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Abstract
Abstract text begins here...

1 HiERLeap

1.1 Equivalent Markov Process

WL R
From the ER-leap paper, the giant matrix (W) (where W appears in the Master Equation) is:

{ 1_[ W} = Z [1_[ Wlkﬂ»[k}
k=1-1%0  p g k=L-1%0

{Ixlk=1..L-1}

Are) (i)
= 20 2] e Siia i
(I |k=1..L=1} {ry} k=L—-1\0

where p are reaction rates, F' are combinatorial factors, and S represents the sparsity structure of state transi-
tions under reactions. Likewise,

1_[ 7% exp(—TkD)} = Z { 1_[ Wi, 1 exp(=Ti Du)}
I, 1o

k=L-1%0 U L1 t=L-150

= Z Z l_[ [Wlkﬂalk exp(_Tk le )]
{Ilk=1 .. L=1} {r} k=L—1\0
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Alre)
= 20 2 [ fee S A expomn)|
(k=1 . L—1) g} k=L—150

A(re) ’
SIAH Jk] 1_[ [prk F;,(A) CXP(—‘rk le )]

{re) [[1k|k=1 . L-1} k=L—1\0

The factor
Alre)
Z S11<+1 i
(Ielk=1..L-1}

. . NG, . .
together with the constraint }}, S; ; = 1 means that [; may be replaced by a unique function value I; (R, o) :

1_[ W exp(~7; D) = Z 1_[ Pr. Fitr ) ©XP(=Tk Dy, R tp)
k=L—1%0 L () k=L-1N0 (H

1.2 Hierarchical notation

Hierarchical versions of the reaction , r :
r > R=(r,r)

This notation is easily extended to any number of levels, eg. r - R = (ry, ...r,,). But for simplicity we will
work with two levels.

.
Drwi) = Z Dy

ry€efri}

13 Averaging over reaction orderings

We develop the method for averaging any function f of reaction choice vector r over reaction order
orderings or permutations, 0.

1.3.1 Nonhierarchical:

> o= )] > fn=3" Z}f(r)

{rilk=1..L-1} {s [s,eN, Y, s,:L} {o | o permutes unequal ’ s | s} {s|L}{o|s
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L
1 = # perms compatible with s = ( )
S1 ... 87

{o | o permutes unequal 7’ s | s}
L
Z f(r)=Z s s <f(r)>{0—|s|
{relk=1 . L—1} sy 0L o
Decompose finto permutation-invariant and permutation-variant factors:

fr(s, o) = fi (5) fo (r(s, 0))

Then
IERGEDY ) A e G as om, @)
! 1 ... 87
relk=1..L-1} {s|L}
Example
In the ER-leap paper, this method was used in calculating 3 ,_; ;) e(r):
e1 (0(r) e2 (7)) = g 2 (s(r)) > e ((r))
{relk=1..L—1} {S|Sz N3 s, =L} {o | o permutes unequal ’ s | s}
= E 2 (s(r)) [ > e (a(r))]
{s 5, N3, 5, =L} {o | o permutes unequal ’ s | s}
3 B L
- Z €1 (S(r)) S| .. Sk <e2 (O-(r)»lo' permutes unequal 7’ s | s}
{s [s-eNL Y s :L}
where

el (r)= { l_[ prkllo,Ll} Dy, L—l)l CXP[—[Z Tk]DIO Ll]
X

k=L—-1\0

| | Fyk() 1o)
r,
82 (r) = F(krk) - exp(_Tk (le (r,lo),lk (r,I[)) - DIU L—l)) M

k=L-1\0 lo L-1

14 Hierarchical Independent Groups Sampling:

We now want to derive an efficient algorithm to sample L reaction events and T from independent groups of
reactions in parallel. If we can achieve this, we may be able to concoct an independent model which is an approxi-
mate, upper bound of our desired model. We can then use rejection sampling and samples generated from this
approximating distribution to sample from our desired distribution.
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14.1 Algebraic Manipulation

XXX Define R(u, o), u(R), L(u), etc.
We start with

[ 1_[ 7% exp(—TkD)} = E l_[ Or, F}:k()R’IO)eXp(—TkD]k(R,[O)).
I 0o

k=L—-1\0 k=L-1\0
{re}

First, we can restrict each group to use an independent subset of species I;' . This is possible because reaction
independence implies the propensities in group r; are unchanged regardless of activity in all other groups. This
implies that input species to any reaction in r| are not changed by any reaction outside of r; . Therefore, we can
treat I;' as independent. In the following it is implied that each reaction is indexed by group r; = (ry r2).

pr F " (RI") Di g ™
g | | e — " (ny, L) exp(—1(Dy,r 15) — D(ng, L)) exp(—7y D (ng, L))
” @y D (ng, L)

