grammatical “object” terms and their associated parameters, x) on the right of each diagram:

Il o -l a
o Ay (8-, {o Q ...... A(s)
N xl—] 0.l

°
T (s,...8, )
----------- o 171
prefix
A prefix
INA vV
o o]
J ° (s) A
B O AP _ g
(s) (s...8) B AIB+ IB

(s)
Figure 2: Aliveness variables in objective and constraint.
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3.1.1 Specialization to Point-Matching

We can make contact with previous experiments on nonhierarchical point-matching by specializing the aliveness variable for-
mulation of the constramed optlmlzatlon problem. If there is only one model accesmble after L levels of derivation, say the

“point” model, then A ( 5) =8y omA(s) and we can substitute x P iX ¥ into the /=L summand of the objec-
tive and simplify. By specializing H to include translational an rotatlona degrees of freedom at every node in the hierarchy,

we arrive at the objective

I-1a 1 e -1 -1 as,B| 2 -1 (s;B)
E(A,x) = 2% vl...‘ YI...sFI {F Xsis, = Xs s _Qsl...slil ty +G(Qsl...sl , 2 Op Oy ) w !
=1 9
7
L-lo 1| L-1 L-1 as, point| 2 L-1 (s, point)
+ZZEASI...SFI P(s)k {F Xk =Xs5_, _Qsl..‘s,fl ty +G< Qsl‘..slil > Ops OL—I) —u
s) o o
L
and the constraints
A, A P, INAE {0,1}
0, o
A = 6ot,r()ot
N B
Ay = YA
(3

I-1la
E INAO‘WB S8y
EﬁINAwB_l

ECY)P“‘)":@(“%)@(/‘maX k+ ) roP e = Al

(Here © is the 0/1-valued Heaviside function, used to constrain k to be between 1 and its maximum.) This constrained opti-
mization problem is a hierarchical generalization of a previous nonhierarchical (L=1 or 2) point-matching architecture imple-
mented in [6]:

Emasny) = 55 mfs-r-avf a3 s (4
o

with constraints m€ {0,1} A ;mipslooa M S 1 . Here gis aregularizer on the affine transformation matrix A,
and G is a similar regularizer for the affine transformatlon Q between levels in the hierarchical object grammar, parameterized
by the noise parameters o. In particular if € is regularized to favor rotations, then we obtain a mobile-like hierarchical object
model.

3.2 Mapping to Neural Networks

An objective function such as equation (5), and its associated constraints (e.g. that each A is zero or one), can be mapped into
an analog neural network by a variety of techniques [8][9] which require that we expand H into a polynomial, and allocate
multi-way synapses for each monomial in the resultant polynomial expression for E. The constraints can be treated similarly.
Monomials of degree two such as 3xy are mapped to a pair of conventional synapses from neuron x to neuron y and back. If
the polynomials have a regular structure, the synapse count may be considerably reduced by introducing intermediate vari-
ables as in [12]. Convergence can often be greatly accelerated by introducing clocked dynamics as in [14]. The resulting net-
works will have a localist encoding because of the 0/1-valued A and P variables, which is an inefficient use of space since at
least the permutation matrix P is sparse. It is possible that new mappings to localist [12] or distributed [22] representations
will eventually allow the same model to run with much less circuitry. Effective use of deterministic annealing methods can
also improve the quality of the local minima to which such algorithms converge, for both recognition and learning [6][5].
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3.3 Eliminate Derivation Indices

The (s) indices still introduce a rapidly, perhaps exponentially growing number of variables, corresponding to all the possible
derivations in the grammar. Two further changes of variable can eliminate the excess variables. First, we introduce auxiliary
variables P and x at all levels, not just /=L, and we eliminate the remaining choice variables C . This step introduces trivial
dependent “frame instances” in correspondence with the derivation objects. Second, we eliminate the derivation objects and
their aliveness variables A in favor of the frame instances and relationships between them and between frames (models) and
their instances. These changes are diagrammed in figure 3, using triangles to represent frame instances and showing all rele-
vant variables in two neighboring cliques at levels (L-2, L-1) and (L-1, L). The dotted lines show the introduction of the new

X

A o1 P <
o 6 9| x
L) alloc

INA prefix

P all X

( > M° <o|
X
alloc

INA ina
_> ) o _4 ol x
C M alloc a
INA ina

o
O M allocﬂ" *
Figure 3: Change of variables to Frameville architecture.

