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Abstract
This paper reviews a signiﬁcant component of the rich ﬁeld of statistical multiresolution (MR) modeling
and processing. These MR methods have found application and permeated the literature of a widely scattered
set of disciplines, and one of our principal objectives is to present a single, coherent picture of this framework.
A second goal is to describe how this topic ﬁts into the even larger ﬁeld of MR methods and concepts–in
particular making ties to topics such as wavelets and multigrid methods. A third is to provide several
alternate viewpoints for this body of work, as the methods and concepts we describe intersect with a number
of other ﬁelds.
The principle focus of our presentation is the class of MR Markov processes deﬁned on pyramidallyorganized trees. The attractiveness of these models stems from both the very eﬃcient algorithms they admit
and their expressive power and broad applicability. We show how a variety of methods and models relate
to this framework including models for self-similar and 1/f processes. We also illustrate how these methods
have been used in practice.
We discuss the construction of MR models on trees and show how questions that arise in this context make
contact with wavelets, state space modeling of time series, system and parameter identiﬁcation, and hidden
Markov models. We also discuss the limitations of tree-based models and algorithms and the artifacts that
they can introduce. We describe when these are of concern and ways in which they can be overcome. This
leads to a discussion of MR models on more general graphs and ties to well-known and emerging methods
for inference on graphical models.
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1

Introduction

Multiresolution (MR) concepts and methods for the statistical analysis of phenomena and data have been
and remain topics of tremendous interest in a wide variety of disciplines (see, for example, two special issues
devoted to this subject [87, 194] as well as the book [304]). The reasons for the intensity of activity and the
dizzying variety of methods that have been developed are myriad, and it is not the intent of this paper to put
this entire subject into one simple and coherent picture. Rather, our objective is to provide an introduction to
one signiﬁcant component of this vast ﬁeld that has provided fertile ground for both theory and application.
Moreover, we have personally found that the perspective that this framework yields provides a very useful
platform for organizing ones understanding of the broader ﬁeld of MR analysis and processing.
One of the distinguishing characteristics of the framework we describe is that it does not start with
algorithms for processing or analyzing phenomena at multiple resolutions–e.g., as in the use of wavelet
transforms to produce decompositions of signals at multiple resolutions–but rather begins with the modeling
of phenomena at multiple resolutions. Much as in the development of methodologies for modeling time series
or random ﬁelds, the intent is to construct statistical models that (a) are rich enough to capture large and
important classes of phenomena of broad interest; (b) possess structure that can be exploited both to gain
insight into these phenomena and to design powerful classes of algorithms; and (c) provide statistical tools
for analyzing with precision both when these models are appropriate and how well the resulting algorithms
perform.

1.1

What is it that is multiresolution?

A principle objective of this modeling framework is capturing the several important ways in which a data
analysis or signal processing problem can have MR characteristics. The ﬁrst is that the phenomenon that
is to be modeled can exhibit distinctive behavior over a range of scales or resolutions. For example, many
physical processes–e.g., geophysical ﬁelds such as atmospheric or oceanographic phenomena–possess behavior
over vast ranges of spatial or spatio-temporal scales [31, 112, 219, 352, 354, 220, 198]. Studies of large classes
of natural imagery also show characteristic variability at multiple scales [298, 218, 297, 140, 47, 268, 281,
261, 157, 46, 299, 300, 250, 243, 333], as do mathematical models of self-similar or fractal processes [288]
such as fractional Brownian motion (fBm) [232, 30, 83, 116, 313], motivating examinations of the properties
of the wavelet transforms of such signals and images [117, 293, 346, 347, 348, 320, 114, 83, 102, 176, 350,
191, 154, 349, 359, 69, 235, 273].
Secondly, whether the phenomenon displays MR behavior or not, it may be the case that the available
data are at multiple resolutions. While this might be the simple result of transforming the data–e.g., using
wavelet transforms–there are also many problems in which the collected data directly measure the quantities
of interest at multiple resolutions. For example, large-scale data assimilation problems in the geosciences
quite frequently involve the fusion of several distinct sources of data, representing not only very diﬀerent
measurement phenomenologies but also probing a geophysical medium at very diﬀerent resolutions. One
example is the fusion of satellite measurements [354, 112, 113] of oceanographic variables with measurements
made from surface ships [242, 227, 162, 331] and perhaps also data from oceanacoustic tomographic collections
[253, 241]. Similar examples can be found in a variety of other problems involving remotely sensed or probed
data including the fusion of SAR imagery [77] and geophysical inversion and data fusion [198, 247, 139, 84].
In addition, advances in biomedical sensing [317] require the development of new methods for fusing data
sets with very diﬀerent characteristics (e.g., PET and MRI images).
Thirdly, whether or not the phenomenon or the data are multiresolution, it may be the case that the
objectives of the user or users may be at multiple resolutions. This is certainly the case in large-scale
geophysical mapping, in which diﬀerent scientiﬁc studies focus on behavior over diﬀerent ranges of scales, so
that variability of concern to one scientist is simply “noise” to another. In addition, in many contexts other
than those of pure scientiﬁc inquiry, the objective of data assimilation can be stated at very high levels: the
mapping of an oil reservoir to assess production rates and total yield or the characterization of the threat of
subsurface contaminants to populated areas. One also ﬁnds this in military applications in which maps of
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both environmental and situational variables (e.g., maps of terrain elevation and vegetation for the former
and of the disposition of friendly and unfriendly forces for the latter) are required by multiple users: typically
large-scale maps at comparatively coarse scales by strategic planners and much more localized ﬁner-scale
maps by tactical forces.
Finally, whether or not the phenomenon, the data, or the objectives are naturally described at multiple
resolutions, there may still be compelling reasons to consider developing algorithms at multiple resolutions.
In particular, MR algorithms oﬀer the promise of computational eﬃciency. This can be seen in a variety of
methods for the solution of large systems of equations (e.g., representing discretizations of partial diﬀerential
equations). Multigrid methods [44, 45, 109, 190, 319] represent one class of examples, in which coarser (and
hence computationally simpler) versions of a problem are used to guide (and thus accelerate) the solution
of ﬁner versions, with ﬁner versions used in turn to correct for coarsening or aliasing errors in the coarser
versions. Multipole algorithms [280, 256, 115] approximate the eﬀects of distant parts of a random ﬁeld with
coarser aggregate values, providing substantial computational gains for many problems. Similarly, waveletbased methods [37, 228, 329, 89, 215, 95, 264, 361, 38, 276, 247, 335, 286] provide potentially signiﬁcant
speed-ups for a variety of computationally intensive problems.

1.2

Our starting point

A key characteristic of MR methods or models is that they introduce a one-dimensional quantity, namely
scale or resolution, that can be exploited to deﬁne recursions or dynamics, much as time is used for temporal
phenomena. The point of departure for this paper, and for our exploitation of recursions in scale, is the
investigation of statistical models deﬁned on multiresolution trees. Two examples of such trees are depicted
in Figure 1. The dyadic tree in Figure 1(a) is a prototypical structure used in MR representations of 1-D
signals and processes, i.e., of signals that are functions of a single independent variable. Here each level
in the tree corresponds to a distinct resolution of representation, with ﬁner representations at the lower
levels of the tree. Similarly, the quadtree in Figure 1(b) is one example of tree structures used in the MR
representation of 2-D signals, images, or phenomena. While these two ﬁgures represent the structures that
are most widely used, much of what we describe here does not require such regular tree structure and could,
for example, work equally well on trees in which the number of branches descending from each node was
diﬀerent from either 2 (as in Figure 1(a)) or 4 (Figure 1(b)) and, in fact, might vary from node to node and
resolution to resolution.
In the models we describe, each node s has associated with it a random variable or random vector x(s).
Roughly speaking each such variable represents some set of information relevant to the phenomenon or
available data at the resolution and location corresponding to that node. However, what these variables
actually are and how they are related to the signals, images, phenomena, or data of interest varies considerably from application to application. For example, in some situations all of the fundamental, physical
variables–i.e., both the signals that are observed and the variables that we wish to estimate or about which
we wish to reason–reside at the ﬁnest scale only. The coarser scale variables in such a case might simply
represent decompositions of the ﬁnest-scale variables into coarser-scale components–e.g., as in the use of
wavelet decompositions or Laplacian pyramid [6, 47] representations of images. In other problems some of
these coarser-scale variables may be measured directly, as occurs in problems in which we wish to fuse data
sets collected at diﬀering resolutions. More generally the coarser-scale variables may or may not be directly
observed and may or may not be deterministic functions of the ﬁnest-scale variables, and their inclusion in the
representation may serve purposes such as exposing the statistical structure of the phenomenon under study
and/or capturing more global quantities whose estimation is desired. For example, in analogy with stochastic
realization theory [8, 9, 214] and the concept of state for dynamic systems, such variables may simply play
the role of capturing the intrinsic memory in the signals that are observed or of primary interest. The models
we describe also have close ties to Hidden Markov Models (HMM’s) [272, 265, 222, 80, 261, 281, 302], in
which the hidden variables may represent higher-level descriptors which we wish to estimate, as in speech
analysis, image segmentation, and higher-level vision problems [42, 199, 323, 183, 53, 59, 179, 180, 283, 175].
Whatever the nature of the variables deﬁned on such a tree, there is one critical property that they must
satisfy, namely that collectively they deﬁne a Markov process on the tree, a concept we discuss in more detail
4

in subsequent sections. As we will see, MR processes possessing such a Markov property make contact with
standard Markov processes in time, with Markov random ﬁelds (MRF’s), and with the large class of Bayes’
nets, belief networks, and graphical models [204, 170, 267, 35, 36, 169, 108, 128, 339, 89, 294, 295, 143, 168,
123, 197, 236, 337, 357, 302]. It is the exploitation of this Markovian property that leads to the eﬃcient
algorithms that we describe.

1.3

Getting oriented

A fair question to ask is: for whom is this paper written? A reply that is only partially frivolous is: for
the author. The reason is not self-promotion (although the author pleads guilty to frequently resorting to
notation and examples from work with which he is most familiar) but rather an ambitious set of personal
goals for this paper. In particular, the ﬁeld of MR analysis is suﬃciently involved and interconnected (forming
something much more complex than the singly-connected graphical structures in Figure 1) and makes contact
with so many other disciplines that the writing of this paper has provided an opportunity for the author to
sort some of this for himself from a particular point of reference (namely MR models on trees). The result
is this paper which is intended to reach several overlapping but distinct audiences: scientists and engineers
interested in applying these methods for problems of complex data analysis; researchers in signal and image
processing who are interested in understanding the current state of this active area of research as well as its
relationship to others; and researchers in other ﬁelds who may ﬁnd the connections to their specialties of
intellectual interest.
To meet this rather ambitious objective our presentation makes several detours along the way in order to
touch on topics ranging from graphical models to stochastic realization theory to solution methods for large
systems of linear equations. On several occasions we also step back and provide additional “navigation tools”
for the reader, in particular by explaining how the methods we describe relate to other MR frameworks, most
notably wavelets, multigrid/renormalization methods, and MR methods for inverse problems. In addition
throughout the paper we provide pointers to areas of current research and pointers, both forward and
backward, to relationships among the concepts we describe that cannot be accommodated within the severe
constraints of linearly ordered text. As a result, the path followed in this paper is not optimized for any
of the audiences we have in mind, but we hope that each ﬁnds the detours, pointers, and navigation aids
interesting, or at least minimally distracting, diversions.
In the next section we begin by providing an initial look at a sampling of applications that provide
context, motivation, and vehicles for illustrating the methods that we describe in later sections of the paper.
In Section 3 we then introduce the class of MR models on which we focus, provide a few initial simple
examples of processes described by such models, and take a ﬁrst look at ties to graphical models, MRFs,
factoring sparse matrices, and recursive modeling of time series. As is the case in much of the paper, our
discussion focuses in most detail (but not exclusively) on linear and often linear/Gaussian models. Our
reasons for doing this include: the importance of these models in many applications; the simple and explicit
form of many computations that allow certain points to be made more clearly; and the relationships that
this setting provides to ﬁelds such as linear state space modeling of time series and linear algebra. Of course
not everything that we describe for the linear case extends quite so nicely to more general nonlinear models,
and we have attempted to make clear what concepts/algorithms extend directly to more general models and
what, if any, other issues arise in such cases.
In Section 4 we describe the structure and illustrate the application of the very eﬃcient inference algorithms that these MR models admit. We also take a detour to examine in a bit more detail why these models
do admit such powerful algorithms, making contact again with graphical models and with the solution of
large, sparse linear systems of equations. In Section 5 we take a step back and examine the question of how
the models and methods of Sections 3 and 4 relate to wavelet-based methods and multigrid algorithms, and
in the process also describe relationships with research in inverse problems and image reconstruction. Our
intent in so doing is not to provide reviews or tutorials for these very important and substantial lines of
research but rather to make clear where these methods intersect with those on which we focus and where,
how, and why they diverge.
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One of the principal conclusions from Section 4 is that if a problem can be modeled within this MR
framework of Section 3, then a very eﬃcient solution can be constructed. That, of course, begs the question
of what can be modeled eﬀectively within this MR framework and how such models can be constructed.
Examination of that question in Section 6, uncovers further connections with a number of topics including state-space realization theory, HMM’s, graphical models, wavelets, maximum entropy modeling, and
algorithms for constructing sample paths of processes that have found use in both the theory of stochastic
processes and in fractal generation.
As with any useful modeling framework, this one has a nontrivial and extensive domain of applicability,
and we return on several occasions to the applications introduced in Section 2 in order to provide insight
into the classes of processes that can be eﬀectively modeled with MR models and also to illustrate the power
of these methods and how they can be used in practice. In addition, as must also be the case for any truly
useful modeling framework, its utility isn’t universal, and in Sections 4 and 6 we provide insights into some
of these limitations. In Section 7 we then take a brief look at one of the characteristics that, not surprisingly,
is critical both to the power of these models and to their limitations, and by making ties to the richer class
of graphical models not restricted to trees, we provide a brief glimpse into recent and emerging extensions of
our framework that expand its domain of applicability. Section 8 concludes our paper with some perspective
on this framework and some prospective thoughts.

2

A Sampling of Applications

The methods we describe in this paper have been employed in a wide variety of applications, including: lowlevel computer vision and image processing problems (image denoising [67, 80, 281, 59, 261], deblurring [19],
edge detection [292], optical ﬂow estimation [223, 10], surface reconstruction [111], texture classiﬁcation [225],
and image segmentation [324, 42, 212, 199, 58], to name a few); higher-level recognition and vision problems
[323, 183]; photon-limited imaging [322, 188, 261, 263]; network traﬃc modeling [279]; oceanographic, atmospheric, and geophysical remote sensing, data assimilation, and data fusion [112, 113, 242, 158, 255, 184, 326];
speech [175, 162, 331, 241, 249, 42]; multisensor fusion for hydrology applications [84, 198, 139]; process control [306, 196, 327, 18]; synthetic aperture radar image analysis and fusion [309, 77, 160, 119, 185]; geographic
systems [93, 189]; medical image analysis [290]; models of neural responses in human vision [274]; and mathematical physics [136, 15, 94]. In this section we introduce several of these applications which serve to provide
context, motivation, and illustrations for the development that follows, as well as to indicate the breadth of
problems to which these methods can be applied.

2.1

Ocean Height Estimation

A ﬁrst application, described in detail in [112, 113] is to the problem of mapping variations in sea level
based on satellite altimetry measurements (from one or several satellites). Figure 2 (from [112]) shows
an example of a region of the Paciﬁc Ocean and the tracks over which the TOPEX/POSEIDON satellite
provides measurements to be used to estimate sea level variations.2 The challenges in this as well as in
other oceanographic data assimilation problems [227] are several. First, the dimensionality of such mapping
problems can be enormous, involving estimates on grids of 105 − 107 points. Second, as Figure 2 illustrates,
the data that are collected have an irregular sampling pattern. Third, there are substantial non-stationarities
both in sea level variations and in the ﬁdelity of the measurements derived from the altimetry data. For
example, the statistical structure of sea level variations in regions of strong currents, such as the Gulf Stream
or Kuroshio Current in the Paciﬁc, are quite diﬀerent than they are in other ocean regions. Also, since the
quantity to be estimated is actually the variation of sea level relative to the geoid (the equipotential surface
of the Earth’s gravitational ﬁeld), the raw satellite data must be adjusted to account for spatial variations
in the geoid. Since the geoid is not known with certainty and in fact can have signiﬁcant errors near
large features such as the Hawaiian Islands and extended subsurface sea mounts and trenches, the resulting
2 What is actually estimated is sea height, relative to the geoid, with additional corrections to remove eﬀects such as tidal
variations and, quite frequently, the overall temporally-averaged ocean circulation pattern (see [354, 353]).
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adjusted altimetry measurements have errors with spatially varying uncertainties. Fourth, there is a need
to compute not only estimates of sea level variations but also the statistical quality of these estimates (e.g.,
error variances), as such statistics are needed to fuse these estimates with other information (e.g., ocean
circulation models) and to identify statistically signiﬁcant anomalies. Finally, oceans display variations over
an extremely large range of scales–indeed the typical wavenumber spectral models for sea level variations
have fractal, 1/f γ spectra [130, 354].3
The dimensionality of the sea-level estimation problem and our desire to compute error variances as
well as estimates, present a daunting computational task, precluding brute force solution methods. Further,
because of the non-stationarity of the phenomenon, the varying quality of the data, and the sampling pattern
of measurements, eﬃcient methods, such as those based on the FFT, are not applicable. However, as we will
see in Section 4, by taking advantage of the fractal character of sea-level variations, a surprisingly simple
MR model yields an eﬀective solution.