(e} k=L-1\O

For notational brevity, we will now write [, instead of I;' , although it is implied that subsets of /; are indepen-
dent for each r; .We also denote the ordered reactions in group ry as {r; | r; € ri (r; ordered wrt r)} This allows
us to write the previous equation as

_ Z exp[—[; rk] D(no, L)]

{re}

[] expCr@Drra - Do, L)
k=L—-1N\0

(rj)
Pr Frrey Diwa B

— D (no,L).
D1j<R,10) D' (ny, L)

ri A{rjlrj €r;)\r; ordered wrtry)}

Using the averaging permutation trick from ER-leap and discussed in Section 1.3.1, we permute over all
ordered reactions between groups without double counting. Each r; will have u; reaction events. The set

{r I | rj€ry ’\Z ) r?‘ = u*} is all possible reaction event orderings for groups rj such that exactly u, events occur.
i

The permutation o~ is a permutation of all {{r; | ...}} s.t. inter-group ordering is preserved. We let
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el [Z ‘rk] = exp[—[z rk]zg (no, L)]

k k
(r;)

Pr; Frw 1)
e({rjlnh= | | #—‘
LRI)

J=ui—1N0

" Dy
€3 (M, T, {R }9 0-) = exp(_Tk(le(RJ[)) - D(n() s L))) ~(r)

k=L—150 D (o, L)

and get

{kzl_[ 14 eXP(—TkD)LJO = Z (Ml Luz)

ful S =L)

< Z el[z Tk]x es(u, T, {R™}, o)x l_[ez({rj |71 (D(m(no,L))uﬁ >
{r,- rjery "Z/_r;? =u*} ¢ "

Seperating out components independent of o-and possibly {r;}

L o
:M;:L}(Ml Mz) U(U )(no,L)) el[;rk]

Z []_[ ex(frj 1 })] (e3(u, T (R™}, Oy
{rj r Erf/\zjr;{ :u*} 1

Expanding out the rj notation.

{ol u}

Z []_[ ex({rj I })] (e3(ut, T, (R}, Oy

I n
{rv ry €1 "2 ' =u;}
v

And rearranging terms,
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l_[ (D(r] )(n() ’ L))“n

r

(B D |aloly

1
ApeplA Ly -
{r, rj€rj E jr, _ul}

Z es({rw |r%}) Z ex({ry [riH{es(u, 7, {R™}, 0Ny |-
ry €17 /\Zwr"j =Mz} {rv ry €ri AZVT? :uz}

{r

142 Sampling the Distribution

We first observe that sampling from

(r;)

pr, F.
- 3 [] e
j (R.lo
{r,- I er /\Z/_r;l :ul} {rj /

rl j=u; —1N0
rierih E ri =u }J !
A i 1
is the same as sampling from a Markov chain where

(r‘+l)
Pr; I,-I(R,Ig)

P(ria o, rj...10) = P(rjs1 | 1}) = (3)

1
Dy 1)

This can be sampled by drawing u; reactions from r} by repeatedly drawing reactions with probability equal
to (Equation 3) for each reaction channel and then updating state ;. This is exactly the SSA without the time
component. Therefore it may be feasible to speed up this sampling by adapting, for example, ER-leap.

Second, we note that as in ER-leap

= () n
_( D m,D)
f(”)‘(ul uZ)H[ D(no, L) ]

is the probability distribution for a multinomial and may be sampled as thus.

Thirdly, we consider

el (Z rk] = exp[—[z ‘rk] D (ny, L)]

k k

which may be decomposed, as in ER-leap, into and Erlang and Uniform Simplex distributions
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= Erlang[z T L, D(ng, L)] X UniformSimplex[T; L, Z Tk] .
T k

Finally, we consider

r D;Ii (RIy")
Cestu, 7 AR ), oy = || exponiimy - Do, ) — )

k=L—-1\0 D (n() ’ L) (o] u)

= (Accept({re}, o, T, L), 4

which can be interpreted as the probability of acceptance for use in rejection sampling.

We can now sample Y, 74, o and {r}, accepting with probability Accept(...). Finally, it should also be
possible to get a lower bound on Accept( ...), enabling us to have an early acceptance step and thus increase
efficiency. This lower bound will be derived in another section (XXX derive lower bound).

15 Application

We want to apply Equation XXX to Equation 1. First, just apply Equation XXX to Equation 1 :

) L Z
T T PP A VR N | PR [ T e —
Ui ..U Vi1 o Ve w(ry)
k=L-1\0 Il n

{u; | Y u; =L} {"/|Z/ Vri j:”f}

where

(Ror(ky)
ER(u,v,0)) = | | PR.w) F1, ®Rio) €XP(=Tk Dy, R 1y)) -
k=L-1%0

To go further we will need bounds on the integer molecule numbers in I (R, I), i.e. bounds on n(R, ng, k) .
These will be developed in Section 1.6, after which we will return to decomposing Equation 4 in Section 1.7 .