5

link types: the match or instantiation variables “M” between frame models and instances, and the Part-of variables “ina’
between instances.

3.3.1 1st Change: Add Instances

The change of variables is:

A=A A A=A A PL=P A xL=xL

auxiliary variables: leE R A Rsl)j € {0,1} (Il<L),alloc le {0, 1} (&)
I i I l l I N

Xj= E(Y) R-‘)/ x(x) A E(S)Rs)j = alloc j A E]Ré)] = A(s)

and inversely

A=A A A=A A P=PL A xL=xL

I T
X = YR X
NES Y (10)

5 - P - 1P
C (»€{0,1} A EB C (9=Ay —Ay

auxiliary variables: b . "
~ —-la
C (=Y INA, AT - A
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The new objective function is:

L
z -1 -1 (as;B)( 1 1-1 (asPp) (s;B)
E(A,x) =H E %EINA gos Ay O‘PA1 i Psis, i [H ! (xj,x ou )_ul } (11)
= o

The constraints for the (A, P, alloc, x) variables are:

A, A, P, alloc, INA € {0, 1}

A()’a= e} A ka =X, A alloc;f = @(k+%>®<k —k+—)

a, root max 2

N

Al-1
As)

[ f
Er}A(S)ﬁ A A(;) <A(s) (12)
l—l(x
E INA ‘”zB SpeeeSioy

~l
E(‘Y)RS)/‘ = allocj A EjRS)j = Ay

The validity of this change of variables is proven in Appendix II.

3.3.2 2nd Change: Eliminate Path Indices

Now we eliminate all the exponentially growing derivation path indices (s) by eliminating A and P. The change of variables
is:

(13)
xl = xl A alloc jl = alloc jl
Lo_ 1p ol
A Mg = E(S)A(S) Ry)j
.1 -1
na;s,j = Esl 5 ]P s_pi P_sl Sp
xl = xl A alloc j = alloc
1B ! N 1B
ATy =DM Roj A A =YA
AB: 0 0
P ()i = Mrooti

-1
Psl Spj = E mazs,j Psl S

This is quadratic in the link variables A, P, M, and ina.

3.4 Frameville with Slots

The resulting objective function and clique diagrams are shown below:
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I=100B 1
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B N H % J
Mg;

Figure 4: Frameville objective.

This objective is of polynomial degree five or a little more depending on H. Further reduction down to degree three is possible
as in [12]. The constraints for the (M, ina, alloc, x) variables are:

M, ina, alloc, INA € {0, 1}

0 L L 1 1
SMai= Vo A ¥k =x, A allock = O(k+3)0(kyy—k+3)
1 1
EﬁMﬁj = al]OCj
,1 I (15)
Emmaicj = alloc ;

.1 L1
Ejmai"f < alloc ;

.1 l L1
Ej inajg; M pj < EQINA(wBM i

The four constraint cliques relating different kinds of variables are diagrammed as before, in Figure 5. Again, the validity of

<] . {i} alloc, Q i
alloc; ! n

’ kY

A

b N o

: N ina. . *

i H roor g o ;] Q s

i 4‘ ; o 6 g, K .
. [y ‘\ 1 , " "
ina. N ' K .
o Qa .

-
.
.
P

.
’
’
‘.
'&-

Figure 5: Frameville constraints
this change of variables is proven in Appendix II. Note that the jinal,-g ; inequalities reflect the possibility of object dele-
tions in the original grammar, which has not been hidden in this particular problem formulation.