2.2

Surface Reconstruction

A second, closely related problem is one that has been widely studied in the ﬁeld of computer vision, namely
that of reconstructing surfaces from regular or irregularly sampled measurements of surface height and/or of
the normal to the surface (as in the shape-from-shading problem [152, 153, 34]). One well-known approach
to reconstruction problems such as this involves the use of a variational formulation. In particular, let I
denote the 2-D planar region over which the surface, z(r), r = (r1 , r2 ) ∈ I is deﬁned, and let


∂z(r) ∂z(r)
,
∇z(r) = (p(r), q(r)) =
(1)
∂r1
∂r2
denote the gradient of the surface. Similarly, let y(r) denote measurements of the surface and g(r) =
(u(r), v(r)) denote measurements of the gradient.4 Given that these measurements are likely to be noisy
and may also be available only at irregular locations (or have spatially-varying quality), we take as our
estimate of the surface and its gradient the quantities z(r) and (p(r), q(r)) that minimize the following
functional:


2
α1 (r) [y(r) − z(r)] dr + α2 (r)g(r) − ∇z(r)2 dr +
I

I



α3 (r)∇z(r)2 dr +

I





α4 (r) ∇p(r)2 + ∇q(r)2 dr

(2)

I

The non-negative coeﬃcients α1 (r) and α2 (r) in the ﬁrst two terms in (2) allow us to control how closely
we wish the reconstruction to follow the measurements,5 while the third and fourth terms in (2) represent
smoothness penalties on the reconstructed surface. In particular, the ﬁrst of these terms is often referred to
as a thin membrane penalty, as it penalizes nonzero surface gradients, while the last term is referred to as a
thin plate penalty, as it penalizes curvature or bending of the surface. By adjusting α3 (r) and α4 (r) we can
adjust the relative strengths of these penalties.
One further complication is the integrability constraint: namely that (p(r), q(r)) is, in fact, the gradient
of a surface. In particular, from (1), it is clear that we must have that

∂q(r)
∂p(r)
=
∂r2
∂r1

(3)

3 As these references indicate, the power law exponent, γ, can and generally does vary with frequency and spatially (i.e., the
statistics of ocean height variation are only locally stationary in space).
4 More generally, we might have a measurement of the dot product of this normal with a known vector, a situation that
requires only a minor variation in the variational formulation.
5 For example, if we don’t have measurements of one type or the other over subregions of I, we simply set α (r) or α (r) to
1
2
be zero over those subregions.
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Minimizing (2) with the constraint (3) or variations of this problem, where, for example, the hard constraint
(3) is relaxed and replaced by a quadratic penalty on the diﬀerence between the two sides of this equation,
is a classic variational problem [152].
Alternatively, as discussed in [312, 223, 111] (see also Section 6.2.1), optimization problems such as this
can also be interpreted as estimation problems with “fractal” priors. Computing the optimal estimates
for such problems involves solving partial diﬀerential equations [152], a computationally intensive, but not
overwhelming task in itself. However, the computation of the statistics of the errors in these estimates
is a daunting task. As we discuss and illustrate in Section 6.2.1, (and as is developed in much greater
detail in [111]), an alternative is to replace the smoothness penalties in (2), which correspond to a prior
model on the surface to be reconstructed, with a diﬀerent MR prior model which has the same qualitative
fractal characteristics but which leads to very eﬃcient algorithms for the computation of estimates and error
statistics.

2.3

Image Denoising

The problem of removing additive noise from images is one that has been the subject of a vast number of
studies. Linear methods such as Wiener ﬁlters (for spatially stationary models) or those based on Gaussian
MRF models have a long history (see, e.g., [13, 163, 345, 343]). However, such methods, which generally aim
to minimize mean-squared estimation error using only second-order statistics of the images to be restored,
have serious limitations for many applications in which the image or ﬁeld to be restored has edges or areas
of substantial high-frequency/high contrast behavior. In particular, the generally low-pass nature of linear
methods implies that they will reduce noise at the expense of blurring or distorting such important features.
For example, Figure 3(b) depicts a noisy image of a scene (shown without noise in Figure 3(a)) with a great
deal of edge-like, high-frequency behavior. As can be seen in Figure 3 (c) and (d), performing linear Wiener
ﬁltering oﬀers a comparatively poor tradeoﬀ in the amount of noise rejection versus the amount of blurring
of features.
Numerous approaches have been developed to combat such problems–in essence attempting to remove
noise in regions of images away from such features while preserving those features with minimal distortion.
Included in the literature are methods based on explicit modeling of edges and other boundary-like features
(see, for example, [132, 234]), approaches that use non-Gaussian models in order to better capture the “heavy
tail” nature of imagery (for example the generalized Gaussian models studied in depth in [41]), and an array
of procedures using wavelet transforms (e.g.,[104, 301, 57, 2, 68, 330, 80, 192, 193, 261, 59, 281, 58, 333]). For
this latter set of methods the general idea is to exploit the localization properties of wavelets to allow much
easier and more transparent adaptive processing in order to minimize distortion of important image features
while removing noise. As we will see, some of these methods explicitly involve the modeling framework
developed in this paper, while many others have close ties to it.

2.4

Texture Discrimination

Another problem of importance in computer vision and in other image processing applications is that of
texture discrimination. One well-known class of statistical texture models is that based on MRF’s [50, 178,
71, 233]. For example, Figure 4 shows two synthetic MRF textures, one modeling pigskin and one sand.
The problem of discriminating textures such as these given noisy measurements is a standard hypothesis
testing problem whose solution hinges on the computation of the likelihood ratio for the two textures based
on the observed imagery. However, calculating these likelihoods can be a prohibitively complex operation
if the data correspond to irregularly-spaced samples, if the region over which the data are available has an
irregular shape, or if the data have spatially-varying statistics (so that FFT methods aren’t applicable).
As we discuss in Section 4, likelihood calculations for the class of MR models on trees are far simpler
and remain tractable even for very high-dimensional image processing problems. Further, as we describe in
Section 6, it is possible to develop MR models that capture the statistical variability of textures such as in
Figure 4. These alternate models are not identical to the MRF models used to generate these examples, but
8

they are suﬃciently close so that they represent equally valid mathematical models for real textures, at least
for the the task of discrimination for which they admit very eﬃcient solutions.

2.5

Image Segmentation

Another image processing and low-level computer vision problem that arises in many applications is that of
segmentation. Segmentation of images such as the multispectral image or document page shown in Figure 5
is a challenging and computationally intensive task, as it involves both accounting for image variability
within each class as well as the potentially combinatorially explosive set of candidate segmentations that
must be considered. For example, MRF models such as those described in [132, 234] include discrete
hidden label variables whose estimation corresponds to the speciﬁcation of a segmentation. However, the
search for the optimal estimates for such models is computationally demanding, requiring methods such
as simulated annealing for their solution or leading to suboptimal methods such as iterated conditional
mode (ICM) [36]. These problems have led a variety of authors to consider MR algorithms and models
[48, 14, 135, 40, 144, 179, 180, 42, 59, 53, 58]. We will describe how some of these methods fall directly into
the framework on which we focus and how others relate to it.

2.6

Multisensor Fusion for Groundwater Hydrology

As we mentioned in Section 1, one of the motivations for using multiresolution methods comes from applications in which the available measurements are at multiple resolutions and/or in which the variables to
be estimated may also represent aggregate, coarser-scale variables. One application in which this has been
examined is in the ﬁeld of groundwater hydrology [84].
The objective in this application is to estimate (and characterize the estimation errors for) the travel
time of solutes (e.g., contaminants) traveling in groundwater. This travel time is highly uncertain because
of the considerable uncertainty, large dynamic range, and spatial variability in hydraulic conductivity, which
controls the spatially-varying transport behavior of a groundwater system (see [84]). Speciﬁcally, let f (r)
denote the log-conductivity ﬁeld6 as a function of spatial location. Then, the basic governing equation is:
∇ · [ef (r) ∇h(r)] = Qrc (r)

(4)

where h(r) is the potential ﬁeld known as hydraulic head and Qrc (r) is the so-called recharge rate, which is
often (and in particular in [84]) assumed to be known.7 Further, the local groundwater velocity u(r) is a
function of conductivity and head, and, in particular, is proportional to the product of conductivity and the
gradient of the potential ﬁeld:
u(r) ∝ ef (r) ∇h(r)

(5)

The data that are available generally come from a sparse and irregularly-spaced set of wells in which
both log-conductivity and hydraulic head are measured. From these measurements we wish to estimate the
travel time between two speciﬁed points (e.g., a point representing a central contaminant source location and
a point on the boundary of a containment region). That travel time is in turn determined by the velocity
ﬁeld in (5).
The complexity of this problem should be evident. As discussed in [84], while our measurements of logconductivity represent point measurements of the random ﬁeld f (r) at the well locations, the measurements
of hydraulic head are related to f (r) in a much more complicated and nonlocal manner through (4). In
Section 6 we will see how the MR framework we describe can be used to capture both the statistical structure
of f (r) as well as the nonlocal head measurements. We will also see that the MR methodology provides two
alternative methods for the fusion of these measurements for the estimation of travel time. In the ﬁrst of
6 Because
7 See

of the large dynamic range of conductivity, it is common to use log-conductivity as the fundamental variable.
[84] for a discussion of the boundary conditions that accompany (4).
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these, we simply model travel time as another nonlocal quantity included explicitly in the MR model and
thus estimated directly by the MR estimation methodology described in Section 4. An alternative approach
involves the widely used geostatistical concept of conditional simulation [171, 173, 172], in which samples are
generated of the entire log-conductivity ﬁeld, where these samples are drawn from the distribution for the
ﬁeld conditioned on the available measurements. As we will see, drawing samples from MR models is also
extremely eﬃcient–comparable in complexity to generating sample outputs of a time series model driven by
white noise and much more eﬃcient than corresponding methods for many other random ﬁeld models.

2.7

Image reconstruction and inverse problems

In the preceding section we described an application in which the data to be combined included both local
measurements of the quantities of interest and nonlocal measurements resulting from indirect probing of
the medium or ﬁeld to be imaged. Data of this latter type are the rule rather than the exception in many
applications, including tomographic reconstruction and deblurring or deconvolution problems. In the former
the observed data correspond to projections or sets of line integrals through the ﬁeld of interest. In the latter
the ﬁeld to be estimated or reconstructed is blurred by the measurement process. Such image reconstruction
or inverse problems present challenges for a variety of reasons. One such reason is purely computational:
Performing a reconstruction is a nontrivial task. Another is the ill-posedness of many such problems. For
example, operations that involve integration or smoothing (as both tomography and convolution do) can
signiﬁcantly attenuate high-frequency features, and, as a result, some operators of this type may not be
invertible or their inverses may have very undesirable properties (in particular ampliﬁcation of high-frequency
noise). As a result, regularization methods, often interpretable as specifying a prior statistical model on the
ﬁeld to be estimated (as in Section 2.2), are often employed. In Section 5 we will see an example of such a
reconstruction algorithm based on a MR model of the type on which we focus in this paper.

3
3.1

Multiresolution Models on Trees
Basic model structure

The general class of models of interest to us are Markov processes deﬁned on trees organized into levels
or resolutions such as in Figure 1. In Section 3.3 we review the concept of Markovianity for more general
graphs, but it suﬃces here to point out that the Markov property for trees is particularly simple: If we
condition on the value of the process at any node s on the tree other than a leaf node (e.g., other than one
of the nodes at the ﬁnest scale in Figure 1), the sets of values of the process on each of the disconnected
components formed by removing node s are mutually independent.
One way in which to specify the complete probabilistic description of such a process is the following
generalization of the speciﬁcation of a temporal Markov process in terms of an initial distribution and its
transition probabilities. Speciﬁcally, let 0 denote the root node, namely the single node at the “top” of the
tree–i.e., at the coarsest resolution. For this node we specify a marginal distribution p(x(0)).8 For each node
s on the tree other than 0, let sγ̄ denote its parent (i.e., the node to which it is connected at the next coarser
scale–see Figure 1), and we then specify the one-step coarse-to-ﬁne transition probability p(x(s)|x(sγ̄)).
The initial distribution together with the full set of these transition probabilities at all nodes other than 0
completely speciﬁes the joint probability distribution for x(·) over the entire MR tree.
One such class of MR models, which we will use to illustrate many of the concepts in this paper, is the
class of linear-Gaussian models in which x(0) is a Gaussian random vector and the values of the process at
ﬁner-scale nodes are speciﬁed via coarse-to-ﬁne linear stochastic dynamics:
x(s) = A(s)x(sγ̄) + w(s)

(6)

8 Here p(.) denotes a probability density function if x(0) is a continuous variable, a discrete probability mass function if x(0)
takes on only a discrete set of values, and a combination of the two if x(0) is a hybrid continuous-discrete quantity.
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where A(s) is a matrix, speciﬁed at each node other than 0 and possibly varying from node-to-node, and
where w(s) is a Gaussian white noise process, i.e., a set of mutually independent Gaussian random vectors
deﬁned at each node other than 0. Such a model is a simple generalization of the usual linear state space
model for temporal processes and systems.9 In an analogous manner one can deﬁne other classes of processes
such as the generalization of ﬁnite-state Markov chains to trees [42, 80, 261, 199]. On numerous occasions
we will ﬁnd the comparison to temporal Markovianity useful both to interpret results and to identify places
in which the extension to trees introduces issues not encountered for time series.

3.2

A ﬁrst few examples

To help gain some initial intuition about these models and about their breadth and variability, we present a
few initial examples.
Example 1. Perhaps the ﬁrst example of a MR model of the form of (6) is that introduced in [67] in the
context of image denoising (see also [355]). Speciﬁcally, suppose we are interested in modeling a 2-D random
ﬁeld deﬁned over a square region, where, for simplicity, we assume that the number of pixels along each edge
of the square is a power of 2, allowing us to use the simple quadtree structure of Figure 1(b). In this case the
index s at each node can be thought of as a 3-tuple, (m(s), i(s), j(s)), where m(s) denotes the scale of node
s, and the pair (i(s), j(s)) speciﬁes the spatial coordinates of the coarsened spatial region corresponding to s
(note that the root node node 0 does not need spatial coordinates; also, we number resolutions consecutively,
with m(0) = (0), and with increasing scale corresponding to ﬁner resolutions). Let x(0) be a scalar, Gaussian
random variable, and deﬁne the entire process via the following tree recursion:
x(s) = x(sγ̄) + w(s)

(7)