1.6 Bounds on n

1.6.1 ER-Leap:

na (r,ng, k) <iq (s, Ip) = na(0) + (L — 1) max, {Am}
ng (r,ng, k) =mn, (s, Io) = nq(0) + (L — 1) min, {Amy}

whence
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e e e

FO (ng (r, 10, 0) = Fp gy < ED 0y = FO (i1 (8,10)) = Flo) w1y min, () 1 <a<a] 5

FO (ng (r, 10, 00) = o) 2 By oy = FO (1 (5, 1)) = FC) ©
a1 10 0)) = Filsy = Fi sy = FO (1, (5, 10)) = Flo) 1o 1ymas, (6 mg 1<a<A)

: : — (r) .
and likewise for Dy, (4,1 = Zr O E1: L

Dy i) <Dy 1y = D(ta (8, 10)) = Din,+(2-1) min, (A nt ) l1<a<A]
Dy i) = Dy, 1) = D(Llu (8, 20)) = Dy, +(1-1)max, (a ) [1<a<A] -
The relevant factorization is

FO (ng (r, Iy, k) )

P (I ) = F (1 . 1) S 1K)

and

exp[—7 D(n, (r, mo. k)] = exp| -7 D(n, (s, no))| exp| 74 (D(n, (r. mo, k) = D(n, (s, n))| -

1.6.2 HiER-Leap fine-scale bounds

Recalla » A= (a;,a;) and r - R=(r;, ;). We need some near-factorization of Am, , to separate
the spatial scales. We try:

Amf= > (Cla)(Bm,)
"slots " @

Then as in ER-leap,

na (r,ng, k) <nyg(r,ng,L)=n,0)+ (L—-1)maxg {Amﬁ}
where
fig (r’ no, L) = nA(O) + (L - l)maxrl T2 {Z Ctrlll et Amzzz “} . (6)
(07
Likewise
ng (r,ng, k) =n, (r,ng.L)
where

n, (r,m, L) = ny(0) + (L— Dmin,, ,, {Z Cl o Ami2 w} @)

a

Unfortunately, these bounds are very coarse: they don’t depend on u or v.
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1.6.3 HiER-Leap block-scale bounds

We seek
na (r,ng, k) <7y, (u,ny, L)

Idea: The increase in propensity of a reaction in block r; depends on the maximal number of reactions u,,
that can happen in neighboring reaction blocks ;" , possibly including r; . Thus

Tiar, (w,my, L) = ny (0) + me Uy, =6,y L= Dymax,, {Am 20}

(a1 a2)
r’

=n4(0) + g min(u,,» — 6y, v, L— 1) max,,’ {Z cy'y Amg’a}
rl’

a

= n4(0) + g min(u,,: — 8y, 2 L— 1){2 cy', max,, Amgzz'a}
r’ ¢

Lemma 1:If u, = 1,then we can drop the min( ..., L — 1) and obtain in this case :
Tiar (u,ng, L) =ns(0) + E (ur,r = 6p, r]’){z Cy', max,, Am{fz/a} . 8)
’ @

In other words, to bound the propensities of any reaction that might actually happen, we can use Equation 8.
The only place we can’t use this simplification is when calculating the propensity of a reaction that will not
happen in the next L reaction events, because some other single reaction block ;" will capture all L events. So
we can take Equation 8 to bound the propensity of any reaction that may occur in reaction block r; .

Proof: If ry = r’ , then 6,,,,» =1 so u,» <L = u,» —6, ,+» <L~-1.0n the other hand if r; # r|", then
O,y =0 and also u,» +uy, <X, u, =L > u,» <L-u, <L-1> u,s =6, =u, <L—1.Either way,
Uy’ = Op ry <L —1s0 min(u, =6, 7, L—=1)= (' —0pr).

Likewise

na(r,mg, k)=n,, (u,ng, L)=ns0)+ E min(u,» =&, 7, L~ 1){2 C,', min,, Amf}z'w}

a
r’

but if u,, = 1, we have
na (r’ nO’k)BEArl (u’ nO’L):nA(O)+ é (Mrl’ _6r1 rl’){Z C(rll]/a/ minrz Am(';zz/a/} (9)
r’ @

Next we calculate the bounds
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ﬁArl (u, hy, L) < maxlulZu:LA uy, =1} ﬁArl (u, hy, L)

a

=Ny (O) + maXxy|su=L » uy, =1} E min(url L= 6r1 r’ L- 1) {Z Czl]'a maxp,- A mga}
r’

a

=ny (0) + maxy, yu=L A uy, =1} E (ur] r 6r1 rn’ ) {Z CZII o Max,,’ A mzzz a}
r’

by Lemma 1. But

— ’ 71 ’ rz/ r - ’ ” y ’ ’ r2’
E (Ur, = O, 1, ){Z Cl o max,, Amp ry} < E (= 06y ) MAX,, {Z Cp o max,, Amg ry}
; a ; a
r r
o r
< [maxfl ” {Z C, o max,, Amg w}] [Z Wy, = Ory 1y )]
@ r’
r’ '
< [max,l/ max,, {Z Clo Amy a}] (L-1)

a

which is independent of u. Thus

Tiay, (U, np, L) <ng0)+(L-1) [maxrl/ max,,’ {Z CZ‘]/a Amffza}] =i (ng, L)

a

with the last equality following from Equation 6 . A similar calculation applies to n. Thus,
Theorem I.ForO<k<L-1,

’:‘lArl (nO’ L) sn (u(R), hy, L) S (Rs no, k) s ﬁArl (u(R)’ hy, L) s ﬁA (nO’ L) .