An earlier version of Frameville [18], [16], which did not have the slot index ¢ on INA or ina and which specialized INA by
restricting it to be a tree, can be derived (for tree INA’s) from this version by a further change of variables which we omit. A
version including slot indices was related to predicate calculus in [1]. Related symbolic optimization architectures include

[11], [21],[25].

3.4.1 Learning in Frameville

Important aspects of the model base such as the constant parameters u# and pu which tune the consistency function H, or the
INA matrix which specifies the equivalent detailed grammar, may be learned by starting off the recursive object-generation
grammar with extra “metagrammar” or “compound grammar” rules which first choose u and/or INA from a prior probability
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distribution, and then generate a number of scenes (rather than just one as above) which can be used as input to a learning
algorithm. The resulting constrained optimization problem for learning the model base parameters u could for example be:

E\ oy (1, 0, {M, ina, x, alloc} ;INA) = EErecog< M, ina”, ', alloc’ ;u, u, INA)
Iz

16)
1 aop? 1 op12 - (
+ — [u ] + — [u ] +u ) INA

20u2c125[5 20u2§ o;ﬁ aop

if the prior on u and w is taken to be Gaussian and that on INA is taken to be independent on each two-valued matrix entry,
subject to the INA constraint. This type of learning problem has been solved efficiently with neural networks for the simpler
point-matching problems that arise in nonhierarchical generative grammar models [5].

4.0 Discussion

In this version of the Frameville architecture, by comparison with earlier versions [18][17], we can see several advantages
and limitations. The depth of a derivation is bounded by the arbitrary integer L. Any number of “distractor” or noise objects
can be modelled as parts of a level-one “background” object. The model-side compositional hierarchy INA ¢ = EGINAWB
is a general graph, rather than being limited to a tree or a DAG. The stochastic grammar can be extended to define model-
learning as another constrained optimization problem, in which the bias of the learning algorithm is explicitly given by a prior
probability distribution on model bases in the compound grammar rather than implicitly given by a neural net wiring diagram.
And as before, the number of required variables grows as a low power of the size of the data, and the architecture can be dia-
grammed with a 3D embedding that suggests control flow strategies.

On the other hand, the Frameville architecture presented here is missing several crucial link types (such as explicit ISA, EQU
for equality of frame instances, SIB for siblings in the composition hierarchy, and so on); the data-side dynamic ina links are
restricted to form a tree (a restriction removed by EQU for translating predicates in [1]; see also [15]); the remaining slot indi-
ces o are inconvenient for large collection objects; all variables remain indexed by their level numbers in the grammar deriva-
tion; and we have not exhibited a neural dynamics, or other global constrained optimization algorithm, which can solve the
Frameville optimization problems in a scalable way as has been done for less difficult optimization problems.

4.1 Comparison with Other Integration Schemes

Bayesian networks [19] are analogous to derivations of our grammar, in that they have conditionally independent probability
distributions forming an underlying stochastic domain model, they can be learned, and they provide a high-level language for
integrating multiple process models. They have the important expressive advantage that they are DAGs, rather than trees as
our derivations are; so they are “multiple cause models” [24]. We have formulated context-sensitive deterministic L-system
grammars whose derivations are DAGs, for use in biology [15], and a similar generalization may be possible here. But in a
Bayesian net each node’s probability distribution tends to be much less powerful than our Boltzmann distributions, and there
is no grammar inducing structure or regularity on the derivation tree. Also there is no analog of the “correspondence” or
“variable-binding” problem introduced by relabelling the data according to the random permutation matrix P, which speeds
up the computations but limits the expressive power of the Bayesian networks.A related trend in machine learning is the intro-
duction

A related trend in machine learning is the introduction and formalization of appropriate “structure” in a model class by
model-generation procedures. A Minimum Description Length approach to neural net learning [7] and Hidden Markov
Model-generating neural networks [2] are recent examples. Our grammar schemata may be viewed as procedures for generat-
ing models, with appropriate structure, in the following model classes: (1) larger parameterized L-system grammars; (2) sim-
plified semantic networks; (3) Bayesian net-like grammar derivations; (4) constrained optimization problem formulations;
and (5) relaxation-based neural networks. A stochastic grammar formalism may be especially expressive in this role.