Here w(s) is a scalar Gaussian white noise process on the tree, and x(s) can intuitively be thought of as a
coarse-scale representation of the random ﬁeld being modeled at the scale and spatial location corresponding
node s.
Even this very simple model allows us to introduce some of the concepts and issues that arise with MR
models. The ﬁrst concerns the choice of the variance of w(s). One simple choice is a constant variance over
the entire tree. Note that in this case, if we examine the 1-D sequence of values corresponding to the path in
the tree from the root node to any leaf node, we see that this sequence is a simple constant-variance Gaussian
random walk. If, on the other hand, we choose the variances of w(s) to be constant at each scale but to
decrease geometrically from scale to scale (e.g., variances that decrease with scale by a factor of 4−m ), the
resulting process has a rudimentary type of self-similarity or fractal character: The variance of the variation
at any scale has a power law dependence on scale. We will have more to say about self-similarity and fractal
processes later and will also see a somewhat diﬀerent example next.
A second observation is that (7) corresponds to perhaps the simplest coarse-to-ﬁne interpolation process:
Interpolation consists simply of copying the value at the coarser node (the ﬁrst term on the right-hand side
of (7)) and then adding independent “detail”. This interpretation of multiscale dynamics as coarse-to-ﬁne
interpolation combined with the addition of new detail at each resolution clearly rings of concepts common in
other areas of multiresolution analysis, most notably wavelets. We will have more to say about relationships
to wavelets later. However, as the next point makes clear, the tie to wavelets or other ideas in interpolation
requires considerably more thought.
In particular, for any standard multiresolution decomposition of a signal or image, the values of the
variables at coarser nodes are simply functionals (i.e., weighted averages or smoothed diﬀerences) of the
values at ﬁner scales. Indeed that is certainly the case for wavelet analysis. However, note that for the
process deﬁned by (7), it is certainly not the case that x(sγ̄) is the average of its four descendent values
(since the four white noise values added to these children are independent). As a consequence, if our primary
9 As is also true for standard temporal models and signals, while for simplicity we assume that the variables in the model (6)
are Gaussian, all of the results and concepts for these models that make use only of second-order properties (means, covariances)
hold more broadly as wide-sense concepts. For example, if we only assume that w(s) is uncorrelated from node to node (i.e., is
wide-sense white noise on the tree) then the estimation algorithm in Section 4.2 represents the best linear estimator.
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interest is in the random ﬁeld at the ﬁnest scale, the values at coarser scales in this model represent true
hidden variables, as they are not deterministic functions of that ﬁnest-scale process. As in other contexts,
among the reasons for building models with such hidden variables is that they lead to eﬃcient algorithms.
In addition, later in this paper we will also discuss the class of so–called internal MR models in which the
coarser scale variables are not hidden.
Example 2. In [224] a class of MR models is introduced for 1-D Gauss-Markov processes and for 2-D
Markov random ﬁelds. The simplest example of this uses Paul Lévy’s construction of Brownian motion via
midpoint deﬂection [211].10 Speciﬁcally, suppose that we wish to construct a sample path of a Brownian
motion process, B(t) over a time interval, say [T0 , T1 ], where the length of the interval is T = T1 − T0 .
To begin, we ﬁrst generate samples of the two-dimensional Gaussian random vector (B(T0 ), B(T1 ))T . As
illustrated in Figure 6(a), we then draw a straight line between the generated values of our process at these
two endpoints. This represents the best estimate of the values of the process at any of the points between
T0 and T1 given the values at the endpoints. Consequently, the error in this estimate at any speciﬁc point
is independent of the values at the end points. At the midpoint of the interval, T0 + T /2, we then generate
an independent, zero-mean random variable, D(T0 + T /2), with variance equal to the error variance in the
estimate of B(T0 + T /2) based on the two endpoint values. If we then “deﬂect” the straight line at this
midpoint by adding this new random variable, we now have three samples, B(T0 ), B(T1 ), and B(T0 + T /2),
that have the desired joint distribution of a sample path of Brownian motion.
The process continues, taking advantage of a critical fact: Because Brownian motion is a Markov process,
conditioned on the value at the midpoint, the values of the Brownian motion on the two half-intervals are
mutually independent, and thus the subsequent deﬂection of midpoints of each of these half-intervals can be
carried out independently. The result is a procedure for generating denser and denser samples of Brownian
motion, which is depicted in Figure 6(b). As this ﬁgure suggests, the procedure we have described corresponds
exactly to a linear-Gaussian MR model of the form in (6): Here the three-dimensional “state”x(s) at any
node s consists of the two endpoint and midpoint values of B(t) over the subinterval identiﬁed with node
s. The coarse-to-ﬁne dynamics are precisely the midpoint deﬂection scheme we have just described. Each
node corresponds to half of the interval associated with its parent node. As a result, two of the components
of the three-dimensional state at each child node are simply copied from the parent node (namely one of the
two endpoints of the parent interval and its midpoint value), and a new midpoint value is generated for the
child interval by taking the average of its endpoints and adding an independent zero-mean Gaussian random
variable with variance equal to that of the error in the estimate of that new midpoint given the endpoint
values.
It is a straightforward calculation to write down the dynamics of (6) for this example (see [224]), but even
without doing that explicitly, we can make several important observations. The ﬁrst is that the procedure
we have just described works equally well for other Gauss-Markov processes, including those of higher-order.
The only diﬀerence is that the best estimate of a midpoint value given the two endpoint values will in general
be a more complex linear function of the endpoint values, depending on the correlation structure of the ﬁeld.
Note also that because of the fact that increments of Brownian motion have variances that scale linearly
with the length of the interval over which the increment is taken, the MR model depicted in Figure 6 has
self-similar scaling behavior (i.e., the variances of the midpoint deﬂections decrease geometrically as we move
to ﬁner scales). In addition, as in Example 1, each step in the Brownian motion construction does, indeed
involve coarse-to-ﬁne interpolation plus the addition of independent detail (to deﬂect midpoints), although
the nature of the interpolation and the detail are very diﬀerent in this example as is the fact that the state
of the MR process at each node doesn’t represent a spatial average of the process but rather a diﬀerent type
of coarse-scale representation, namely a simple three-point piecewise linear approximation to the Brownian
motion sample path as illustrated in Figure 6(a). Finally, note that in contrast to Example 1, the MR
model for Brownian motion is internal, as the state at each node is a completely deterministic function of
its children.
Example 3. A class of nonlinear MR models that plays just as important a role in theory and practice as
the linear model in (6) is the class of MR Markov chains on trees. In such a model each of the variables x(s)
10 See

[129] for related constructions for the so-called Brownian bridge.
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on the tree takes on one of a ﬁnite set of values (where the nature and cardinality of that set may vary from
node-to-node or from scale-to-scale). As described previously, such a model can be completely speciﬁed in
terms of the distribution p(x(0)) at the root node and the parent-child transition distributions p(x(s)|x(sγ̄))
for every node s = 0.
Such models have a long history, extending back to studies in statistical physics [26], dynamic programming [32], artiﬁcial intelligence and other investigations of graphical models [267, 294, 295, 89, 128, 7, 169],
and signal and image processing [42, 80, 261, 199, 58, 59, 283, 175, 281, 213]. Later in this paper we will
illustrate examples of such models for two diﬀerent purposes. One is a class of image segmentation problems
[42, 199, 58], as introduced in Section 2.5 in which the discrete variable at each node represents a coarse-level
label for the image region corresponding to the resolution and location of that node. A standard example
used in such problems is a multiscale variant of the Potts model [26, 132] in which each child node takes on
the same value of its parent with some probability and is equally likely to take on any value diﬀerent from
its parent, i.e.:

p(x(s) = i | x(sγ̄) = j) =


 θm(s)

,

i=j



,

i = j

1−θm(s)
N −1

(8)

where the label index set for each node is {1, . . . , N } and where we allow the probability θm of the child
label equaling the parent to vary with scale, m (e.g., as described in [42], one may wish to increase this
probability at ﬁner scales).
The second example in which we will see such discrete models is in the context of wavelet-based image
denoising problems [80, 261, 59], in which the MR Markov chain represents hidden variables used at each
node to control the distribution of a wavelet coeﬃcient at that same node. As we will see such a model can
capture the “cascade” behavior seen in real imagery in which large wavelet coeﬃcients occur in localized
patterns across scale corresponding to the locations of abrupt changes, edges, or other high-frequency, highcontrast signal or image features. Including these hidden variables then leads to denoising algorithms that
automatically adapt to the presence of edges, alleviating the blurring that occurs if space-invariant linear
ﬁltering is performed.

3.3

Some ﬁrst ties to graphical models, time series, and matrix factorization

As we have indicated, MR models on trees are a special class of graphical models [204, 170, 267, 35, 36,
169, 108, 128, 339, 89, 294, 295, 143, 168, 123, 197, 236, 337, 357, 302]. With an eye toward some of the
generalizations we describe later and to lay the foundation for relating our framework to other work, we
brieﬂy summarize some of the basic graph-theoretic concepts associated with this larger class of models.
A graph G = (V, E) consists of a set V of vertices and a set E of edges between pairs of vertices (i.e.,
E ⊂ V × V). In general one can distinguish between directed graphs in which an edge (s, t) is directed from
node s to node t (so that the edges (s, t) and (t, s) represent diﬀerent objects) or an undirected graph in
which (s, t) and (t, s) do not represent diﬀerent objects (so that inclusion of one of these in E is equivalent
to inclusion of the other or both). For our purposes, it is suﬃcient to focus on the latter for the moment
and to make a few comments about the former shortly.11
Consider an undirected graph G, and a random process x(s), s ∈ V, deﬁned over the index set V. Of
particular importance to us is the class of MRF’s over the graph G. Speciﬁcally, for each node s ∈ V, let
N (s) denote the set of neighbors of s, i.e., the set of all nodes other than s itself that are connected to s by
an edge. Then x(s) is Markov on G if for each node s
p(x(s) | {x(t), t ∈ N (s)}) = p(x(s) | {x(t), t = s})

(9)

11 For simplicity we assume throughout that G is connected, i.e., that there exist paths of edges that connect every pair of
nodes in V.
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That is, conditioned on the values of the process at all its neighbors, x(s) is independent of the remaining
values of the process at other nodes. An alternative characterization of Markovianity requires a bit more
graph-theoretic terminology. A path in the graph G is a sequence of nodes in V such that there is an edge
corresponding to each successive pair in this sequence. A subset A of V cuts the graph if the remaining
nodes in V (i.e., V/A) can be partitioned into two disconnected subsets U and W, i.e., two subsets so that
any path in G from any u ∈ U to any w ∈ W includes an element of A. Also, we introduce the notation xS
for the set of values {x(s) | s ∈ S} for any subset S (although for S = V, we will generally denote xV simply
as x). Then, x(s) is Markov if for any subset A that cuts V into disconnected subsets U and W,

p(xU , xW | xA ) = p(xU | xA )p(xW | xA )

(10)

That is, conditioned on the values of x(.) on A, the set of values of x(.) on U is independent of the set of
values of x(.) on W. Note that if A actually separates V into K disconnected subsets and if x(.) is Markov,
then the sets of values of the process over each of these subsets are mutually independent given the values
on A.
The speciﬁcation of Markov models on general graphs requires some care. In particular, in contrast to
temporal Markov processes (or, as we will see, tree models as well), Markov models on graphs are not, in
general, speciﬁed in terms of the marginal density at a single node and transition probabilities between
pairs or small groups of nodes, thanks to the fact that a general graph has loops or cycles, i.e., nontrivial
paths that begin and end at the same node. Such loops imply that there are constraints (typically complex
and numerous) among such marginal and transition probabilities, so that they do not represent a simple
parametrization of Markov distributions.
The Hammersly-Cliﬀord theorem [35], however, provides such a parametrization in terms of so-called
clique potentials. In particular, a clique C of V is a fully connected subset of V (so that (s, t) ∈ E for every
pair of distinct nodes s, t ∈ C). Let C denote the set of all cliques in G. Then the Hammersley-Cliﬀord
theorem states that x(.) is Markov with respect to G if its probability density can be written in the following
form:12
p(x) =

1
exp
Z

ϕC (xC )

(11)

C∈C

Here ϕC (xC ) is a function of the values of x(.) over the clique C and is known as a clique potential. Also, Z
is a normalizing constant, often referred to as the partition function.
Several points are worth noting. First, if x(.) is a Gaussian process, then we know that the exponent in
(11) is a quadratic form in the vector x minus its mean, where the matrix appearing in that quadratic form
is the inverse of the covariance matrix, P , of x. An examination of the Hammersley-Cliﬀord theorem for
such a process yields the observation that x(.) is Markov with respect to G if and only if:
P −1 (s, t) = 0

∀(s, t) ∈ E

(12)

(where for any matrix M whose blocks are indexed by the nodes in V, M (s, t) denotes its (s, t)-block).
In general the speciﬁcation of a Markov process according to (11), while providing a natural and unconstrained parametrization, leads to signiﬁcant computational challenges. For example, recovering the marginal
probability distributions of the process at any individual node from this speciﬁcation has complexity that can
12 Note that the exponential form in (11) implies that p(x) > 0 for all x and in this case (11) is a necessary and suﬃcient
condition for Markovianity. There are conditions for Markovianity that can be stated if that is not the case; however, that
detail is unnecessary for our exposition. We refer the reader to the references at the start of this section for more on this and
other aspects of graphical models.
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grow explosively with the size of the graph, even in the Gaussian case.13 Similarly, estimating parameters
of such models or performing estimation of the process given measurements can also be extremely complex.
The situation, however, is far simpler if G is acyclic (i.e., loop-free), such as the tree illustrated in
Figure 7(a). One way in which to see why this is the case is to consider the relationship between directed
graphical models and undirected ones. In a directed graphical model, the quantities that must be speciﬁed
include the conditional distribution at each node, s, given the values of all of its parents (where t is a parent
of s if there is a directed edge from t to s). It is straightforward to convert a directed graphical model
into an undirected one (e.g., see [169]), but the construction of a directed graphical model equivalent to
an undirected one is generally very complex and, in fact, requires deﬁning new node and edge sets where
the nodes consist of entire cliques of nodes of the original undirected graph (see the references on graphical
models and also Section 6.1 for more insight into this). For a tree, however, the construction of a directed
graphical model from an undirected one is straightforward 14 and in fact does not change the nodes of the
graph nor the graphical structure (except that edges become directed rather than undirected).
Speciﬁcally, consider an undirected graphical model over a tree and choose any node to designate as the
“root” node. Consider then “hanging” the tree from this node–i.e., redraw the graph with the root node at
the top level, with its neighbors at the next level, etc. For example, in Figure 7(a) we have labeled one node,
0, as the root node, with its neighbors denoted as nodes s, t, and u. In Figure 7(b) we have redrawn the
tree as it appears when we hang it from 0. It is then straightforward to see that the overall distribution for
this graphical model can be speciﬁed, exactly as we did in Section 3.1, in terms of the marginal distribution
at the root node and the set of parent-child transition distributions. In particular, note that for an acyclic
graph any single node other than a leaf node cuts the graph into disconnected components. As a result, for
an MRF on the graph in Figure 7, the processes on each of the subtrees rooted at s, t, and u are mutually
independent when conditioned on the value of x(0). Thus, the overall probability distribution for x(.) can be
factored in terms of the individual marginal distribution for x(0) and the conditional distributions for each
of the three subtrees rooted at s, t, and u conditioned on x(0). Continuing this process, each of these subtree
conditional distributions can be speciﬁed in terms of the individual transition densities for x(s), x(t), and
x(u) conditioned on x(0) and the transition densities for each of the leaf nodes conditioned on its parent.
While the preceding discussion is framed in graph-theoretic language, the ideas here become quite familiar
to those in the signals and systems community if we describe them in terms of time series and matrix
factorizations. Speciﬁcally, consider a discrete-time Gauss-Markov process (scalar-valued for simplicity),
x[n] deﬁned over the interval [N0 , N1 ], and form the vector x by ordering the values of x[.] sequentially.
In this case, the graph of interest is simply the set of integers in the interval [N0 , N1 ], with edges between
consecutive integers. Thanks to (12), we know that the inverse of the covariance, P , of x is tridiagonal. Such
a tridiagonal inverse covariance corresponds to an undirected representation of the statistical structure of this
process. However, we also know that such a process has a simple sequential–i.e., a directed–representation
with the same graphical structure connecting each time point to its successor. Speciﬁcally, if we take the
point N0 as the root node of the (acyclic) graph for this process, the corresponding directed representation
of this Markov process is the familiar ﬁrst-order autoregressive (AR) model:

x[n] = a[n]x[n − 1] + w[n],

n = N0 + 1, . . . , N,

(13)

where w[N0 + 1], . . . w[N1 ] are a set of independent Gaussian random variables, which are also independent
of the initial condition, i.e., the value of x[N0 ] at the “root” node. The representation in (13) is precisely in
the form of a directed model.
The matrix interpretation of this representation is equally simple. Speciﬁcally, deﬁne the vector w =
[x[N0 ], w[N0 + 1], . . . w[N1 ]]T , which as we have just seen has a diagonal covariance which we denote by Q.
13 For discrete-state processes, the complexity can be combinatorially explosive, while in the linear-Gaussian case the complexity of the linear-algebraic computations grows polynomially. In either case, the required computations can be prohibitive
for Markov processes on arbitrary graphs. We will have more to say about this in subsequent sections and also refer the reader
to the references at the start of this section.
14 Discussions of this can be found in or inferred from many of the graphical model references given at the start of this section.
Other discussions of this can be found in [156] and in the discussion of so-called reciprocal processes on trees in [101].
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If we then collect the set of equations in (13), together with the trivial equation x[N0 ] = x[N0 ], we obtain a
vector equation of the form

Fx = w

(14)

where the matrix F is lower bidiagonal, reﬂecting the fact that each equation in (13) involves a single value
of x[n] and its predecessor (while the trivial ﬁrst equation we have added involves only the initial value
x[N0 ]). Note that a simple calculation using (13) reveals that
P −1 = F T Q−1 F

(15)

which corresponds to a very simple square root-factorization of the tridiagonal inverse covariance matrix
(which also in this case is in the form of a UDL- factorization). Several points are of particular note. The
ﬁrst is that the upper and lower triangular factors in (15) are bidiagonal, and thus have no ﬁll15 compared to
the tridiagonal structure of P −1 , which is equivalent to the statement that the graph for the corresponding
causal recursion in (13) has the same ﬁrst-order directed graphical structure as that for the original undirected
graphical model (corresponding to the tridiagonal inverse covariance). Further the computation of these
factors is very simple, as can be seen from (13): The calculation of a[n] and the variance of w[n + 1] involve
only the joint statistics of x[n] and x[n + 1].
In contrast, for a general Gaussian graphical model, calculating a square root-factorization of P −1 is
computationally involved and results in additional ﬁll in the square root (implying in particular that a
directed version of such a model has a more complicated graphical structure). However, for a Gaussian
Markov model on a tree, the procedure we outlined for hanging the tree from a root node and then proceeding
recursively down the tree implies that (a) the calculation of the parameters analogous to those in (13) from
one node to its child are exactly as simple as those for a temporal Markov process; and (b) there is again no
ﬁll. It is precisely these special properties of tree models that lead to eﬃcient algorithms such as those we
describe in the next section.
As a ﬁnal point, it is interesting to note that the procedure we have outlined here to convert an undirected
graphical model on a tree into a directed representation of the type we speciﬁed in Section 3.1 allowed us
to choose any node as the root node and then to deﬁne recursions relative to that choice. One of the
implications of this for standard temporal Markov processes is well-known: We can deﬁne a recursive model
either forward or backward in time. However, what is perhaps not as widely known or at least as widely used
is the fact that we also can deﬁne a recursive model that proceeds from the center (or any interior point)
out toward the two ends of the interval (see [321]).