—Ar

1.64 Bounds on F and D

Since F is monotonic, if [R], =R = (r| r2),
R
Filtray = F® (n(R. no. k)
< Frim) (ﬁ* . (u(R), ny, L)) = F(rl ") (u(R), ny, L)
< Flir) (fl(no, L)) = F(” ) (ng, L)

Thus if [R], =R=(r; 1),
~(ri r2)

F® (n(R(, v, ), no, k) < F" " (. mo, L) < F" ™ (o, L))

where

10

(10)
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w=(r1 )

F"'" (u,ny,L)=F"" (7, (u,n, L)
F"" g, 1) = FO' ™) (g , 1)
Likewise if [R], = R=(r; r2),
F® (n(R(u, v, o), no, k) = E" ") (u, mg, L) = ™) (no, L(w))
where
EC) (u,mg, L) = FO ™ (n,, (u, o, L)
F7) (ng, )= FO ") (n, (ny. L))

Summing over a block of reactions,

D (a)= Y pry s F )

Lyl
D)= ) pryr, FO ()= Y D™ () (11
rr r
Note also

D" (w,ny, L) =D (n.,, (u,no, L))

D™ (my, L) = D (fi(mo, L) .
Using monotonicity of F"' ™) (n4,, ), D™ (n) and D(n) as a function of n4 , we deduce:
Theorem 2. If [R], = R = (r; rp), we have the following bounds:
D (ng, L)) < D™ (u, my, L) < D™ (n(R(u, v, 0), o, k) < D™ (w, mo, 1) < D™ (mo, L)

where

~(ri r2)

—(r1) —(ry r2) ~(r)
D" (u’"o’L)EZszF " (u,ny,L), D (no,L(u))EZprlrzF (u,np, L),

L] L]

D) (u, g, L) = Z Ori FO2) (uong, L), D™ (ng, L)) = Z Pri r Frir) (y ng, L),

r r
Likewise
D (ny, L(w) <D (u, ny, L) < D(n(R(u, v, 0), no, k)) <D (u, ng, L) < D (ny, L(u))

where

11
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D.ng,L)= Y pr F"™ w.mo, 1)= " D" (u,mo, L),

rr L

~ ~(r1 r2) ~(r)

Do, Lup = prr B womg, )= > D™ @, mo, ),
rr I

Q(us hy, L) = Z Pryr, E(rl r2) (u, ny, L) = Z Q(r]) (u, ny, L),
rr "

Do, Lw) = Y. prry F" (mg. L= Y D™ (u,my. L),
rr L8l

Proof: Calculations above.

1.6.5 Optimized HiER-Leap block-scale bounds on D

At the block level, better bounds than D and D are possible because of constraints on the simultaneous
minimization or maximization of propensities of many reactions in a block.

Failed attempt. This bound didn’t produce strong enough inequalities to make a good algorithm.

D(n) L _ Frir) (R L
(nO 5 (Ll)) = maX{u,leu:L AYv=uAu, =1} maXxg|u v} Prir, (ua v, O-)’ ny,

L]

=D") (i, (no, L))
where

iy, (ny,L)= n(R(u;‘l s vj] s O'j] ), ngy, k), where

s 3

* — § (r1 r2)
(ur] ’ vrl ’ 0-7’1 ) - argmax{u,v,o’lZu:L AYV=U AU, =110 respects v} Prir F (R(u’ v, O-)’ ny, L) .
L)

12)

XXX express "o respects v algebraically XXX
Lemma 2. fiy, (no, L) <maxyu=1 ru, >1y Bar, (U, Ry, L).
XXX Questions: Can we get enough inequalities on D rather than n ?
What if we try instead:

D™ (uy mo, L)) = MaXp) npym) MAX o > prn FU7 (R, v, 0), mo, L) ?
L]
Can we relax the = equality to an inequality that preserves i, (ny, L)<7is,, (w,ny,L) ?
XXX
Better attempt.
Consider

Do (ﬁ*rl (u, ngy, L)) = Z O,y Flir) (ﬁ*rl (u, ny, L)) = Z Or 1, F(rl r2) (w,ny, L) = E(rl) (u, no. L).