There are a number of neural network architectures which do variable-binding [4][10][21][25], some of which are relaxation-
based networks which pose constrained optimization problems. Some of our work on transformations from optimization
problems to neural networks could be applied to those systems as well. The stochastic grammar approach avoids the common
problem of creating slightly extended implementations of symbolic processing in neural networks, rather than true integration
of the advantages of each, by starting with an underlying statistical domain model. From this model emerge domain-specific
“distance” or “similarity” measures for pattern recognition and learning on structured objects. If a statistical domain model is
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simple enough one may derive algorithms close to ordinary neural networks, including learning [3]. Otherwise, we find mixed
logical and numerical processing in a more elaborate architecture. The grammar and therefore the network architecture can be
tuned to specific domains (such as high-level vision) by including domain-specific grammar rules (such as the geometric
invariances of objects [16]) which get hard-wired into the resulting neural networks. For highly expressive architectures one
generally cannot claim more or less complete expressiveness, only more or less appropriate expressiveness. Further work on
the stochastic grammar approach will determine whether such claims should be made about it.

Acknowledgment. Gary Cottrell provided many useful comments in the preparation of this paper.
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Appendix I

We prove the validity, according to the criterion of equation (3) with temperature 7=0, of the change of variable (4) from rule
choice variables C to term aliveness variables A..

First we show that the constraints on C (equation (2)), and the forward change of variables A, (equation (4)), imply the con-
straints on A (equation (6)),i.e. CoA A= C,.

Clearly A, preserves the 0/1-valuedness of all the variables. The condition on A% s unchanged in C, from C.. From

. - 1 k
CoAAp we can calculate EB s) = w(g)zﬁ (s) >(D(Y) (Y) = o )—A(y)’ but U’(y Eﬁc(s)sm(v) k=19() SO

Eﬁ (Y)s(n )_A(Y), and we have proven two inequalities implying EB (s) =A(S). Note also
1

_ l -1k L [ k
l_[k= 1 (s) = ‘”(s) = ‘“(x)‘”m <o fic 19w 00y = [Tizi9w -
The constraints on x and P are direct translations under A, from C to C, . So we only have to derive the two inequalities on

. . z
C and A, in C,. We can calculate A(s) +EBC<S> = 2[3< Ay + (s)) Eﬁ (5) y+1- (3) Eﬁ (5 - But
EBCT&) < i’ 1; , which equals w ' for 122 (otherwise /=1 and 1_[ =1= A ), which is A(S) by A,.. This estab-

. B B i) ! l i) .
lishes the first inequality. For the second inequality, calculate Al +C = Cy [w(s)+l—w(s)} =Ciy» which

is = EGINA%[&CZ(;)W , as required.

So C.aAp= C, . Next we must show C.r A= Ay.But A, follows trivially from A, alone.

Now we must show that the constraints on A (equation (6)), and the backward change of variables A, (equation (4)), imply
the constraints on C (equation (2)), i.e. C, A Ag=C,. Clearly A, preserves the 0/ 1-Valuedness of the  and P variables.

However, the C variables could also take on the value 1+1=2, except that c’? (s) = 2[5 )+ EIS C(Y) =< Al <1,

The constraints on 2[3 (s in C. may be verified as follows. From AB, Eﬁ 4 = A(S> + EBC(S) >A(A) = u) . On the
other hand we have already calculated that EB (4 = A(s) + EBC(S) sA(s) ,whichis =<1 for/=1,and = u)(s) for =2

(as required for 2[3 ()‘Hk IZS)) and also for all larger values of /. But by induction on /, for /=2 we have
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[(;)l = u)l(;)] l;)l < wl(;)l Il{;z (D]Es) = l’l (Y) , which establishes E[ﬂ (s) S Hk ks for all I. As a corollary, we see

that Hk Y) = ml( ) and therefore the constraints on x and P in C. area direct translation of those in C,
.. . - . . .. ~1
The last constraint in C is C”i,) < E INA ﬁCl(S)la which we prove using A, and nonnegativity of INA o and C(ﬁ;) :

I-1a 1[5 = B = I-la B ~I
YINA, Cly =Cy = Y INA g (Am c(s ) Ay c(s) D INA AT A - S),Whlchls>0 by C,.