4

Estimation and Inference Algorithms for MR Models on Trees

As the preceeding discussion suggests and as is well-known in ﬁelds such as graph theory, theoretical computer
science, artiﬁcial intelligence, and linear algebra, computations on tree structures can be performed very
eﬃciently. In this and subsequent sections we will see that the implications of this eﬃciency for statistical
signal and image processing and large-scale data assimilation are substantial, and this in turn leads to
our asking diﬀerent questions than those that typically arise in other contexts involving tree-structured
computations.

4.1

Computation of prior statistics and simulation of MR models

Before discussing optimal estimation and other inference problems for MR models, we examine two related
problems, namely the computation of the prior statistics of a MR process x(.) and the generation of a sample
15 That

is, there is no element of F that is nonzero for which the corresponding element of P −1 is zero.
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path–i.e., the simulation–of such a process. These computations are not only important in their own right,
but also provide an initial look at the computational challenges in performing statistical calculations and how
these challenges are met eﬀectively if we have a MR model on a tree. For each of these problems we focus
primarily on the linear-Gaussian model (6) and comment on the analogous issues that arise for discrete-state
models.
As discussed in Section 3, the speciﬁcation of a Gaussian model that is Markov on a general graph
corresponds directly to specifying the inverse of the covariance of that process. However, calculating the
actual elements of the covariance from such a speciﬁcation–i.e., calculating the marginal and joint statistics of
the values of x(.) at individual or pairs of nodes–is far from a computationally easy task for a general graph.
In particular, a naive approach to this would simply be to invert the inverse covariance, a computation that
has complexity possibly as large as O((N d)3 ), where N is the number of nodes in the graph and d is the
dimension of the “state” x(s) at any node in the graph16 Such complexity, however, can be prohibitive and
in fact is for the applications we describe in this paper and for many contexts in which graphical models are
used. For example, consider a MR model on a quadree as in Figure 1(b). A simple calculation shows that N
in this case is roughly 4/3 times the number of pixels at the ﬁnest scale. Thus for a 512 × 512 image N is on
the order of 350,000, while for remote sensing problems such as that introduced in Section 2.1, N can easily
be in the millions. For such applications, computations that scale any worse than linearly with N –i.e., that
have more than constant complexity per pixel for spatial estimation problems–are prohibitive. Moreover, for
applications such as in remote sensing one would never be able to store or even look at the full covariance
which contains billions or trillions of distinct elements. However, what we would like to be able to do is to
compute, in an eﬃcient manner, selected elements of the covariance–e.g., the diagonal blocks corresponding
to the covariances of the variables at individual nodes and perhaps a small number of oﬀ-diagonal blocks
capturing the correlation in space and scale among selected variables.
To be sure more eﬃcient methods can be devised that exploit the structure of particular graphs, but it is
for trees that we obtain especially simple and scalable algorithms [225, 226, 23, 61, 60] for such computations.
In particular, consider the linear model (6), where, w(s) is a white noise process, with covariance Q(s),
independent of the state x(0) at the root node whose covariance we denote by Px (0). From (6) we then see
that the covariance of x(s) satisﬁes a coarse-to-ﬁne recursion itself:
Px (s) = A(s)Px (sγ̄)AT (s) + Q(s)

(16)

which is nothing more than the generalization of the usual Lyapunov equation for the evolution of the state
covariance of temporal state space systems driven by white noise [174, 182, 12]. Note that this computation
directly produces the diagonal blocks of the overall covariance matrix for x, and the total complexity of
this calculation is O(N d2 ). The quadratic dependence on the dimension of each x(s) reﬂects the matrix
multiplies and additions in (16), while the linear dependence on N reﬂects the fact that the recursion passes
through each node on the tree only once.
Calculation of any individual oﬀ-diagonal block of the covariance of x can also be performed in an eﬃcient
manner. In particular, for any two nodes s and t on the tree, let s ∧ t denote the closest common ancestor
to s and t. Then using the statistical structure of the model, we ﬁnd that the covariance between x(s) and
x(t) is given by:
Px (s, t) = Φ(s, s ∧ t)Px (s ∧ t)ΦT (t, s ∧ t)

(17)

where for any two nodes s and u, in which u is an ancestor of s, we have that Φ(s, u) denotes the state
transition matrix from node u to its descendent s, which satisﬁes a recursion in scale analogous to that for
the usual state transition matrix for state space models:
Φ(s, s)

= I

(18)

Φ(s, u)

= A(s)Φ(sγ̄, u)

16 In

s<u

some situations the dimension of states at diﬀerent nodes may vary. In this case the dimension of the vector of all states
is simply the sum of the dimensions of these variables (which reduces to N d if all states have the same dimension, d), and
complexity of operations involving this matrix are polynomial in this dimension–possibly with cubic complexity unless special
structure is exploited, as we do with tree models.
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It is interesting to note that (17) is a strict generalization of the formula for temporal models. In the temporal
context, in which the index set is completely ordered, s ∧ t equals either s or t, and as a result, a nonidentity
state transition matrix appears on only one side or the other in (17). However, for MR models on more
general trees, both of these will appear in general. Also, note that the calculation of (17) for any particular
value of s and t is computationally simple,17 with complexity bounded by O((log N )d2 ), where the factor of
log N comes from the fact that the path from s or t to s ∧ t can have this length.18
While we have described the computation of statistics for the linear-Gaussian case, the same concepts
and conclusions hold as well for more general models. For example, consider the case in which x(.) is a
ﬁnite-state process, taking on any of d values at each node. As we discussed in the preceding section, the
computation of marginal distributions at individual nodes or joint distributions at small sets of nodes can be
extremely complex for a loopy graph (i.e., a graph with cycles). In particular, in this case the distribution
of the process over the entire graph involves a state set of size dN , i.e., that grows exponentially with N , and
explicit computation of projections of this distribution corresponding to particular marginals or joints has
been shown to be NP-Hard for general graphs [76]. However, for a MR process on a tree, x(.) represents a
generalization of a Markov chain, and computations of marginals at all nodes can be computed by a coarseto-ﬁne tree recursion generalizing the usual Chapman-Kolmogorov equation for recursive computation of
distributions in Markov chains [266]. Similarly, joints for one node and several of its descendents can be
calculated eﬃciently, and, then by averaging over that ancestor node we can obtain joints for any set of
nodes (yielding the counterpart to (17)). In each of these cases, the complexity of computation grows at
most linearly with N and exponentially in the number of nodes whose joint distribution is required. As in
the linear case, computing or even storing all such joints is prohibitively complex. Typically one is interested
in calculating only a modest number of very low-dimensional joint probabilities, and such computations can
indeed be performed eﬃciently.
MR models also admit very eﬃcient simulation methods. For example, generation of a sample path for
the linear MR model (6) is a simple generalization of the straightforward simulation of a linear state space
model driven by white noise. We need only generate a sample of the Gaussian random vector corresponding
to the root node x(0) and independent samples of each of the w(s), and then perform the coarse-to-ﬁne
computation corresponding to (6). Similarly for a discrete-state MR model we draw a sample from the
distribution for x(0) and then, in a coarse-to-ﬁne manner draw samples from the distribution for each node
x(s) conditioned on the previously drawn sample value for its parent. In contrast, the simulation of MRF’s
on graphs with loops can be very complex. For example, for discrete-state processes, iterative procedures
such as the Metropolis or Gibbs sampling algorithms [132, 234, 339, 35] must often be employed. Such
procedures generally require many revisits of each node of the graph, compared to the single pass through
each node for MR models.19
As a ﬁnal comment, it is important to note that the complexity of the MR algorithms we have described
here and that we will describe in the rest of this section scale extremely well with problem size as measured by
N , the number of nodes in our MR tree. However, it is also the case that these algorithms scale polynomially
in d, which measures the “size” of the variables stored at each node of the tree–e.g., the dimension of the
state in a linear model or the cardinality of the state set in a ﬁnite-state model. Consequently, the utility
of all of these methods depends critically on d being quite small compared to N , and it is this observation
that in essence provides the “acid test” to see if any particular problem can be successfully addressed using
the methods described in this section. The issues of constructing models with manageable state sizes and
characterizing processes for which that is or may be possible is the subject of Section 6.
17 Note that, essentially with a bit of additional storage and a modest level of additional computation, the calculation of (17)
for a particular pair of nodes s and t also yields the values for the covariances for any other pairs of nodes on the path from s
to t.
18 This assumes a more-or-less balanced tree such as in Figures 1 or 7 in which the diameter of the tree (i.e., the length of
the longest direct path between any pair of nodes) is O(log N ).
19 There are classes of Gaussian graphical models on loopy graphs for which simulations can be performed with eﬃciency
approaching or comparable to the O(N ) complexity for tree models. For example, FFT-based methods can be used to simulate
spatially stationary random ﬁelds with O(N logN ) operations (this follows directly from the fact that the Fourier transform
whitens stationary processes [266]). Alternatively, eﬃcient sparse matrix methods (e.g., those used to solve elliptic partial
diﬀerential equations) can often be exploited for loopy but sparsely connected graphs, resulting in procedures for sample
generation that also have O(N ) complexity (see Section 4.4 for a related discussion).
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4.2

Two-Pass Estimation Algorithms

In this section we consider the problem of estimating a MR process given noisy measurements of some or
all of its values. As we did in the previous section, we begin with a discussion of the linear case, i.e., with
a MR model as speciﬁed by (6), where for simplicity of exposition only we assume that x(s) is zero mean.
The problem to be considered is that of estimating this MR process given a set of linear measurements:
y(s) = C(s)x(s) + v(s)

(19)

Here v(s) is a zero-mean white noise process on the tree, independent of w(s), and with covariance R(s),
while the matrix C(s) speciﬁes what is measured at each node of the tree. Note that in principle this model
allows measurements at multiple resolutions, and thus the estimation algorithm we describe here provides a
means for seamlessly fusing such multiresolution data. In addition, as we will see here and in the applications
introduced in Section 2 and revisited here and in later sections, even if we only have measurements at the
ﬁnest scale (i.e., even if C(s) = 0 for all nodes other than those at the ﬁnest scale), the algorithm we describe
has substantial computational advantages.
Let x̂s (s) denote the optimal estimate20 of x(s) given all of the data in (19) throughout the tree (i.e.,
{y(s)|s ∈ V}, where V denotes the set of all nodes in the MR tree), and let Pe (s) denote the covariance of
the error in this estimate. As developed in detail in [60] the computation of these quantities throughout the
entire tree can be accomplished using a two-pass algorithm analogous to the two-pass Rauch-Tung-Striebel
(RTS) smoother [12, 277, 174] for temporal state space models.21 That smoother consists of a two-sweep
algorithm. The ﬁrst sweep, forward in time, yields the optimal causal estimate (i.e., the optimal estimate
at each time t given all data before and including time t), a computation performed using a Kalman ﬁlter
[174, 182, 12]. At the end of the time interval, T , the forward sweep yields the optimal estimate at that ﬁnal
point given all of the data–i.e., this is the optimal smoothed or noncausal estimate at this terminal point as
well, since there are no data beyond time T . That smoothed estimate then serves as the initial condition
for a second sweep backward through the data to compute the optimal smoothed estimate at every point
in time. At time t this backward sweep combines the optimal causal estimate at time t, computed during
the ﬁrst sweep, with the smoothed estimate just computed at time t + 1, in order to determine the optimal
smoothed estimate at that time t, together with the covariance of the error in this estimate.
For more general trees, such as those in Figure 1, the situation requires a modest amount of additional
care and notation. First of all, while the RTS algorithm for time series can be equally well applied from
either end of the interval (i.e., we could just as easily start with a Kalman ﬁlter that runs in reverse time,
starting from time T , followed by a sweep forward in time), there is an asymmetry between the ﬁne-tocoarse and coarse-to-ﬁne directions in MR trees as in Figure 1. As a result, the generalization of the RTS
smoother to such a tree must begin with a ﬁne-to-coarse, child-to-parent sweep, starting at the ﬁnest nodes,
followed by a coarse-to-ﬁne parent-to-child sweep.22 The ﬁrst ﬁne-to-coarse sweep, whose computational
ﬂow is illustrated in Figure 8(a), is a generalization of the temporal Kalman ﬁlter. The objective of this
sweep is the computation, at each node s of x̂(s|s), the optimal estimate of x(s) based on all of the data in
Vs , the subtree rooted at node s (i.e., node s and all of its descendents), together with P (s|s), the covariance
of the error in this estimate. As in the temporal Kalman ﬁlter, the recursive computation of these estimates
involves several steps and intermediate quantities. In particular, suppose that we have computed the best
estimate x̂(s|s−) and corresponding error covariance, P (s|s−), at node s, given all of the data in Vs except for
the measurement at node s itself. The computations to produce the updated estimate (and associated error
covariance) that incorporates the measurement at node s are identical in form to the analogous equations
for the usual Kalman ﬁlter:
20 Optimality here is deﬁned in the least-squares sense, so that the optimal estimate is simply the conditional mean based on
the available data.
21 In addition, there are other smoothing algorithms for graphical models on trees which have somewhat diﬀerent computational
structures, with the same general complexity. See, for example, [267, 259, 169, 338, 285, 332, 334] and, in particular, [110] for
the general characterization of any algorithm that yields the optimal smoothed estimates in a ﬁnite number of steps.
22 Actually, one can equally well deﬁne a smoothing algorithm that takes any node as its “root” and which then ﬁrst sweeps
from leaf nodes to the root node, followed by a root-to-leaf sweep. Note that any such procedure has the property that data
from each node does in fact ﬁnd its way into the computations of the smoothed estimate at every other node in the tree.
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Measurement Update. Given x̂(s|s−), P (s|s−), and y(s):
x̂(s|s) = x̂(s|s−) + K(s)ν(s)

(20)

where ν(s) is the measurement innovations:
ν(s) = y(s) − C(s)x̂(s|s−)

(21)

V (s) = C(s)P (s|s−)C T (s) + R(s)

(22)

which is zero-mean with covariance

and where the gain K(s) in (20) and the updated error covariance P (s|s) are given by:
K(s) = P (s|s−)C T (s)V −1 (s)

(23)

P (s|s) = [I − K(s)C(s)]P (s|s−)

(24)

The second component of the ﬁne-to-coarse recursion is a step that has no counterpart in temporal
Kalman ﬁltering, as it involves the fusion of estimates that come from all of the immediate children of node
s. Speciﬁcally, let x̂(s|sαi ) denote the optimal estimate for node s based on all of the data in Vsαi , the
subtree rooted at node sαi , and let P (s|sαi ) denote the corresponding error covariance. Fusing all of these
estimates produces the estimate (and error covariance) at node s based on all of the data at nodes descendent
from s:
Fusion of Subtree Estimates: Given x̂(s|sαi ) and P (s|sαi ) for all i (where we let Ks denote the number
of descendents of node s)
Ks

x̂(s|s−) = P (s|s−)

P −1 (s|sαi )x̂(s|sαi )

(25)

[P −1 (s|sαi ) − Px−1 (s)]

(26)

i=1

P −1 (s|s−) = Px−1 (s) +

Ks
i=1

(where Px (s) is the prior covariance at node s, computed from (16)).
The third step of the recursion involves the computation of the estimates of x̂(s|sαi ) (and error covariances) for each child of node s. This step is identical in nature to the one-step prediction step in the usual
Kalman ﬁlter (in which we predict the state at time t based on data through time t − 1). The only diﬀerence
in detail is that the “prediction” we must do here is from ﬁne to coarse, while the MR model (6) is speciﬁed
in a coarse-to-ﬁne manner. As a result, the form of the following step involves a so-called “backward” model
analogous to that for temporal models [328]:
Fine-to-Coarse Prediction. Given x̂(sαi |sαi ) and P (sαi |sαi ):
x̂(s|sαi ) = F (sαi )x̂(sαi |sαi )

(27)

P (s | sαi ) = F (sαi )P (sαi |sαi )F T (sαi ) + U (sαi )

(28)

F (s) = Px (sγ̄)AT (s)Px−1 (s)

(29)

U (s) = Px (sγ̄) − Px (sγ̄)AT (s)Px−1 (s)A(s)Px (sγ̄)

(30)

where
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Finally, this recursion must be initialized, where, in contrast to the temporal Kalman ﬁlter, we must
provide initial conditions at all of the ﬁnest-scale leaf nodes of the tree. This is done by setting the initial
estimate at each leaf node to the prior mean (here assumed to be 0) and the initial covariance to the prior
covariance:
Initialization at the Finest Scale. For each ﬁnest scale leaf node s:
x̂(s|s−) = 0

(31)

P (s|s−) = Px (s)

(32)

Note also that as for temporal Kalman ﬁlters, the gain and covariance matrices can be precomputed, and,
in fact, (22)-(24),(26), (28)-(30), and (32) together form the MR tree generalization of the Riccati equation
for the error covariance [61].
When the ﬁne-to-coarse sweep reaches the root node, the estimate and covariance computed at that node
provide initial conditions for the second, coarse-to-ﬁne sweep, exactly as in the temporal RTS algorithm:

x̂s (0) = x̂(0|0)

(33)

Pe (0) = P (0|0)

(34)

As derived in [60], the computations in this second sweep are identical in form to those in the temporal
RTS algorithm. In particular, the computation at node s in the tree involves fusing together the optimal
smoothed estimate and covariance just computed at its parent sγ̄ with the statistics computed at node s
during the ﬁrst Kalman ﬁltering sweep. The only diﬀerence in the case of trees is that the node sγ̄ has
several children, so that the following computation is carried out in parallel (as illustrated in Figure 8(b))
at each of the children of node sγ̄:

x̂s (s) = x̂(s|s) + J(s)[x̂s (sγ̄) − x̂(sγ̄|s)]