L) Ly

12
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Define

A (1) 1) (+
D (nO > L(I/l)) = max[ulZu:L Ay, =1} D (n*rl (u’ ny, L))
=D") (A, (no, L))
where we define
ﬁrl (nO > L) =T, Ty (ﬁ, no, L)’ where

it = argmax } D" (7., (u, mo, L)). (13)

(ulXu=L Au, =1
Now we get useable inequalities:
—(r A (1)

Lemma 2. Forallry, A, and u suchthatu,, > 1, D™ (u,no,L)<D " (no, L(w)).

(1) . A (1)
Proof: D" (u, ny, L)<SMaXysu=r ru, >1) D" (7., (,n9, L)=D""" (ng, L(w)).

However, we do not know that for all r; , A, and u such that u,, =1, 74, (W, no,L)<fig, (no, L),

even though D(n) is monotonic in each component of n, since D allows for tradeoffs between different compo-
nents of n.

Lemma 3. Forall rj and A, s, (o, L) <7is (ny,L).
Proof: By Equation 13,

ﬁArl (ng, L) = M, (il’ ny, L)
where @i, = 1.Then as in the proof of Theorem 1 above (qv. for details omitted here),

n, | (ﬁ’ hy, L) < Inax{ulZu:L/\un =1} ﬁArl (u, hy, L)

=Ny (O) + maXxy|yu=L » uy, =1} E (Mrl rT 5}’] r’ ) {Z Ccrzl]/a max ., A mga}
r’

a

: : e b
< (Uy,» = Oy r ) Max,, » {Z Cy\ o max,,” Amg a}
r]/ @
< [ max, - max cn' o Am? (L-1)
S r’ ry’ a, @ maz 01
a

Thus
flAr] (ng, L) <ns(0)+(L-1) [maxrl © maXp,- {Z CZ'I/Q A mffz/a }] =17ia (no, L),
«

QED.

XXX Question: Can we relax the = equality to an inequality that preserves fia,, (o, L) <iis (ng, L) 7 Then
optimization would not have to be as thorough; any improvement would help. Eg. a=7 (&), &t = @(u) is an
“algorithmic improvement” such that D" (n(u)) < D" (7 (@) < D) (ﬁ @ )) where &° = argmax, D" (7 ().
7 XXX

13
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By monotonicity of D")(n), as in Theorem 2, we deduce:
Theorem 3: If [R], = R = (r r2), we have the following bounds:

D" (ng, L(u)) < D™ (ny, L(w)) < D" (u, ny, L)
< DM (n(R(u, v,0), ng, k))

. () ~
<D (w,ny, 1) < D" (mo, Lwy) < D" (my, L))

Proof: Calculations above.
XXX check this ; elaborate slightly ? XXX

We also define global versions of D and D:

Dmg. 1= D" (my. L)
r

Dy, L)= > D™ (no, L)

r

And of course D(n) = Zrl D" (n), from Equation 13 XXX.

1.7 Using bounds on D and F

. . A(r)  ~(r)
In what follows, the easy version of the algorithm takes D "=p"" and D" =D | 5o that no
optimization or nontrivial bounds are required. Given that algorithm, it would be possible to observe the multino-
mial in u and compare it to the actual distribution of u’s (eg from repeated restarts of SSA) to see if one can learn

to predict a better multinomial on u from the hypothetical one and other easily calculated quantities.

. NGV . . .
Alternatively and more elaborately, D " in the following may be interpreted as anything bounded to

be between the actual f)(n) and D(m, and likewise for D" . For example, various relaxed optimizations are
possible by dividing reaction blocks into fast/slow, nearby/distant, etc., and using the trivial L bound on u for the
slow or distant blocks which should be in the great majority so that the remaining optimization problem can be
solved easily.

XXX Still working here.
In Equation 4,

Roky)
(E(R(u, v, 0'))>[0—|L,,V;E< 1_[ p(RUm)FIk(I(;),lU)exp(_Tlek(R,Io))>

k=L—-1\0 {or | o permutes, u, v}

= ( [1 Py F® (n(RG@, v, 0), mo, k) exp(—7i D(n(R(u, v, 0), 1o, K))) >
k=L—-1\0 {o] u,v}

14



HiERLeap6_V1.nb

(1 r2) —(r

F® (n(R(u, v, 0), n9, k) Py ' (w, mo, L) D" w,mo, L) o)
(1 r2) —(r1) ~ (1) D (ng, L(w))
F (w,no, L) D" (u,ng, L) D" (ny, Lw)

k=L-1\0

exp {—‘rk Z [D(") (n(R(u, v, ), ng, k)) - D™ (u, no,L)]}

r

exp {—Tk Z D" (u, no,L)} >

7
{o| u,v}

XXX Relate to Section 1.4.1 .