. . N
Next we show that C,aAp=A.: The conditions on A% follow directly from C,. A, = ool(s) by A,.

1[3 B ~ 1B Ip Al ~IB Al ool 1[3 . . .
ClHo (S) = ( Al +C(3))A(S) = A(HA +C(»A( - Evaluate the summands: A ) = Eﬁ ) implies (for 0/1 variables)

Wd-1 Al
that

lB [[3 ~IB Al N ~ 1B N l . N
and  CyAiy =Ae YCoo a0 -AG) = Al -Aly =0, sine A

(S) (S) K

nl I
<Ay +Eﬁc(s) sA(x) . Substituting, we find AI(BS) = C(ﬁs)w(s) as desired. Likewise Cl([i)(l—ml ) =
~IB

=l Al ~ 1B B B .
= (A(S)+C(3)>(1—A(A)) (A)_C(A)A(_\)+A(_v)< A(_s)) = C(s)—0+0,asdesu"ed.

A(s)

Finally we must translate the objective, assuming C. A A, A C, A Ag . Using the calculations in the proof above, we can work
out

e B I-1la I
.8 s] ( 1_[ ® Y1--“?1) - Csl...s,csl...s,w(s)

k=1
( l(E) +Cl(ﬁs)>( l(;)m’fél(;m);‘l (s)

Bl ml B I-la Al al-1~]- (lﬁ ~f5)
= Aj A +AC, A, A<>A<s>c<v> Al +Cs)
I I-lagl I-lo = ( B ~B>
= AS AS AS+OA§ +A(A)O A(S)+C(A)
_ 4Byl

s N

Substituting this result into equation (1), after using (Hi _ 1U)ks]...x,) ml(s) = Hi: 1mk51,__s1 to simplify the w term, yields

equation (5) as desired.

Appendix 11

We now prove the validity, according to the criterion of equation (3) with temperature 7=0, of the change of variable (9),(10)
which adds dependent permutation variables P at each level in the hierarchy, and also the change of variable (13) which com-
pletes the derivation of Frameville.

First we show the validity of the change of variables (9), (10), from C, (equation (6)) to C AP (equation (12)). For the most
part, this change of variables just consists of adding and removing auxiliary variables, i.e. variables in X\x orY\y, in the nota-
tion of section 3.0. These changes would affect the entropy terms (omitted in this paper) in the free energy expressions at non-
zero temperature. In C, , which is mapped to C, , via A, tlhe auxiliary variables are the C ‘. 1111 C,, p» Which is mapped
back to C " via Ay, the auxiliary variables are those x; and P]. for which /< L, together with alloc] Most of the constraints
on nonauxiliary variables are explicitly preserved between C, and C, ,. There are only a few details to check.

In the forward direction, it is not explicit in C, that A(S) <A . It is, however, implicit: Al([‘z) =< l([i) +C (BS)

[-1a

I-la Al-1 . I 1B 1B
E INAM[3 (s) <E ( ) = Ay, ; but sinceA” € {0,1} and A(S) = EBA(‘Y) € {0,1} , we have A(S) = maxgA
< maxBA (5) = A(S) . The expansion for alloct ; in C, p interms of Heaviside © functions just says alloc=1 if k is in {1, 2,

K, ok 1> Otherwise alloc=0. This just names the domam of allowed k’s in C, ‘s constraints on x and P.