(35)

Pe (s) = P (s|s) + J(s)[Pe (sγ̄) − P (sγ̄|s)]

(36)

J(s) = P (s|s)F T (s)P −1 (sγ̄|s)

(37)

where

Note again that the covariance computations (34), (36), (37) can be precomputed.
As with the computation of prior statistics described in Section 4.1, the smoothing algorithm just described has very signiﬁcant computational advantages. In particular, note that the computations at any node
on either the upward or downward sweep involve matrix-vector and matrix-matrix multiplies, as well as matrix inversions, where the matrices and vectors involved have dimension d (or perhaps less for those involving
the measurement y(s) and its associated matrices). In addition, each node in the tree is visited twice–once
in each sweep. Consequently the total complexity of this algorithm is at worst O(N d3 ), which does scale
linearly with the number of nodes in the tree. Furthermore, the result of this computation produces both
estimates and their error covariances.
To understand the signiﬁcance of this result a bit more deeply, consider an alternate vector form of the
estimation equations. Speciﬁcally, as before, let x denote the vector of values of x(s) throughout the tree,
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and let Px denote its covariance. Similary, let y and v denote the corresponding vectors of measurements
and measurement noises, respectively, so that
y = Cx + v

(38)

where v has covariance R, and where C and R are block-diagonal matrices formed, respectively, from the
values of C(s) and R(s) throughout the tree. Then one form for the equations for the optimal estimate is
the following:
(Px−1 + C T R−1 C)x̂s = C T R−1 y

(39)

where x̂s denotes the vector of optimal smoothed estimates, which has corresponding error covariance given
by
Pe−1 = Px−1 + C T R−1 C

(40)

Thanks to the fact that x(s) is Markov on the MR tree, Px−1 has a tree-structured pattern of nonzero elements.
Further, since C and R are block-diagonal (signifying that we have measurements with independent noise at
individual nodes), the matrix on the left-hand side of (39), namely Pe−1 , also has the same tree structure.
There are two implications of this observation.
The ﬁrst is that (39) can be solved very eﬃciently via the tree-structured generalization of Gaussian
elimination (the ﬁne-to-coarse Kalman ﬁltering sweep) followed by back-substitution (the RTS smoothing
step), yielding the O(N ) complexity discussed previously. To be sure, other methods of numerical linear
algebra (e.g., conjugate gradient or multipole methods [138, 280, 256]) could be used to solve this equation
with this same order complexity. However, what is particularly important about the MR algorithm are both
its non-iterative nature and especially the fact that it also yields the diagonal blocks of the error variance
matrix Pe as part of this same computation. Since these error statistics are extremely important in many
applications (see, Example 4, 5, 8, and 9 to follow in this and subsequent sections), this is a major beneﬁt
of the use of MR tree models.
The second implication of the tree structure of Pe−1 , which directly generalizes known results for temporal
models [226, 28, 27, 17] is that this implies that the error process e(s) = x(s) − x̂s (s) is a MR process on
the same tree, with parameters (i.e. matrices analogous to A(s) and Q(s) for the original process) that are
automatically available as a result of the RTS smoothing computations. Since those computations already
yield the individual covariances of the values of this error process at every node, the method described in
Section 4.1 (in particular, equations analogous to (17) and (18) for the smoothing error model) can be used
to compute any of the covariances between errors at diﬀerent nodes. More importantly, we see that the result
of the smoothing process produces a model for the remaining errors that has the same form as the original
model and which therefore can be used directly for the fusion of any subsequent measurements that become
available. Moreover, this error model provides the basis for extremely eﬃcient conditional simulation of MR
processes, a feature that is illustrated in Example 9.
It is interesting to note also that there are connections of the preceding development (and much of the
discussion in this paper for that matter) to problems arising in the ﬁeld of decentralized control. In such
problems, diﬀerent “nodes” in a network correspond to diﬀerent “agents” or controllers who observe and can
inﬂuence the behavior of a dynamical system. If all of the data collected by these agents could be centralized,
in principle one could determine the optimal estimate of the system given all of the measurements as well
as determine the optimal coordinated control policy for all of the agents. However, because of constraints
that might include computation but in many cases are dominated by other issues (such as communication
constraints or the geographic separation among agents), such centralization of information is not possible, and
instead one must consider alternative strategies for coordination that, in particular, may produce estimates
that are suboptimal. While there are many issues in decentralized control that do not arise in the processing
problems considered here,23 it is worth noting that one case in which relatively simple solutions can be found
is that in which the agents have what are referred to in [148, 149] as partially nested information patterns,
23 For example a signiﬁcant complication arises due to the indirect “communication” that occurs when each agent’s control
actions inﬂuences the subsequent measurements of other agents.
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a construct that is directly related to the singly connected structure of our MR models and of MRF’s on
acyclic graphs more generally.
Example 4. As a ﬁrst example, consider the optimal estimation of sea level variations given satellite altimetry measurements such as in Figure 2, as brieﬂy described in Section 2.1 and in much more detail in
[112, 113]. As mentioned in Section 2.1, sea-level variations have a fractal-like spectrum. Thus the model
(7), with variances of the noise process w(s) that decrease geometrically at ﬁner scales, represents a simple
MR model that captures statistical behavior with this type of spectral fall-oﬀ. The ﬁnest scale in this representation corresponds to pixels of the same size as the resolution of the satellite data. These data, then,
are simply modeled as measurements at those ﬁnest-scale nodes corresponding to locations along the tracks
in Figure 2 (so that C(s) = 0 in (19) except for this irregular pattern of ﬁnest-scale nodes). Figure 9 shows
the results of applying the MR estimation algorithm described in this section to data along the tracks shown
in Figure 2. Figure 9(a) shows the optimal estimates of sea level variations, while Figure 9(b) shows the
corresponding error variances over the entire ﬁeld.
There are several clarifying remarks to make about this example. The ﬁrst is simply the observation that
the dimensionality of this example is nontrivial: We are attempting to estimate roughly 250,000 pixels from
approximately 20,000 measurements, and, at the same time calculate the diagonal elements of the 250,000
× 250,000 error covariance matrix. Using the MR estimation algorithm and this simple model, this is a
relatively modest computational task. A second point is that, as described in [112], the measurement noise
model used in this case is highly non-stationary, due to the fact that errors in knowledge of the geoid were
known to be much larger in regions in which there were signiﬁcant gradients in the geoid, due, for example, to
signiﬁcant bathymetric features (i.e., variations in the sea ﬂoor, such as sea mounts, trenches, etc.). Indeed,
one of the advantages of having the error variances computed by the MR estimation algorithm is that we
can use these to detect statistically signiﬁcant anomalies, that is diﬀerences between measurements and
estimates that are large compared to what the estimation algorithm would expect based on the computed
error variances. Figure 9(c) shows the locations of the set of the detected anomalies superimposed on a
map of ocean bathymetry, showing substantial correlation with signiﬁcant features of the ocean ﬂoor. This
suggests, among other things, using these anomalies, together with maps of bathymetry, to provide localized
corrections to the geoid.
A third point is that having error variances at multiple scales allows one to identify the optimal scale for
reconstruction at diﬀerent points in the ﬁeld. In particular, it seems reasonable that one would have greater
conﬁdence in higher resolution reconstructions nearer to the regions covered by satellite measurements than
in regions farther from any such satellite track. One method for quantifying this is to identify, at each ﬁnest
scale pixel, its coarser-resolution ancestor with the smallest error variance. Thus, at that location, estimation
at ﬁner resolutions leads to an increase in uncertainty. An example of this, applied to a diﬀerent application
(namely the estimation of optical ﬂow in image sequences) is given in [223].
It is also possible to use the MR algorithm together with more sophisticated models that attempt to
capture what is known about the ocean surface more accurately. For example, as discussed in [112], knowledge
of spatial inhomogeneities such as the Kuroshio current can be used to adapt the model locally, e.g., by
increasing the variances of the w(s) in particular spatial regions and at particular scales. In addition, it is
also possible to use higher-order models, such as those that have been developed for surface reconstruction
problems (see Example 8 in Section 6.2.1). Further, using the likelihood function computation methodology
described in the next section, we can also tune our models by ﬁnding the maximum likelihood estimates of
the parameters in the model–e.g., the rate of geometric fall-oﬀ in noise variances in (7) (see [113]).
Finally, it is important to note that the results shown in Figure 9 are not obtained quite as simply as the
discussion to this point might imply. In particular, as we discuss in Section 6.2.1 and as has been pointed
out by other authors [67, 281, 322, 188, 261],24 MR models on trees and especially very simple models such
as (7) can produce results that have signiﬁcant artifacts across major tree boundaries (i.e., at points at the
ﬁnest scale that are close together spatially but far apart as measured by the path from one to the other
along the tree). There are several approaches to dealing with this, including those described in Section 6
24 Note that analogous methods have also been proposed and used for other wavelet-based algorithms (see, for example,
[72, 298, 270]).

23

and also in Section 7. What was used to produce the results in Figure 9 is the same simple method used by
others, namely averaging the estimation results using several diﬀerent tree models, each of which is shifted
slightly with respect to the others, so that the overall average smoothes out these artifacts. We refer the
reader to Section 6.2.1 for further discussion of this important issue.25
While the preceding discussion is couched in the context of linear-Gaussian models, the same two-sweep
structure for optimal estimation holds for any Markov model on a MR tree, although instead of propagating
means and covariances in the upward and downward sweeps, we now propagate probability distributions. For
example, consider a ﬁnite-state MR process as discussed in Example 3, and suppose that we have observations
y(s) which we assume are conditionally independent measurements of the MR variables at individual nodes.
That is,

p(y(s) | x(s))

p(y(s), s ∈ V | x(s), s ∈ V) =

(41)

s∈V

The discrete case raises a number of issues not encountered in the linear-Gaussian case, one of which is the
speciﬁc objective of processing. In particular, in the Gaussian case, the algorithm described previously in
this section can be viewed as solving several problems simultaneously: it provides the overall joint conditional
distribution for the entire MR process (implicitly speciﬁed as a tree model itself); it also yields the individual
marginal conditional distribution for each individual node; and it yields estimates that not only are the leastsquares optimal estimates but also are the individual node maximum a posteriori (MAP) estimates and the
overall MAP estimate of the entire MR process. For discrete processes, however, computing the node-bynode MAP estimates or computing the overall MAP estimate for the entire process are quite diﬀerent,
and, depending on the application, one or the other of these may be preferable. For example, for image
segmentation applications, strong arguments can be made [234] that the computation of individual node
estimates rather than an overall MAP estimate is decidedly preferable as it reﬂects directly the objective of
minimizing the number of misclassiﬁed pixels. Nevertheless, both of these criteria (as well as a third that
we brieﬂy discuss in Example 10) are of considerable interest, and for graphical models on trees, algorithms
for each have been studied and developed by many authors.
In particular variety of algorithms have been developed for the computation of the conditional marginals
at individual nodes. One class, namely so-called “message passing” algorithms, are brieﬂy described in
Section 4.4. Another, which can be found explicitly or implicitly in several places (e.g., [267, 294, 295,
205, 7, 199, 332, 169]) involves a structure exactly as that described previously for the linear-Gaussian
case (see, in particular [199] for a detailed development). As a preliminary step we ﬁrst perform a coarseto-ﬁne Chapman-Kolmogorov computation to compute the prior marginal distribution at each node. The
algorithm then proceeds ﬁrst with a ﬁne-to-coarse step, analogous to the MR Kalman ﬁlter in (20) – (32),
for the computation of the distribution at each node conditioned on all of the measurements in the subtree
rooted at that node. Finally, there is a coarse-to-ﬁne sweep, analogous to the RTS sweep in (33) – (37), which
yields the marginals at each node conditioned on data throughout the entire tree. Choosing the mode of each
of these marginals yields the so-called MPM (mode of the posterior marginals) estimate. Furthermore, as in
the linear-Gaussian case [225], the distribution of the entire MR process conditioned on all of the data has
the same tree structure, and the model parameters of this conditional model–i.e., the conditional distribution
at the root node and the conditional parent-child transition distribution–are also immediately available as a
result of the two-sweep estimation algorithm [332].
25 Note that as discussed in [281, 322, 188, 262, 261], obtaining shift-invariant algorithms (which are devoid of the artifacts
noted in the text) requires, in principle, considering a full set of possible shifts of the MR tree. Such models can be thought of as
mixtures of trees [240, 237]–i.e., a probabilistic draw is made of one of these tree models. Note that while straight averaging of
the estimates from all of these trees does result in a shift-invariant algorithm, it is technically not the optimal Bayesian estimate.
In particular, the optimal Bayesian estimate would require weighting each tree estimate by the conditional probability (based
on the observed data) that that particular tree was the one drawn from the mixture. While it is certainly possible to do this
using the likelihood computation methods described in the next section, to our knowledge this has never been used. Further,
the beneﬁt of this additional complexity is, we believe, negligible.
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The computation of the MAP estimate for the entire process involves somewhat diﬀerent computations
but with very much the same structure and spirit, something that has been emphasized in several investigations [294, 295, 7, 169]. Computing the MAP estimate involves a generalization of the well-known Viterbi
algorithm [118], one that can be traced at least back to the study of so-called “nonserial dynamic programming” [32] and to the work of others in artiﬁcial intelligence and graphical models [267, 294, 295, 89, 7, 169].
A description of the algorithm that mirrors very closely the two-pass structure of the estimation algorithms
we have described so far (and that also makes clear how this algorithm generalizes standard dynamic programming procedures) can be found in [89, 199]. A ﬁrst ﬁne-to-coarse sweep is performed in which two
functions are computed at each node. One of these speciﬁes the optimal estimate at that node given the
optimal estimate at its parent. The second is the optimal “cost-to-go,” namely the maximum value of the
conditional distribution for the entire subtree rooted at that node given both the data in the subtree and
the state value at the parent node. This latter quantity is passed back to the parent node for use in the
computation of the analogous pair of quantities at that node. When the top of the tree is reached, the
optimal estimate at that node is easily computed, initiating a coarse-to-ﬁne recursion in which the estimate
of each parent node, together with the function computed on the upward sweep yield the optimal estimate
at each child. As with the MPM algorithm and the computation of likelihoods described in the next section,
the key to the existence of this very eﬃcient structure is the fact that the conditional distribution of a MR
process on a tree can be recursively factored.

4.3

Likelihood functions

In addition to the optimal estimation algorithms described in the preceding section, very eﬃcient algorithms
also exist for the computation of likelihood functions, quantities that are needed in the solution of problems
such as hypothesis testing and parameter estimation. Speciﬁcally, by exploiting recursive factorizations
of MR processes, one can develop an algorithm for computing the likelihood function p(y(s), s ∈ V) that
involves a single ﬁne-to-coarse sweep through the data (see, e.g., [267, 336, 333, 169]). Such an algorithm
follows from the following equalities, displayed here for the discrete-state case.

p(y(t), t ∈ Vs | x(sγ̄)) =

p(y(t), t ∈ Vs | x(s))p(x(s) | x(sγ̄))

(42)

x(s)

Ks

p(y(t), t ∈ Vs | x(s)) = p(y(s) | x(s))

p(y(t), t ∈ Vsαi | x(s))