Define

—(ri r2)

_ _ p(RJ(k))F -
pralr ,u)= —

D" (u,n, L)

A (r1)
D" (my. L)

D(ny, L)
_ D™ (n, L)
LU= e D

(u,ngy, L)

Then

(E(R(u, v, Oy = <
k=L—-1\0

A o (i) n
D" (u,ngy, L) D" (u,ny, L) ,
ﬂ[‘w‘»‘(u,no,m] (%565 [U“’”

1_[ exp {—Tk Z [D" (n(R(u, v, ), ng, k) = D" (u, ny, L)) }
k=L-150

r

=1 r2)

[ F® (n(R(u, v, o), ny, k))
F (u,ng, L)

]ﬁ(rz [ry)"®

D (ny, L)

exp {_Tk Z [D" @, ny, L) - D™ (mo, L)]} exp {~7 D (ng, L) }>

r
{o ] u,v}

7(r1, R) = ka

klry

T= T, B

15
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One variant is:

F(R) R , 7, , , k
(ER(, v, Oy = P (2 [11)™ << 1—[ [ (n(R(u, v, 0), ng, k)) ]>

(1 r2)
i 1% F (u,ngy, L)

) n
D " (u,ng, L) u,
H[Q(“)(u,no,L)] [UE(”) ]

r

{oa | u.v}

l_[ exp {—Tk Z [D(”) (n(R(u, v,0), ng, k)) - D" (u, ny, L)] }

k=L-1\0 "

D" (u,ny, L) "
= 7 exp{-t(r, R)|D" (u, ny, L) - D" (ny, L
| |[ D7 (0. 1) p{-7(r. R)| (u,ng, L) - D" (ny, L)}

r

D (ny, L) exp{-7D (ny, L)})
oy | u,v}

A failed variant invoked p(r |u) = D" (u, ny, L) / D (u, ny, L), which depends on u and therefore is
not part of a multinomial.

For the first variant,

Accepty,. (u, v, 01, m9, L) = < H

k=L-1\0
F® (n(R( ) k)) w
n(R(u, v, o), ng,
[ —— - ]exp —7 ) [P (n(R@w, v, ), o, k) = D" (u, mo, L) >
F (u,ng, L) "
{oa | u,v)
Accept e (u, ny, L) = <Acceptfine (u, v,01, Ny, L)
D(rl)(u ny, L) try (15)
= > > _ (1) _ )
ﬂ[ 5 o ) exp {-7(r1, R[D™ (u, ny, L) - D (no,L)]}>

n {oy | u,v}

Meoarse (no, L) =1

Uy,
. e E("])(u7 nO,L)
fine () (W, Mo, L) = m

SO

16
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[1_[ plr2n )VR]

ryr

(ER, v, O)) ) = []_[ Miine ) (1, g, L)] []_[ plri )

D (no, L)" exp{-7D (no, L)}

oy lu,vt 7

<Acceptcoarse (u’ no, L))

Then Equation 4 becomes

{ l_[ W } = Mcoarse (nO’ L) [l_[ Mfine(r]) (uv ny, L)]
k=L—1\0 1.1

1

5 TS e )| S 1165 e

{wilZui=L} |Z Vi j=ui) T

<Accept u, ngy, L)) D(ny, L) exp { 7D (ng, L)}

coarse( (o1 | u,v} =

So the core algorithm is

{ l_[ W } = Mcoarse (0, L) [l_[ Miine ) (u, no, L)]
I, 1

k=L—1\0 r

Multinomial(u | p, L) [l_[ Multinomial(v | p, 1, uy, )] (16)

r

(Acceptmarse (u, ngy, L)> Erlang(r |L, D (ny, L)) UniformSimplex[T; L, Z Tk]

k

{or [ u,v}

where we have used

Erlang(r |L, D(ngp, L)) =D (ny, L)L exp {—T D (ng, L)}

Multmomlal(u Ip, L ( )[H Py ) ]

. . Ur
Multinomial(v | p, ry, uy, ) = ( ' )[1_[ p(ra |y )vk}

Vil o Ve wiry) -

XXX Problem: restore ER-Leap’s

L-1 L—l
UniformSimplex[T; L > T k] = / (m)

>~
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Erlang(t; 1, ) = Al e 71 /(1= 1)!
where (gqane =1/ 3

in a hierarchical version.