We must also check that the required auxiliary variables exist, i.e. that their constraints are consistent. The auxiliary x’s are
uniquely determined by the regular x’s and the auxiliary P’s, which are in turn constrained by permutation-like constraints
which can be satisfied in many ways. The C variables are constrained by A, to be less than or equal to quantities which are
guaranteed by C ap 1O be nonnegative, so that at least the configuration C = 0 is consistent.
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Finally we must translate the objective. We first show A(Y) (Y) = INA A Py . Since 2[3 (s) = A(Y) € {0,1} , we

as,p

know that A(Y) (Y = 6 A( ) and likewise A( )1 “Al;)m =90,,A (;) tee, Therefore
INAas,ﬁAl([i)Al@)m<A<E>Al<s>m = ALAGAG
m(Z ANA 5 pA o )AG
_ (S)E INAGJ ﬁAZ )IOLAI(;)IOC
= (S)E INA,, ﬁfs(mA’(;)“‘
= INA,, 44 iﬁA’(;)I“

N
, we can calculate
()%

T L) YR Y e

B I-layl l-1 (M,ﬁ) 1 1-1_(asp) (s,B)
EijINA(mlBAx Ay P(s)jP(x)i[H (xj’xi U )‘“ }

as desired. Using this fact, and substituting x(v) = E}

INA

B 1-10{ (Om',ﬁ)( ! -1 (%ﬁ))

(5,8)
Ay A X5 X (s) M ]

. . . . N - Al-1 . .

in which the last step follows from the winner-take-all constraints EJ_PI(W = A and EiPZ(S)li = A for0/1 variables, in
Y Al—1 . . o . . o

which A,y = 1 and A(;) = 1 for any nonzero instance of the above expressions. Substituting this result into the objective of

equation (5) yields the objective of equation (11), as desired. Thus we have proven the validity of the first change of variables.

Now we show the validity of the change of variables (13) from C, , (equation (12)) to C,, (equation (15)). The constraints

on x, alloc and INA are unchanged. First we show C 4 pNAp=C,, . To show that M and ina are 0/1-valued variables, we
l

bound their expressions in Ap: M[g,J = E( ) S)P (5)j < E(‘) P[(S)j = allocl.sl , and

1 -1 ! -1 I-
ina'js,; = E o P s piP s s, s ES P s i E allocl "<1. The level-0 boundary condition on M is:
-1 |
0

I ~ 0a 0 0
EiMaj = Ei, (S)A( )P( )i = quootEiP( )i = 6ou‘oolA = 6ocroo’ since A =1.
. . I B > I ! B I
For the allocation constraint on M, we calculate that EBMBJ = E(S) ( EBA(S) Ply; = 2(3) P(y; = alloc;, where we
! I N o . . . 1 -1\ .
have used P ;= EjP(S)j = Ay, . Likewise for the allocation constraints on ina, Eicm .Gj = E(S)<2 P(S) ‘)P(S)j

] 1 N pl 7
= E(S)A(s) P(S)] = E(S)P(s)j = alloc;, where we have used Ay Ply;s (m = PyP (S)] (s)JEJ () =

. Al=1 -1
A(S)<P()A(5) . On the other hand, Ema = 2 S)<EJ (w)]) (s), E(S)A(SU)P(S)Z E(S)A(A)P(m

- Al=1
P P Pl 1 l 1

() (s)j (5)] ,P<s>1 Py,

= T

= E( ) s)] = allOC, ' where we have used A S) P( )1<P(s)]
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The rectangle constraint on ina, INA and M is derived in another calculation:

oMy = 3o Doy DA P l<§>lrpl<so)j
=202 A[fv) PP P o)
=2 E(s P90 o) ey Ao
= 3 Alo P
=D INAaoﬁE(s) Ay Py

- E INA(xoﬁ ai

So we have shown C pAA=C,, . Next we show C pANAp=A, . For this we must show Al(ﬁs) E Mﬁ]P(s) and
I _ l _ AP AP
Plooyj = E 1na10] (S)l. Substituting from A, E] 8P (S)j E(s) E] S)j (S)] = Em )90 ( S)A(S) Ay -

l 1 -1 /71
Likewise, E 1namj ()i = E ) (SG)]E PPl E(s) (809 (5) (5) ( ) (m); as desired. In addition, the rela-

tion between A and A variables is directly present in C 4+ p and the expression for P? )i follows from A:

0

M—A b

() ()l= aroot ()I'SOC pAAL= Ay

Now we need to establish the backwards direction, C,, A Ay = C A p A A, starting with C,, A Ag=C AP That alloc is a 0/1-
valued variable is direct. For the A and A variables, their expressions in A, are non-negative integers and we can bound

them by one at the same time that we establish the summation and 0/1 constraints on P, using induction on /. For the base case,

)_A( y = M ( )i = E MO” oot = (smcez M ;=1) Eaf‘)aromz Mmml = 2 ((Smoot =1, as desired. Also,
E( )P(z )i = P(z )i = Mmou < EO(MO = alloc ; on the other hand E M = Mro(m+20(#mot ms
M?Oml.+2wmot(2ngi) = Mi)ooli, SO E( )i = alloc?E {0,1} . From this fact we can also deduce
A? ) = 2 ,M?“.P(z )j. = E alloc P E P( y;-  The induction step is: for A, [(EG) _A(m)

E <2[5 BJ) (s0)j = E alloch(m Ej (s0)j = E 1nafoj (Y)l< E alloc IPI;)14 which is, by induction, =A(?
For P, 2( %) (m)j = Elom ioj(z(t) l(;)]) = Eiomamjalloci . Eioinaioj = alloc From this equality, we can also
deduce A(Y) = Eﬁj 8P (Y)j = Elalloch(q = EjPI(S)j. Finally Pl(x)js EJ,P(W = A(‘Y) <1 .This proves all the rele-

vant 0/1-valuedness constraints, and the summation constraints on P.

The value of A?a)
= (5 2

rooti

. A0 0
may be computed as with A : EM P ()i = EM rOotl=€>m00t2iM

wroot) = Ouroor-  That Al(w) sAi?l follows  from what has already been  proven: Al(w)

= EjPl(m)j 25(Ejina§0/) 5) _E alloc -! l(s) E Pl_1 = Ay -

The last component of C A is the INA inequality Itis computed as follows: A[(ﬁm) = E.i (m E E ina;, M /;)11

=y, INAW[3 i (S)l = > INA LY M. =y, INA(mBA( ) “. So we have proven C,, A AB:>CA’P

Next we prove C,, n Ay =A.. The expressmn for ina can be verified simply: 2 (5) ( Z(;)]l E (s) mal, ! PZ(:)]i =

5O) i'oj (S‘)l

E,,ma{‘ 4alloc< ]6”, = 1nal allocl - 1na . The expressmn for M is: E I(EG) Pl(m)j E(m)] I,)jPl m),Pl(m), =
M
(m)] Bjéij(Y)j E(m) o;iF (m), ﬁjz(so) (5)j = (by Cap Wthh has already been proven from C,, A Ag)

Mﬁjallocj =M e The other components of A, are trivial. So we have proven C,, A Ag= A,
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lfl -1

Now we need only translate the objective function. To this end, we use (v)l )i =) 0P and
! ! !
P oy iP s = O(s) (5 P50y 1O calculate

1[5 l—l(xl -1 (acP) _ l[‘} l—lal -1 (aoP)
D i 50y NAuopA sy As) P sy P (o) it (X)) = 3 Dii 2 (s0) NAaopA (s0) A (s) P (501 (5)iH (x; %)

_ UL
EQOB Elj E (s5's") INA(XUﬁ (é'G)A(S")

xpP PP Py

(s'0) i (s i (so)j" ()i
_ I-1, (acP) ! -1
= quﬁzulNAaoﬁMmM H (xi,xA)E(S)P(SG)jP(s)i
-1, (aoB)
= S op S INA gginai My Mo O (x,x)

(where we have used the fact that H depends on o but not (s)) which shows the desired equivalence of objective functions.
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