(43)

i=1

Note that for s = 0, the root node, sγ̄ doesn’t exist, and at this node the right-hand side of (42) is simply
the overall likelihood function, while the transition probability p(x(s) | x(sγ̄)) is simply the prior marginal
for x(0). Also, in the case of continuous variables, the summation in (42) becomes an integral, which reduces
to simple matrix/vector equations in the linear-Gaussian case.
While the ﬁne-to-coarse application of (42), (43) is quite eﬃcient and most likely the method of choice
if the sole objective is the computation of likelihoods, there is an alternative two-pass method for the
linear-Gaussian case, which also has total complexity that is linear in N , although with a slightly larger
proportionality constant. Further, this alternate method computes quantities that can be of value for other
problems (such as anomaly detection) and also brings out interesting and important similarities and diﬀerences with well-known ideas in state space estimation for temporal processes. In particular, one of the keys to
the computation of likelihood functions for temporal state models–and in fact one of the key concepts more
generally for temporal models of other forms [217, 216]–is the concept of whitening the measurements; i.e., of
recursively producing predictions of each successive measurement (using a temporal Kalman ﬁlter), which,
when subtracted from the actual measurement values yields a sequence of independent random vectors, referred to as the innovations, whose covariance depends in a known way on the temporal state model. Since
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these whitened measurements are informationally equivalent to the original ones, the likelihood function can
be written in terms of the joint distribution for the innovations, which is nothing more than the product of
the marginals for the innovations at each successive time point.
The estimation algorithm described in the preceding section–and in particular the ﬁne-to-coarse MR
Kalman ﬁltering sweep–does produce a set of measurement “prediction” errors, namely ν(s) in (21). However,
because of the tree structure, this process is not white over the entire tree. In particular, thanks to the
structure of the ﬁne-to-coarse sweep (as depicted in Figure 8(a)), each value of this process involves predicting
y(s) based only on the data in the subtree below node s. For that reason, it is not diﬃcult to see that ν(s)
and ν(t) are most certainly independent if s and t are on the same path from a leaf node to the root node
(i.e., if one of these nodes is a direct descendent of the other), but ν(s) and ν(t) are generally not independent
otherwise.26
As described in [225], to complete the whitening operation (so that the overall likelihood can be written as
a product of distributions for the individual innovation values), we deﬁne a total ordering on V, extending the
partial order of the tree (in essence placing orders on cousins, kth cousins n-times removed, uncles, etc.) and
then complete the whitening operation. By choosing this ordering in a systematic fashion–e.g., as illustrated
in Figure 8(c)–we can accomplish this remaining whitening very eﬃciently, in fact using a somewhat diﬀerent
coarse-to-ﬁne sweep complementing the Kalman ﬁltering ﬁne-to-coarse computation. The result, again, is
an algorithm with total computational load that scales linearly with N .
Example 5. One application of the MR likelihood function computations is the texture discrimination
application introduced in Section 2.2 and developed more thoroughly in [225]. As mentioned in Section 2,
many textures, such as those shown in Figure 4, can be modeled eﬀectively using MRF models. However,
likelihood function computations for MRF’s are highly nontrivial, so that suboptimal methods (such as those
in [50]) are often used.
Another approach starts with the simple and obvious statement that such an MRF model does not
represent “truth” but rather is itself an idealization of real textures. As a result, it is reasonable to seek
alternate models that lead to much simpler likelihood computations resulting in performance essentially as
good as what one would be able to achieve using the original MRF models. Figure 10 illustrates the results
of such a texture discrimination system, that is one based not on MRF models but rather on MR models
constructed using reduced-order “cutset” models of the type described subsequently in Section 6.1.1. This
ﬁgure depicts the probability of error in texture discrimination between two models, where one of these
models is the MRF model for the sand texture in Figure 4, while the other model is parametrized by a scalar
parameter, ω, where, ω = 0 corresponds to the model for the pigskin texture in Figure 4, ω = 1 corresponds
to the sand texture, and intermediate values of ω correspond to MRF’s with parameters that are a weighted
average of the parameters for the pigskin and sand textures (so that the two textures being discriminated
are the most diﬀerent for ω = 0 and become increasingly similar as ω increases toward 1, at which value
they are identical).
Figure 10(a) shows that discrimination performance using very simple approximate MR models for these
textures yields performance signiﬁcantly better than the suboptimal method of [50] and nearly as good as
the performance achieved if likelihoods using the exact MRF models are used. Figure 10(b) shows how
the MR-based algorithm’s performance varies as the order of the MR model is increased (see Section 6 for
a detailed discussion of modeling).27 As this ﬁgure indicates, the use of low-order MR models results in
performance essentially as good as that achieved using the exact MRF models for these textures.

4.4

Further Ties to graphical models

To provide some additional perspective on the algorithms described in the preceding sections, we now take a
brief glimpse at inference algorithms for models on more general graphs, a topic which has been and remains
the subject of numerous investigations (see, e.g., [267, 204, 170, 35, 132, 36, 208, 339, 164, 200, 269, 222,
26 As

discussed in [225], ν(.) represents a martingale increment process on the partially-ordered set deﬁned by the tree.
the “order” of the MR model refers to the dimension, d, of the state at each node.

27 Here

26

128, 169]) and to which we return again in Section 7. To begin, consider the estimation of the state x(s)
(assumed to be zero-mean for simplicity) of a Gaussian graphical model on a possibly loopy graph G, given
a set of linear measurements, as in (19).28 As we did in Section 4.2, if we collect all of the state values into
a single vector x, with covariance Px , and similarly collect all of the measurements into a vector y, so that
the measurement equation is as in (38), then the optimal estimate x̂s is once again the solution to (39), and
the error covariance matrix is given by (40). Moreover, just as in the analysis in Section 4.2, we see that
the block-diagonal structure of C T R−1 C implies that the structure of Pe−1 is the same as that of Px−1 –i.e.,
oﬀ-diagonal blocks are nonzero only for those blocks corresponding to edges in the graph G. As a result the
estimation error also is Markov with respect to the same graph, a result that can be found in a number of
places in the literature (e.g., [208]) and that generalizes the results for time series and MR trees discussed in
Section 4.2. The same is also true for nonlinear and discrete-state models, namely that conditioning an MRF
with independent measurements at individual nodes yields a conditional distribution that is also Markov
over the same graph.
As the results in Section 4.2 indicate, if the graph G is loop–free, there are eﬃcient methods for computing
estimates and error covariances in the linear-Gaussian case and marginal conditional distributions in the
more general nonlinear case. The reason for this eﬃciency can be explained in terms of the existence of
elimination orders–i.e., orders in which variables are eliminated in a ﬁrst sweep and then added back in the
second sweep–for which there is no ﬁll.29 From a random ﬁeld/graph-theoretic perspective the lack of ﬁll
for such elimination orders has a simple interpretation: If we subsample the random ﬁeld or graphical model
by eliminating a set of variables, this restricted model remains Markov with respect to a restriction of the
original graph. That is, no additional edges need to be added (see [164, 200] and, in particular, [269] for
discussions of this issue for general graphical models).
Similarly and as we saw in Section 4.3, the computation of likelihoods for loop-free models can also
be performed eﬃciently. While this can also be interpreted in terms of the existence of elimination orders
without ﬁll, it can also be directly tied to factorizations of the probability distribution over such graphs (e.g.,
in terms of a root node marginal and parent-child transition densities or as in (42), (43) in Section 4.2). In
particular, the existence of such factorizations implies that the partition function Z in (11) is not a function
of the values of the parameters of the model on a loop-free graph (e.g., the matrices A(s) and Q(s) in a
linear-Gaussian MR model), a fact that greatly simpliﬁes maximum likelihood estimation of parameters for
such models.
In addition to the MR models on which we focus here, there are other loop-free graphs and processes
that have been examined in the literature, primarily in the context of image processing. One such class
that received much early attention in the investigation of recursive estimation algorithms for random ﬁelds
(see, e.g., [163, 345, 343] and the references therein) involves imposing a complete order on a regular 2-D
grid of points–typically a “raster scan” order in which the “past” of each point in the lattice consists of all
points in previous lines of the 2-D lattice plus the points on the same line that come earlier in the scan
order. Another example is the class so-called “Markov mesh” models (for both Gaussian and discrete-state
processes), which impose a partial order on pixels in 2-D [1, 98, 78, 88, 213]. However, in many problems
imposing such total or partial orders is clearly artiﬁcial. Moreover, often very high-order models of these
types are needed to capture accurately the statistics of random ﬁelds of interest. As a result, there has
been considerable work in developing stochastic models for images that do not impose orderings of pixel
locations. For example, MRF models, such as so-called ﬁrst-order MRF’s on the nearest-neighbor graph
associated with a regular 2-D lattice [132, 234], represent one widely studied class of this type. Consequently
the investigation of inference on loopy graphs, which are the rule rather than the exception in many other
ﬁelds including artiﬁcial intelligence and turbo coding, is also of great interest in image processing.
As we have indicated previously, distributions for Markov models on loopy graphs do not admit elimi28 In

the graphical model literature, there is often no distinction made between measurements and the variables deﬁned at
nodes on the graph; we simply have knowledge of some of these variables and wish perform inference (estimation or likelihood
calculation, for example) based on this information. This is a cosmetic rather than substantive diﬀerence, as we can easily add
nodes to our graph corresponding to each nodal measurement y(s) and a single edge for each such node connecting it to the
corresponding original node, s. We then wish to perform inference based on observation of the variables at these new nodes.
29 In particular, when such an order is used to solve (39) by Gaussian elimination and back-substitution, no new nonzero
elements are introduced into the matrix on the left-hand side as variables are eliminated.
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nation orders without ﬁll or simple factorizations in terms of local marginal distributions. Furthermore the
partition function for such a graphical model is generally a complex function of the parameters of the graphical model–e.g., of the clique potentials in (11). Indeed, in the linear-Gaussian case, in which the partition
function is proportional to the square root of the determinant of the process covariance, this has been known
at least since the work of Whittle [340, 341] (see also [344]) on 2D random ﬁelds, Thus, while the computation
of likelihoods and optimal parameter estimates for models on loop–free graphs is computationally tractable
and straightforward, the absence of simple factorizations and the dependence of the partition function on
model parameters make optimal parameter estimation and hypothesis testing far more challenging computationally. Analogous challenges arise in solving estimation problems–i.e., computing conditional marginal
distributions for general nonlinear and discrete-valued models or, in the linear-Gaussian case, solving (39)
and determining at least the diagonal elements of the error covariance whose inverse is given in (40). In
particular, in general for such graphical models successive elimination of variables in any order induces ﬁll,
implying both that the set of variables remaining after such an elimination step is Markov with respect to
a graph with additional (and frequently many additional) edges (see, [269]), and that subsequent stages of
computation may be increasingly complex.
As a result of these complications, there has been considerable interest in developing either exact or
approximate, computationally feasible methods for such inference problems. For example, for simple graphs
consisting of a single loop, very eﬃcient non-iterative algorithms exist that are closely related to methods
for solving two-point boundary value problems: One ﬁrst performs two-sweep computations analogous to
RTS computations but ignoring the boundary conditions, e.g., the fact that the two endpoints of the sweep
are linked. A subsequent correction step, taking these boundary conditions into account, then produces the
correct estimates and covariances or the correct likelihood function.30 Also, as described in Section 6.1, it
is always possible in principle to construct exact, non-iterative algorithms for inference on loopy graphs,
essentially by converting them to problems on loop-free graphs with nodes that correspond to groups of
nodes in the original graph. Such methods, which correspond to eliminating groups of variables at once, also
can be found in the linear algebra literature (e.g., so-called nested dissection methods [133]). However, such
exact methods are not computationally feasible for many graphs, and as a result, there has been considerable
interest in developing approximate and/or iterative algorithms as well.
For the linear estimation problem in (39) a variety of methods exist, especially when the underlying
graph, while loopy, is far from fully connected so that the matrix Pe−1 on the left-hand side of (39) is
sparse. For example, solving such an equation [208] for a ﬁrst-order MRF essentially corresponds to solving
(a discretized version of) an elliptic partial diﬀerential equation [208] for which extremely fast algorithms
(conjugate gradient, multipole, etc. [138, 280, 256]) exist. However, these methods do not compute the error
covariances–i.e., either the diagonal blocks of Pe or any of the oﬀ-diagonal blocks–a diﬃculty that we brieﬂy
discussed in Section 4.1. and that also implies that such methods do not allow one to compute likelihood
functions.
The graphical model literature also contains a variety of iterative methods that apply to both linear
and nonlinear/discrete models and that directly yield approximations to the conditional distributions (i.e.,
estimates and covariances in the linear-Gaussian case) and in some cases to the computation of likelihoods.
Among these are the methods based on generating samples from the conditional distribution for the entire
process using techniques such as the Metropolis or Gibbs sampling algorithms [132, 234, 339, 35], which can be
used either to estimate marginal distributions at individual nodes (from which approximate MPM estimates
can be obtained) or as part of a simulated annealing procedure for the computation of the MAP estimate.
Also, a variety of alternative deterministic methods exist. One is the method of iterated conditional modes
(ICM) [36] in which the value at each node is iteratively modiﬁed to maximize the conditional distribution
for that node given the current iteration’s values at its neighbors (a method that reduces to Gauss-Seidel
iteration for the solution of (39)). Others include so-called mean-ﬁeld methods [359] and the rich class of
variational methods, [170, 169]. Another method that deserves mention is that developed in [351] using
the so-called Bethe tree approximation. In this approximation, the computation of statistics at a speciﬁc
individual node is approximated by replacing the original graph by a tree rooted at that node, where each
30 See [4, 5, 258, 141, 210, 260] for a methodology applied to time series, [101] for analogous results for MR trees, and [337]
for results for discrete-state graphical models on single loops.
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path away from the node in the original graph is replaced by a path in the tree. If the path in the original
graph contains a loop and thus goes through some node a second time, the corresponding path in the Bethe
tree passes through a “distinct” node corresponding to a second “copy” of the actual node in the original
graph. Tree algorithms can then be used to compute approximations to the desired statistics.
Several alternate methods for setting boundary conditions on such a tree are described in [351]. If one
uses the particular approach of extending the tree without terminating it at some ﬁnite point, the concept
explored in [351] intersects with a very important class of iterative methods that is widely known in the
graphical model literature and that is the subject of considerable current interest both as an object of
analysis in itself and as a point of departure for developing and understanding other emerging methods.
This is the class of so-called Belief Propagation (BP) [267] algorithms, originally developed in the context of
discrete models. While there are a variety of forms for BP, especially for trees, one version that is introduced
in [267] and that applies to loopy graphs as well is a “message passing” iterative algorithm, in which each
node iteratively passes messages to and incorporates messages from its neighbors. After a single step of the
iteration, each node has information from its nearest neighbors, while the next step includes information from
nodes that are a distance two from the node in question, etc., providing an expanding “sphere of inﬂuence”
for each node as the iteration proceeds.
The key to the algorithm is the method for incorporating successive messages from a set of neighbors
and then generating the next messages to be passed back to the same set of neighbors. Intuitively, a BP
message passing algorithm incorporates each such message assuming that the new information it contains is
independent of previously incorporated information as well as the information provided by messages from
other neighbors. This is the case as long as messages do not propagate around loops of the graph. For a
tree such an algorithm yields the optimal estimate after a number of iterations equal to the diameter of the
tree (so that information propagates from each node to every other node). Thus for a linear or nonlinear
MR model on a tree, this local message passing version of BP represents an alternative to the two-sweep
algorithms described in Section 4.2, with total computational load that is a slightly greater than that of the
two-sweep algorithm (roughly speaking, each of the N nodes performs computations during each iteration,
with the number of iterations corresponding to the diameter of the tree, which, for a balanced tree such
as in Figure 1, is on the order of log N ). Furthermore, as elucidated in [332], for a tree BP also provides
all of the parameters needed to construct factorizations of the distribution of the entire graphical process,
providing the basis for both eﬃcient likelihood function computation and the construction of equivalent
directed models for any choice of root node.
When BP is applied to a graph with loops, the sets of information provided by diﬀerent neighbors
and on successive iterations are not independent, since, for example, a message sent by some node will be
incorporated into a succession of messages that eventually make their way back to the originating node
through a loop in the graph. Such dependencies are not accounted for in the BP inference computations, so
that, roughly speaking, information is counted multiple times as it propagates around loops in the graph.
As a result, BP may not converge, and if it does converge, it will typically not converge to the correct
statistical answers. Nevertheless, empirical success of this algorithm in a number of applications, including
turbo-decoding [7, 236, 278] and artiﬁcial intelligence, as well as known failures of BP in other cases, has led
to an intensiﬁcation of eﬀorts to analyze BP and to develop enhancements and variants of it [285, 334, 332,
338, 337, 357]. For example, as shown in [338, 285], BP applied to the approximate solution of the linearGaussian estimation problem in (39) and to the simultaneous approximate computation of the diagonal error
covariance blocks of Pe may or may not converge. If it converges, the estimate x̂s will, in fact converge to
the exact solution to (39). However, the computed approximations to the error covariances do not converge
to the correct values (and typically underestimate the size of the estimation errors.)
As this discussion indicates, the complexity of inference on graphs with loops has sparked a considerable
body of research and very active lines of inquiry, both to develop new algorithms and also to analyze the
performance of existing procedures. In Section 7 we return brieﬂy to this topic to describe several lines
of current inquiry that exploit the eﬃciency of inference on trees in order to develop new algorithms for
inference on more complex graphs.
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5

Some Orientation: Wavelets, Multigrid, and Inverse Problems

As we pointed out in the Introduction, MR methods span a very broad array of concepts and approaches,
and in this section we examine several other components of this large ﬁeld. Our objective in doing this is to
help the reader both navigate through this larger domain and understand how these other lines of inquiry
relate to the MR models and algorithms on which we focus.