XXX

171 Alternative

Another (October 2009) possibility is:

w=(r1r2)
i %0 F (w,no, L)

F® (n(R(u, v, o), ny, k u
CERG v, )y = P2 71 )" << 1_[ [ (n(R(u, v, o), ng, k) )> l_[f’(rl o }

(o | u.v}

l_[ exp {—Tk Z [D(”) (n(R(u, v, 0), ny, k)) - D" (u, ny, L)] }
k=L-1%0 n

1) tn
D (u,ny, L) , .
1_[ [—()—] exp (~7(ri, R)[D" (u, ny, L) = D (mo, L)]}
LU D T (mo, L)

R L
D(ny, L) L
(m] D(ny, L) eXP{—TD(no,L)}>
{or) | u,v}
Accepty . (u, v,01, Ny, L) = < 1_[
k=L—1%0
F® (R, v, @), no, k) a7
n(R(u, v, o), ny,
[ : - ]exp —7 > [P (n(R(u, v, ). o, k) = D™ (. mo., L) >
(1 r2)
F (w,ng, L) "
{oa | u,v}
Accept_, . (u, ny, L) = <Acceptfine (u, v, 01, ly, L)
(1) Ury (18)
D" (u,ng, L) . .
H —()——] exp {~7(r1, B)[D" (u, g, L) = D" (mo, L) }>
D (ng, L)
n oy | ,v)
D))
ny,
Moarse (ng, L) = [m]

18
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Mfine(rl) (u, hy, L) =1

SO

[1_[ plra |1 )VR]

rr

(ER, v, O)) ) = []_[ Miine ) (1, g, L)] []_[ plry )"

D (no, L)" exp {-7D (no, L)}

oy [ uvy »

<Acceptcoarse (u’ no, L))
Then Equation 4 becomes

W ] = Mcoarse (nO s L) [l_[ Mfine(r]) (uv ny, L)]
I, 1y

1

(ul L uz)[l_[ ij(rl )um ] } (Vr] 1 --L-tr‘l’rl w(rl))[l_[ p(rz Irl )VR]
r {

vi|Zvn j=w) "

{ k=L-1\0

2. 1]

{wilXui=L} n

D (no, L)" exp{-7D (no, L)}

oy vy ?

<Acceptcoarse (u’ no, L))

So the alternative core algorithm is

{ l_[ W ] = Mcoarse (0, L) [l_[ Miine ) (u, no, L)]
I, 1

k=L-1\0 1

Multinomial(u | p, L) [1_[ Multinomial(v | p, 7, uy, )] (19)

(Acceptmlrse (u, ngy, L))la Luv] Erlang(‘r |L, D (ny, L)) UniformSimplex[‘r; L, Z Tk]
' k

The choice among these two variants may be dominated by the difference in rejection rates at the
coarse scale.

1.8 Rejection sampling algorithms

We want to implement

Acceptﬁne (u! v, 0-1 > nO > L) = (Pfine (u9 v, 0-1 > 0-2 > nO > L))[o'z | u,v}

Accept (u, ngy, L) = (Acceptfine (u, v,01, Ny, L) Peoarse (yv,01,ny,L) )

coarse (o | u,v)

19
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18.1 ER-Leap rejection sampling

In ER-Leap we found a function A(x) such that
0 < A(x) < Accept(x) = P(x) /(M P’ (x)) < 1

Accept(x) = A(x)- 1 + (1 — A(x)) - O(x), where

_( Accept(x) — A(x)
Q(x)z( 1—A® )

where

Accept(s, [, T) = (Ps )i

Py =P-14+(1-P)-Q,, where

Py—P
Q"z( =P )“

R S,
FO ’
| | ~1y,L-1 ~
B[s’ ZTk’L]E [ N(j) ] exp[_[ZTk](Dlg L-1 _DI(] Ll)]
k =1 FIO,L—I k

and thus

Po)y = P-1+(1=P) Qo)

18.2 HiER-Leap rejection sampling

Now we want Af.
~1ime

V(R)
E(rl r2) (u, ng, L) —)
A (v, 01 1y, L) = | | [——— exp{-[ D" @, no, L)~ D (w, mo, 1)}
R

(u, v, 01, np, L) XXX missing time tau from arg list

(1 r2)

F (u,ny, L)

=1 | 44 1 us v, 01,00, L)

L

Frir) (u, ny, L) v(R) )
Apne 128, v, 07 g, L) = | |[:T)——] exp {71, RD" @, mo, L)~ D" (w, my, L)}
F 7 (u,ng, L)

L]

m

20
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A (g, )=
1—[ D" (u, ny, L) "
= > (r1) (r1)
[Afine (rl ,u, v,01, RN, L)[m exXp {_T(rl > R) [Q ! (u’ hy, L) _D ! ("0’ L)] }

r

1.9 Optimization for D and D

We want to compute
A (1) (77
D (nO > L(I/l)) = max[ulZu:L Ay, =1} D (n*rl (u’ ny, L))
and
D (ng, L(w) = mingyu=r nu, >1y D™ (2, (@, no, L)),

where

a

ﬁArl (u’n()vL) :nA(0)+ g (url/ _6r1 rl/){zczll/ll max,, Amga}

Tan (@, mg, L) =na(0) + g Uy, =5, ,1/){2 Cat'a minrz/Amzz’a}
7'1/ @

The essential observation is that each D" (n) function is both monotonic and convex in each ny
argument, and convexity is preserved by composition with the linear functions 7i4,, (). A function f(x) is
convex if

ae0,1] = flex+ (1 -a)y) <afx) + (1-a)fy.

Clearly this property is preserved by linear combination of functions with nonnegative weights. Since each
D (n) is a linear combination of functions F' ) (n) with nonnegative weights, and each F(n) is convex and
monotonic in each ny :

XXX look up previous stoichiometry notation for this XXX
FOm = mat/((na - L))
A

L1 o-ye=[ ][5 et

i=1 A j=0

a ka1 .
1] -t e -+ = | | [Z o - k';:axf]
A izl

A =0

21
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(which has only positive coefficients ¢; or ¢;”), we know that D' (n) is convex and monotonic in each
scalar variable ny separately. However, the product in F' means that it is not generally convex in all of its inputs

jointly.
Tar, (@, m0, L) =naQ) = Anfi * + > w,r Amy
A mg‘] 4 =Mmax,, Amy a’;
Set
Then

Tar, (W, g, L) =k = (n4(0) — Aml %, kgR))+Zu,1 Amp'

r’

ka—1 J
FR (ﬁArl (u, no,L)) _ 1_[ Z (R )[(nA(O) Amal " 2R>)+Zu,lr Am2’+]
4 =0 "

D™ (n.,, (u,mo, L)) =

ka—1 J
Z.DRF() iar (w,m, L)) = E pRl_I Z (R)[n ) —Amy* —KP)+ Zurl,Amg’*]

The optimization problem is to maximize this with respect to u, satisfying the linear constraints on u:

Z Uy =L Auy =1,
Uy,

I 0)—Ampt — kP >0 forall A,

a) ap

D" (7., (u,mo, L)) =

ky—1 j
S I[S e oe

Jj=0

where the d’s are still nonnegative.

Large n4(0) and/or u’s:

FO@ = [ [
A

k(R)

D) (n*rl (u, nO,L) ZpR H[nA(O)+Zu" Ale] az] +A(ZM | Uy, —L)

22
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Interior maxima, for all r” :

kP -1
A= g PR g kgR)Am;;”*[nA(O)JrZurl,Amg"*] | |[nA(0)+Zu,,,Am;;/*
™ ) n’ A'#A n’

Find maximum numerically and track it as simulation changes n4(0) from one mega-step to another.
Eg. greedy method: repeatedly increment ., . u,- by one, adding to the r;” with the highest slope as given by
the right hand side of the (approximate) derivative above. Even better, simpler, and more exact ...

k[(qR)

19.1 Greedily maximize D" (72(u))

Even better greedy method uses discrete derivatives:

D (ﬁ*,] (u, ng, L)) = Z pr F® (ﬁ*rl (u, no, L))

r

= g ,DR l_[ (ﬁArl (u’ nO’ L))ka‘,R)
rn A
= E PR 1—[[11/;(0)—Amf4l * +Zurl/ Amg’*]
v A ' KR

Take forward differences:

A N
A Mrl ” [D( ! (n* . (u’ o L)) " A(Z"‘n/ url T L):|
N A DD
=1+
A Mrl ”
where
AD(rl) (R) r” + o+ r’+
N = PR ky’ Amy ny (0) —Amy +Zu,]rAmA
] " A n’ KPR -1
| | [nA(O) —Amit o+ Zurl, Amly *]
A#A n’ kP
The greedy procedure is: first evaluate 23 v/'/) (u =0), then set u,, =1, then repeatedly (a) update AD™ and

T
(b) increment the u,» with the largest discrete derivative, until Zurl, u, =L . Cheaper variant: instead of
incrementing the winning u, » by one, increment it by VL so that only VL step of the algorithm need to be
taken. This may balance costs with the other parts of the algorithm. Even more approximate and affordable:
increment winning u by L/c, for ¢ steps eg ¢ = 10.

23
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In this way, find maximum numerically and track it as simulation changes n4(0) from one mega-step
to another.

19.2 Minimize D" (n(u))

Minimum of D" (n,, (u, ny, L)):

r’r’

" = min.
Am = min,,» Amy

a) ax

D(rl) (E*r] (ll, ny, L)) =

ka—1 J
D, PrF® (1, (w.my. L) = ZpR H Zc§R>[(nA(0) —Am T =K )+ > e Amy -]
2 r A '

=0 n
Look for minima at the bounaries, i.e. the extremes of n " (u,ng, L).

Or (probably better), use greedy discrete optimization as above, using these discrete derivatives:

A D) . o o

A E PR E ki;R)AmAl [nA(O)—AmA‘ +Z”r1’AmAl ]
" ry A "

| | [nA(O)—AmQ‘ - +Z”’l’ Am;‘,/‘]
r’

A #A

k=1

K

2  0Old Junk
3  Same derivation as 1.1 but with time component (DO--8/9/09)

4  Algorithm

24
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A Appendix Head...

Appendix text begins here...
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