5.1

Wavelets

The use of wavelets [86, 329, 228] to analyze stochastic processes is, perhaps, the most familiar concept that
comes to mind when the idea of MR analysis of stochastic processes is raised. Much of the reason for this
stems either from analyses that demonstrate that wavelet transforms provide substantial decorrelation of
important classes of processes such as fBm [117, 293, 346, 114, 83, 146, 100, 102, 176, 191, 154, 137, 273,
235, 69, 360, 320] or from constructions of processes using wavelet synthesis [350, 349, 62, 346, 347, 348, 114,
358, 275, 151, 100, 80, 83]. In this section we take a brief look at some of the relationships between wavelets
and MR models on trees, a subject we have divided into two components. The ﬁrst of these describes a
set of important examples that are explicitly in the form of MR models on trees with variables at nodes
corresponding to individual detail or scaling coeﬃcients of a wavelet decomposition of a signal or image.
The second focuses on the interpretation of wavelet synthesis as a coarse-to-ﬁne, scale-dynamic system, a
viewpoint that has also received signiﬁcant attention in the literature but whose explicit connection to tree
models (a topic we defer to Section 6.2) is not as obvious.
5.1.1

Elementary wavelet models on trees, hidden Markov models, and wavelet cascades

The fact that wavelet coeﬃcients of many stochastic processes are nearly decorrelated leads directly to a
ﬁrst, elementary method for multiresolution modeling in which we simply assume that these coeﬃcients are
completely decorrelated. Such an approach, for example, was proposed and developed in [350, 346, 347] for
the modeling of fractal Gaussian processes. Such models can be trivially identiﬁed with simple MR models
on trees, in which individual detail coeﬃcients serve as the variables that populate nodes at diﬀerent levels
of the tree. For example, for a 1-D signal and the dyadic tree of Figure 1(a), each node s corresponds
to a particular scale m and shift n, and the coeﬃcient placed at that node would be the detail coeﬃcient
corresponding to that scale and shift. Identifying that variable with the state x(s) of a linear MR model
leads to a model as in (6) with A(s) = 0, capturing the fact that in this very simple model all coeﬃcients are
independent and Gaussian. In the 2-D case, using the quadtree in Figure 1(b), each node corresponds again
to a scale and a 2-D shift, and the variables resident at each node are the three detail coeﬃcients associated
with that scale and shift.31 Once again, taking A(s) = 0 implies that the coeﬃcients are independent from
node to node. If we also take the covariance Q(s) of w(s) to be diagonal (as is often done in the literature),
we then have that each of the coeﬃcients at each node is independent of the others.
While the class of MR models described in the preceding paragraph have degenerate coarse-to-ﬁne dynamics, it serves as a useful point of departure for the examination of other wavelet-based model constructs.
A ﬁrst of these involves an issue of great importance in image processing applications in particular, in
which wavelet coeﬃcients, while often nearly decorrelated, are most deﬁnitely neither Gaussian nor independent. In particular, as discussed by many authors (e.g., [299, 300, 157, 46, 250, 218]), the distribution
of wavelet coeﬃcients tends to be highly kurtotic and have heavy tails–resulting from the fact that many
coeﬃcients come from relatively smooth regions of an image and thus are quite small, while others, corresponding to locations of edges, can be very large. Furthermore, as is also discussed in the literature (e.g.,
[296, 299, 80, 300, 46, 333]), large wavelet coeﬃcients generally form cascades that are localized in space and
propagate across scale, reﬂecting the presence of edges. Indeed so-called embedded zerotree approaches to
image coding [296] take explicit advantage of these properties of wavelet coeﬃcients.
31 As is standard in wavelet analysis of images, these three coeﬃcients correspond to (a) high frequency detail in both
dimensions; (b) low frequency in the horizontal and high in the vertical; and (c) high frequency in the horizontal and low in
the vertical.
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A class of MR models that captures the non-Gaussianity of wavelet coeﬃcients but not their dependence
involves a simple modiﬁcation to the model described previously. In particular, we still use (6) with A(s) = 0,
but we use a non-Gaussian, distribution for w(s). One possibility is a heavy-tailed distribution from the
class of so-called generalized Gaussian distributions [41, 250], of the form Kexp{−|x|a }, with 0 < a < 2.
An alternate class of choices for the distributions of w(s) are mixture distributions [218, 80]. For example,
one of the simpler models introduced in [80] consists of modeling wavelet coeﬃcients as independent with
distributions consisting of ﬁnite weighted Gaussian mixtures. Such a model, while not truly heavy tailed
(since the Gaussian fall-oﬀ is still present as | x |→ ∞), can capture a substantial range of non-Gaussian
behavior. For example, a very simple two-component mixture (consisting of low-variance and high-variance
Gaussians) is used in [80]. Note that in this case, we can think of each node of the tree as having a hidden
variable in 1-D or a set of three hidden variables in 2-D corresponding to the random choices of which mixture
component is used for each wavelet coeﬃcient. Alternatively, as discussed in [333] (see also [46, 300, 308]) one
can obtain a rich variety of truly heavy-tailed distributions as so-called “scale mixtures”–i.e., by multiplying
a unit mean Gaussian random variable by a positive random variable, generated as a nonlinear function of
a second independently drawn Gaussian random variable. Both of these Gaussians are, in essence, hidden
variables, as it is only the heavy-tailed product that is observed. Optimal estimation for any of the choices
of distribution mentioned in this paragraph corresponds to performing nonlinear operations on individual
wavelet coeﬃcients. Among the algorithms that result from such models are so-called wavelet shrinkage
algorithms [104, 301, 57, 2, 68, 330, 49, 192, 251, 193].
As described in [80], such independent mixture models result in very simple nonlinear operations on
individual wavelet coeﬃcients for optimal estimation. Moreover, both the discrete-state hidden models as
well as the continuous ones in [333] open the door to building MR models on trees that not only capture
the non-Gaussianity of wavelet coeﬃcients but also the dependencies displayed by these coeﬃcients in real
imagery. A number of approaches to capturing such dependency have been developed (see, e.g., several
contributions in [251]). One method is described in [155], where wavelet shrinkage is ﬁrst used to obtain a
coarse estimate of denoised wavelet coeﬃcients, and once these denoised coeﬃcients are subtracted from the
observed data a linear MR model is used, together with the two-sweep algorithm in Section 4, to estimate
smaller-scale ﬂuctuations. Other approaches attempt to capture directly cascade behavior in which the
occurrence of a large wavelet coeﬃcient at one scale implies that nearby coeﬃcients at other scales are also
likely to be large. The following example illustrates one important method for accomplishing this:
Example 6. In a series of papers [80, 261, 59, 281, 282] a methodology is developed for signal and image
processing applications based on so called Hidden Markov Trees. The basic idea behind these models builds
on the Gaussian mixture model just described. In particular, the MR model in this case is a ﬁnite-state
model as described in Example 3. In the basic version of this model, each state x(s) consists of either a single
binary random variable (for 1-D signals) or a set of three binary random variables (for 2-D), which correspond
to choices of low-or high-variance Gaussians for the corresponding wavelet coeﬃcients. In order to capture
cascade eﬀects of large wavelet coeﬃcients, one can choose the parent-to-child transition probabilities so that
the choice of “high” at a parent node makes it likely that “high” will be chosen at a child node. The wavelet
coeﬃcients are then modeled as being conditionally independent given the value of the corresponding discrete
state x(s). Given such a model the discrete-state version of the two-sweep estimation algorithm described
in Section 4 can be directly applied in order to perform image denoising. Figure 11 depicts the result of
applying this methodology to the noisy image depicted in Figure 3(b) using a set of complex-valued wavelets
[186] chosen to minimize the problem of non-shift-invariance that arises with the use of decimated wavelet
decompositions [282]. Comparing Figure 11 with the Wiener ﬁltering results in Figures 3 (c) and (d), we
see visually that the nonlinear processing inherent to the MR Hidden Markov Tree model leads to excellent
noise rejection without the blurring evident in the linear Wiener ﬁlter.
We also refer the reader to [333] in which the cascade and heavy-tailed behavior of image wavelet coefﬁcients are captured through the use of a linear MR Gaussian model as in (6) for the hidden state, where
the measurement model involves multiplying a nonlinear function of this hidden state with a white noise
sequence to produce a model for the actual wavelet coeﬃcients. These coeﬃcients, then, are uncorrelated
but not independent and, in fact, display the same type of cascade behavior seen in real imagery. Furthermore, as mentioned previously such a model can capture truly heavy-tailed distributions. Estimation for this
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nonlinear model, however, requires iterative relinearization. Thanks to the linear MR model for the hidden
variables, each iteration can be performed eﬃciently using the two-sweep algorithm described in Section 4.
The idea of using multiplicative models to capture cascades in multiresolution decompositions actually
has its own rich literature, in areas ranging from mathematical physics and the study of random cascades
and multifractals [136, 15, 94] to multiscale models for counting processes [322, 188, 261, 263] to multifractal
cascade models for communication network traﬃc [279]. One example of such a model (in which the state
variables at each node are scaling rather than wavelet coeﬃcients) is described in Example 7 in Section 5.3.
The lack of shift-invariance associated with decimated wavelet representations has led a variety of authors
[298, 72, 203, 270, 282, 333] to consider alternatives generally involving the use of overcomplete, undecimated
wavelet representations in 1-D and overcomplete “steerable” pyramids in 2-D that allow one to avoid artifacts
due to a lack of rotational invariance as well. The use of such overcomplete representations, however, implies
that any faithful statistical model must capture the fact that there are constraints among the coeﬃcients in
this representation. Since including such constraints greatly complicates any statistical model, it is common
in practice to ignore them and thus to use a model that produces estimates of sets of variables that are
inconsistent in that they do not correspond to the coeﬃcients in the overcomplete representation of any
signal. In practice a variety of methods for projecting such estimates onto a consistent set–or, equivalently,
for directly reconstructing a signal given these estimates–have been developed and we refer the reader to
the references cited previously in this paragraph. Note also that this inconsistency is closely related to the
concept of internal models ﬁrst introduced in Example 1 and discussed further later in this section and in
Section 6.2.
Finally, there is also a substantial body of work on so-called adaptive representations (e.g., [73, 229, 52,
228, 192, 193]) using entire families or “dictionaries” of bases, which taken together generally form vastly
overcomplete sets. The objective in each of these methods is to select one basis from this collection that
leads to the “best” representation–in terms of maximal decorrelation among and/or sparsity in the resulting
expansion coeﬃcients for the signal in question. The argument can be made that such an approach produces
a tree-structured signal decomposition in which the correlation or dependence among coeﬃcients in the tree
is minimized. As a result, using such an optimized representation can improve the accuracy of a resulting
MR model for the signal–e.g., the trivial linear model (with A(s) = 0) or a more complex model such as one
using Hidden Markov Trees.
5.1.2

Scale-recursive models based on wavelet synthesis

We now turn to an alternate approach to using wavelets in scale-dynamic models. A ﬁrst method, described
by several authors [137, 62, 100] is based on the wavelet synthesis equation. Speciﬁcally, let xm denote the
vector of all scaling coeﬃcients at the mth scale in an orthogonal wavelet decomposition, and let wm denote
the corresponding vector of wavelet coeﬃcients at the same scale. Then, assuming that we use a compactly
supported wavelet, corresponding to a particular pair of wavelet and scaling ﬁlters [86, 329, 228], the wavelet
synthesis equation can be written as a scale-to-scale recursion:

xm+1 = Hm xm + Gm wm

(44)

where Hm and Gm are matrices corresponding to the conjugate ﬁlter pair for the particular wavelet decomposition chosen, and where the ﬁrst term on the right-hand side corresponds to the coarse-to-ﬁne interpolation
of scaling coeﬃcients and the second to the insertion of the additional detail at that next ﬁner scale.32
Eq. (44) is the starting point for several important observations and investigations. The ﬁrst involves
its direct use in both multiscale modeling and estimation when the wavelet coeﬃcients are modeled as
32 Note that in the representation of 1-D signals, x
m+1 has twice the dimension as xm , each corresponding to the full set of
variables at the corresponding level of a pyramidal representation. In 2-D the number of coeﬃcients increases by a factor of 4
as we move from one scale to the next ﬁner scale. For this reason the linear operators Hm and Gm are rectangular and also
have dimensions that vary with scale.
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being white noise. In this case, estimation based on such a model given noisy measurements of the wavelet
coeﬃcients corresponds to a standard scale-recursive Kalman ﬁlter with state at scale m corresponding to the
entire vector of scaling coeﬃcients xm . Note that this model allows the direct fusion of nonlocal measurements
as long as they correspond to observations of individual wavelet or scaling coeﬃcients [62, 151, 100].
Second, one can do better than this in both modeling and estimation by taking any residual correlation
into account. Indeed several authors have considered methods for doing this [358, 275, 146, 85], and (44)
suggests a very simple method of this type, similar to an approach described in Section 6.2. In particular,
suppose that the objective is to construct a model as in (44) so that the ﬁnest scale process has covariance
that closely approximates a given covariance (e.g., of fBm). Since the coeﬃcients xm and wm are the scaling
and wavelet coeﬃcients of the ﬁnest scale process, xM , we can directly use the speciﬁed, desired statistics
of this ﬁne-scale process to determine the statistics of the coeﬃcients at coarser scales. For example, such a
computation can be used to determine the variances of the wavelet coeﬃcients wm . If we then ignore any
correlations–i.e., if we use these computed variances but otherwise assume that the wm are white–we obtain
an approximate model of the type we have already described. However, it is easy to obtain a more accurate
approximation analogous to (44) without any increase in dimensionality. Speciﬁcally, suppose that rather
than assuming that the wm are white, we make the weaker assumption that xm forms a Markov sequence
in scale. In this case, we can capture any correlation between wm and xm by writing:

wm = Lm xm + µm

(45)

where Lm xm is the best estimate of wm based on xm and where µm is uncorrelated with xm and, in fact, is
a white sequence in scale under the assumption that xm is Markov. Further, both Lm and the covariance of
µm are directly computable in terms of the target ﬁne-scale statistics. Substituting (45) into (44) we obtain
the following dynamic model:

xm+1 = (Hm + Gm Lm )xm + Gm µm

(46)

which represents a more accurate approximation as it captures some of the residual correlation among
wavelet and scaling coeﬃcients. Of course one can consider higher-order approximations (e.g., modeling xm
as a higher-order Markov process in scale), although such approximations will require deﬁning a “state”
for recursive estimation that consists of several successive resolutions of scaling coeﬃcients. Similarly, by
attaching a hidden Markov tree to µm we can, in principle, synthesize the approach described here with that
introduced in Example 6, a possibility that to date has not been examined in the literature.
In addition, other nonlinear variations of this type of structure can be found in [125, 124] in which the
estimation of wm based on xm takes on a form that is in some sense both more general and more restrictive
than (46). In particular, in the models in these references, the individual detail coeﬃcients comprising wm
are assumed to be conditionally independent when each is conditioned on a speciﬁed window of neighboring
scaling coeﬃcients (i.e., a corresponding subvector of xm ). Both the dependence of each such coeﬃcient on
only a local window of scaling coeﬃcients and the resulting conditional independence of the entire vector
of coeﬃcients represent what in principle are restrictions compared to the general form of (46), although
such restrictions are generally required in order to obtain computationally tractable models (e.g., we will see
something similar in Section 6.2). What is more general in [125, 124] is that the conditional distribution for
each component of wm is modeled as Gaussian, with mean and variance that are nonlinear functions of the
window of neighboring scaling coeﬃcients (see Section 6.3.3 for a further brief discussion).
Note that both of the models (44) and (46) represent consistent models in that the values of the vectors
xm and wm are, with probability 1, the scaling and wavelet coeﬃcients of the ﬁnest scale process xM .
However, as discussed in [62], it is also possible to specify models that do not have this consistency but
which still exploit wavelet structure. In particular, a model studied in [62] is the following variant of (44):
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xm+1 = Hm xm + wm

(47)

where wm is white noise. We note here only that the additional degrees of freedom in models such as (47)
provide additional ﬂexibility–and hence the potential for greater accuracy– in approximating the statistics of
any process. However, while examples exist demonstrating the potential of such models (see, e.g., [223, 111]
and the discussion in Section 6.2) exploiting this ﬂexibility in a systematic fashion remains an open problem.
What is true, however, is that estimation for such models admits eﬃcient solution in exactly the same cases
as for (44) and (46).
In particular, note that the dimensions of the state variables in (44) and (45) are substantial, corresponding to all of the scaling coeﬃcients at a single scale. As a result, direct implementation of Kalman
ﬁltering equations is prohibitively complex for signals or images of even modest size. However, as discussed
in [62], if the data that are available are either independent-noise-corrupted measurements of the wavelet or
scaling coeﬃcients or can be transformed into this form, the Kalman ﬁlter can be implemented in decoupled,
diagonalized form using the wavelet transform. One case in which this occurs is if there are dense measurements of the process at one or more scales, corrupted by independent additive noise of variance that can
vary from scale to scale but is constant at each scale. In this case, application of the wavelet transform to
these data transform them into independent measurements of individual wavelet coeﬃcients.33 On the other
hand, if the available data are sparse or irregularly sampled or simply have varying noise variances within
any scale, the wavelet transform does not yield such a simpliﬁcation, and the complexity of the Kalman ﬁlter
associated with these models becomes prohibitive. One of the reasons for this apparent complexity is that
the models (44) and (46) do not correspond to MR models on trees, while (47) does only for the case of the
Haar wavelet. Fortunately, however, a more careful, component-by-component look at the structure of the
wavelet synthesis equation–and a very diﬀerent deﬁnition of the MR state–does indeed allow us to construct
MR models on trees such as in Figure 1. The construction of such wavelet-based models is described in
Section 6.2.3.

5.2

Multigrid and Coarse-to-Fine Algorithms

In this section we discuss several classes of algorithms using multigrid and coarse-to-ﬁne algorithmic structures. With the exception of the last few approaches we describe, these methods are fundamentally diﬀerent
from those on which we focus in this paper. For that reason we will be rather brief in our descriptions and
not as exhaustive in our review of the literature.
Most of the algorithms that fall within the category on which we focus here correspond to problems
that can originally be described at a single, ﬁnest resolution–i.e., the data and desired estimates are only
available or required at that single resolution. For a variety of reasons, however, direct solution of that
single-resolution problem is either too complex to consider directly or is subject to large numbers of local
minima many of which are far from the optimal solution. The general idea of coarse-to-ﬁne methods for such
problems is to construct approximate, coarser versions of the problem (typically at multiple resolutions) and
to use the solution of the coarser, and hopefully simpler, problems to guide solutions at ﬁner (and eventually
the ﬁnest) scales. Perhaps the simplest examples of such approaches are to problems in which the spatial
phenomenon to be estimated is not modeled as a random ﬁeld but rather is simply viewed as an unknown,
which is represented in a multiresolution fashion to allow coarse-to-ﬁne algorithms for maximum likelihood
estimation. One example of such an approach is given in [63] in the context of an inverse conductivity
estimation problem, in which the unknown conductivity ﬁeld is modeled as piecewise constant at a sequence
of resolutions from coarse-to-ﬁne (corresponding to Haar wavelet approximations), and the solution of the
problem at one resolution is used as an initial condition for the solution at the next ﬁner resolution. Similarly,
coarse-to-ﬁne approaches for the detection and localization of signiﬁcant anomalies (modeled as unknowns)
33 We refer the reader to [110] for a signiﬁcant extension of these ideas to a construction using wavelet packets [73] rather
than wavelets and in which taking the wavelet packet transform of dense measurements at one or more scales transforms the
problem into a set of almost-decoupled MR tree estimation problems, coupled only through a common root node.
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in a background ﬁeld (modeled as a random ﬁeld) [245, 120] have been developed to allow eﬃcient zooming
in on features of interest.
There is also an extensive literature on the use of MRF models34 together with either full multigrid
computational algorithms or purely coarse-to-ﬁne algorithmic structures. Examples of the former can be
found in [319, 70, 109, 356], where the treatment in [319] represents what to the author’s knowledge is
the ﬁrst thorough examination of the application of multigrid methods to image processing/computer vision
problems. Full multigrid methods, such as those used in [319] and discussed in much more depth in references
devoted to the subject such as [44, 45], involve both coarse-to-ﬁne and ﬁne-to-coarse operations in an iterative
algorithmic structure. The idea in the coarse-to-ﬁne step is essentially the same as for the methods described
in the preceding paragraph: We interpolate a coarser approximation of the estimate to the next ﬁner scale to
provide a starting point for the optimization at that scale. Various types of interpolation can be used. For
example, there is the general class of wavelet-based interpolation schemes, in which the interpolation from
one scale to the next involves simply propagating a scaling coeﬃcient from one scale to the next ﬁner one with
the corresponding detail coeﬃcient set to zero (e.g., (44) with wm set to 0). In other interpolation schemes,
the coarser variables might simply represent subsampled versions of the ﬁeld, with sparser subsamplings at
coarser scales. In this case the coarse-to-ﬁne interpolation might correspond to replication or to something
more complicated such as bilinear interpolation.
As discussed in [44, 45], the ﬁne-to-coarse operations in multigrid reﬂect the fact that in most applications
of multigrid, the problem that is actually solved at a coarser scale represents an approximation to the
original problem. For example, in approximating the solution to partial diﬀerential equations (as often arise
in continuous-space MRF estimation problems [208]), derivatives at each scale are replaced by diﬀerences.
Such approximations suﬀer from aliasing errors, which can, in principle be reduced once we have estimates
at the next ﬁner scale. Indeed, as discussed perhaps for the ﬁrst time in [209], a general interpretation
of multigrid algorithms as applied to random ﬁeld estimation is that at each resolution such an algorithm
computes the optimal estimate assuming that there is no ﬁner scale detail in the ﬁeld–i.e., that the coarseto-ﬁne interpolation process is exact so that any ﬁner-scale detail coeﬃcients are 0. For example, if we were
to assume that an image is constant over a 2x2 block of pixels, then noisy measurements of those 4 pixels
would simply be averaged in computing the corresponding optimal estimate at that resolution. However, if
we subsequently have available ﬁner-scale estimates, which in general will vary over these coarser 2x2 blocks,
this ﬁne-scale detail could then be used to correct for the erroneous averaging at the coarser scale, allowing
new, coarser-scale estimates to be computed. This is exactly what the ﬁne-to-coarse multigrid correction
step does.
In a number of other MRF estimation algorithms [135, 40, 145, 257, 144, 140, 195, 126] the full multigrid
structure is not used, and only coarse-to-ﬁne operations are performed. In some of these (e.g, see [40, 145,
144, 140]) the problems that are solved at coarser scales correspond exactly to the original problems but
with a constrained set of allowed reconstructions (e.g., ﬁnding the optimal estimate among all ﬁelds that are
piecewise constant at each resolution), while in others this is not the case.
While it is certainly possible to view such coarse-to-ﬁne algorithms as purely computationally-motivated
constructs, [209] makes clear that there are statistical interpretations of at least some of the computations
and representations embedded in such algorithms. As a result, a number of authors [164, 200, 144, 269] have
looked in more detail at the following question: Suppose we begin with an MRF model at the ﬁnest resolution;
what is the corresponding statistical structure of a coarsened version of the ﬁeld (e.g., corresponding to a
coarse wavelet approximation or to a subsampled version of the ﬁeld)? As discussed in [145, 144, 140] (and as
can be inferred from the discussion in [40]), if one begins with a nearest-neighbor MRF in 2-D and then uses
Haar-based coarsening–i.e., block-averaging at a set of increasingly coarse scales–then each of these coarser
ﬁelds is also a nearest-neighbor MRF.35
34 In some of these treatments, e.g., [319], MRF models are not explicitly discussed. However, the regularization formulations
used, which involve variational penalties on the reconstructed ﬁeld (e.g., on smoothness), have direct interpretations as MRF
models. See Section 6.2.1 for more on this.
35 This is closely related to the fact, mentioned in the preceding paragraph, that these methods produce exact, solutions to
the original estimation problem at each resolution under the constraints that there is no ﬁner-scale detail present in the random
ﬁeld.
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However, as discussed in detail in [269, 164, 200], in all but a special set of circumstances, coarser-scale
ﬁelds resulting from other coarsening procedures such as subsampling [200, 195] and so-called renormalization
group methods [135, 257, 131, 99] do not have such simple exact descriptions–and indeed may correspond
to graphical models with fully connected graphs. In such cases, what are generally used at coarser scales
are approximations to the exact statistics of the coarsened representation that are much more tractable
computationally. For example, methods for constructing MRF models that represent optimized approximations for such coarsened ﬁelds are described in [200, 195], while [135] and other renormalization approaches
use statistical methods as a means of averaging over ﬁner-scale ﬂuctuations in order to construct approximate coarser-scale MRF models. Using such approximate models implies that the problems being solved
at coarser-scales are only approximations to (rather than constrained versions of) the ﬁnest-scale problem.
Of course this is completely consistent with the philosophy of multigrid, in which coarse-scale computations
are of no intrinsic interest in themselves but rather serve the purpose of helping to guide the ﬁner-scale
computations.
As the preceding discussion makes clear, in all of the multigrid/coarse-to-ﬁne image processing and random ﬁeld estimation algorithms described so far (and in the vast majority of such methods in the literature),
coarse-scale representations of the phenomenon of interest are introduced primarily for computational purposes, and any explicit or implied statistical structure is isolated from scale to scale–i.e., there is no single,
consistent statistical model across scale. As a result, these methods are rather diﬀerent from those on which
this paper focuses. However, there are several investigations that both fall into the general category of multigrid or coarse-to-ﬁne procedures and do involve random quantities at multiple resolutions that are explicitly
linked statistically across scale through a graphical model. One such example using MR models on trees for
coarse-to-ﬁne SAR segmentation can be found in [119]. Another, which involves graphs other than trees for
image segmentation is that originally developed in [42] (see also [323, 183, 53]), which we describe and illustrate in Section 7. In addition, there are several other such modeling frameworks described in the literature,
including those in [179, 180], in which the basic graphical structure superﬁcially resembles the quadtree of
Figure 1(b), except that there are also edges within each resolution–so that each scale by itself has connectivity exactly as with a MRF (e.g. nearest-neighbor edges for ﬁrst-order models or larger neighborhoods for
higher-order dependencies at each resolution). Such a graph has complexity36 that is considerably greater
than a single-scale ﬁrst-order MRF, and methods such as simulated annealing need to be applied in order
to obtain solutions. In fact the authors of [179, 180] develop multi-temperature, multiresolution annealing
algorithms and demonstrate that there are potentially some advantages to this approach that result from the
usual multigrid/coarse-to-ﬁne philosophy of using coarser grids to guide solutions at ﬁner ones. We also refer
the reader to other multiresolution models [289, 212, 125, 74, 127, 213] that involve structures other than
trees, together with algorithmic structures that are reminiscent of multigrid and coarse-to-ﬁne procedures.
One ﬁnal point to make about the methods mentioned in the preceding paragraph concerns the modeling
of the measurements. One of the critical properties of the graphical estimation problems and algorithms
discussed in the preceding sections is the assumption that each observation consists of a measurement of the
state at a single node on the graph corrupted by independent noise. If this is not the case, then the actual
graphical structure of the estimation problem must reﬂect the additional dependencies introduced by the
measurements. In some methods, such as [42], the assumption of conditional independence is clearly satisﬁed,
as all of the measurements are of individual ﬁnest-scale pixels. However, in others, such as [179, 180, 74, 213],
the original ﬁnest-scale measurements are transformed–e.g., simply by replicating the same measurements
at diﬀerent resolutions, by transforming the raw data using wavelet transforms, or by extracting features at
multiple resolutions. Furthermore, the algorithms in these papers implicitly assume that these transformed
data are conditionally independent, a condition that in some cases (e.g., measurement replication) is clearly
not true and in others represents an implicit assumption of whitening resulting from wavelet transformation
or feature extraction.
36 Where “complexity” can be assessed in terms of the loop structure of the graph or, more precisely, in terms of the complexity
of the associated junction tree–see Section 6.1
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5.3

Multiresolution Algorithms for Inverse Problems

In this section we take a look at multiresolution algorithms for inverse problems, i.e., problems in which
the measurements are nonlocal functions of the random ﬁeld to be reconstructed. Inverse problems span a
broad array of applications and mathematical formulations, and the literature investigating their properties
and developing methods for their solution is equally vast (see, for example, [33]). Many of the problems
and methods in this ﬁeld have no or at most tangential connection with the MR statistical models and
processing algorithms with which we are primarily concerned. Consequently our discussion here is brief,
focusing exclusively on aspects of work in this area that intersects with the main themes of this paper.
As a ﬁrst comment, we note that multiresolution methods for inverse problems have signiﬁcant overlaps with the topics of both of the preceding sections. For example, the use of multigrid or coarse-to-ﬁne
algorithms to combat problems of computational complexity and local minima is well-documented (with
[63, 215, 289, 290, 126, 125, 356] representing examples). As for the use of wavelets, the motivations include
not only the fact that wavelets decorrelate many stochastic processes but also that in many cases they lead
to signiﬁcant sparsiﬁcation of the nonlocal operator relating the measurements and the underlying random
ﬁeld which we wish to reconstruct. For example a number of authors [271, 286, 264, 95, 38, 276, 287, 361]
have exploited this fact in the speciﬁc context of tomographic reconstruction in order to develop deterministic inversion algorithms that are either very eﬃcient or that allow fast high-resolution reconstructions of
localized regions. Also, a number of authors [103, 335, 246, 248, 247, 362, 305, 39, 107] have used both the
decorrelation and sparsiﬁcation properties of orthogonal wavelet decompositions in order to develop statistical reconstruction algorithms for tomography, deblurring, and other inverse problems. For the most part
such methods involve the use of the simplest class of statistical models described in Section 5.1, namely
those resulting from assuming that the wavelet coeﬃcients are uncorrelated random variables. If one were
then also to assume that the wavelet transform truly diagonalized the measurement operator, the associated
measurement model would have the form of (19) corresponding to uncorrelated measurements of individual
wavelet coeﬃcients.
Given the discussion in Section 5.1, an obvious variation of such methods is one in which we use
wavelet shrinkage techniques–e.g., corresponding to modeling the wavelet coeﬃcients as independent but
non-Gaussian random variables. Several such methods have been developed (see, for example, [244]), but
the predominant use of wavelet shrinkage for inverse problems, introduced and popularized by Donoho [105],
uses a variation, known as the wavelet-vaguelette decomposition (WVD). As shown in [105] and in other
references in this area (see, e.g., [187, 3, 206]), WVD’s can be designed for important classes of inverse
problems (including tomography). Such decompositions correspond to using an orthogonal wavelet decomposition for the random ﬁeld to be reconstructed and a biorthogonal basis for the measurement domain that
together exactly diagonalize the measurement operator. Shrinkage in this transformed domain then corresponds to projecting the measurements onto the nonorthogonal measurement basis, shrinking component
by component, and then reconstructing using the orthogonal image domain basis. As with other shrinkage
applications, these algorithms have important asymptotic optimality properties, many of which are related
either explicitly or implicitly to the heavy-tailed nature of wavelet coeﬃcients of imagery.37 We refer the
reader to the references for details.
While some of the approaches described in the preceding paragraphs can be interpreted as employing
degenerate MR models (i.e., in which A(s) = 0 in (6) and where w(s) is modeled as either Gaussian or
heavy-tailed), there are other statistical approaches to inverse problems that involve more complex MR
models. One that suggests itself based on the development in Section 5.1, but that, to our knowledge has
not been explored, is to combine models that capture cascade behavior in wavelet coeﬃcients (e.g., as in the
Hidden Markov Trees described in Example 6) with the WVD decompositions described in the preceding
paragraph. A second that has been studied in detail is that in [125, 124] which uses nonlinear models (as
brieﬂy introduced in Section 5.1 and again in Section 6.2) that relate wavelet and scaling coeﬃcients across
37 Note

that shrinking individual coeﬃcients of WVD decompositions implicitly corresponds to assuming that these transformed measurement coeﬃcients are independent (see, e.g., [206] for an explicit discussion of this and related issues). While this
is a perfectly valid probabilistic model–and one that leads to impressive results for many applications–it is worth noting that
if the measurements are corrupted by white noise, the coeﬃcients of the measurement expansion are not exactly uncorrelated
since the basis used is not orthogonal (but rather is half of a biorthogonal pair).
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scale in a pyramidal graphical structure that is generally more complex than a tree, leading the authors to
employ an iterative estimation algorithm for the tomographic reconstruction problem on which they focus.
Also, while the random ﬁeld model that is used in that work is a multiresolution model in the wavelet domain,
the reconstruction for the tomographic reconstruction problem is performed directly in the image domain (to
ensure positivity of the reconstruction), using the full nonlocal tomographic measurement operator so that
the measurements are not local with respect to the nodes of this graph (which implies that the estimation
structure is quite diﬀerent than that described in Section 3).38
While the examples described so far in this section are only tangentially related to MR models on trees
or can be interpreted as involving degenerate MR models, there are also investigations that make much more
explicit and substantive contact with the primary focus of this paper. One such example, involving Poisson
data and multiplicative scale-to-scale dynamics is illustrated in the following example.
Example 7. In this example we take a brief look at MR models introduced and studied in [261, 322, 188]
in the context of Poisson measurements and in [279] for the modeling of traﬃc in communication networks.
The idea of modeling counting processes at multiple resolutions has a substantial history, including a number
of examinations of models for self-similar counting processes for a variety of applications [311, 231, 165, 318,
221, 201, 202].
The models introduced in [322, 188] make use of very simple properties of Poisson counting processes,
namely the facts that (a) the numbers of counts of such a process over non-overlapping intervals are independent; and (b) the sum of independent Poisson random variables is also Poisson. For a 1-D Poisson
process over a time interval I these properties suggest a simple “dyadic partitioning” [188] of the interval in
which we construct a MR tree exactly as in Figure 1(a) in which each node is identiﬁed with a corresponding
dyadic subinterval of I (so that, for example, the nodes sα1 and sα2 in Figure 1(a) correspond to the two
halves of the interval corresponding to their parent s). The variable, x(s) placed at each node is then simply
the number of counts over that subinterval. These variables have an obvious ﬁne-to-coarse relationship, i.e.,
x(s) is the sum of the two child values, x(sα1 ) and x(sα2 ), so that this model is what we have termed
internal since the value at each node is a deterministic function of its descendents. This leads directly to a
coarse-to-ﬁne model, reﬂecting the fact that x(sα1 ) and x(sα2 ) are complementary fractions of x(s):

x(sα1 ) = δ(s)x(s)

(48)

x(sα2 ) = [1 − δ(s)]x(s)
where δ(s) is a random variable, independent from node to node, taking on values between 0 and 1. As
discussed in [322, 188, 263], the conditional distribution for each child conditioned on its parent is a binomial
distribution with parameter corresponding to the “fractional rate” of counts in one half interval versus the
other. That is, if we let λ(s) denote the mean of the number of counts over the interval corresponding to
node s, then

p(x(sα1 ) | x(s), λ(s), λ(sα1 )) = B x(sα1 ) | x(s),

λ(sα1 ) 
λ(s)

(49)

where B(m | n, ρ) is the binomial distribution

B(m | n, ρ) =

 
n m
ρ (1 − ρ)n−m
m

(50)

38 In [289, 290] some of these same authors develop an alternate MR modeling framework that works directly with MR pixels
as state variables rather than wavelet and scaling coeﬃcients. The approach to tomographic reconstruction in these references
involves a coarse-to-ﬁne/multigrid algorithm in which the data are used at each resolution to perform estimation assuming that
the ﬁner scale detail is absent, and a simple scale-to-scale pyramidal MR model. This graphical structure and the algorithms
used are closely related to the one introduced in [42] which is illustrated in Example 10 in Section 7.
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Thus, if the rate function of the Poisson counting process were known, (48) would be a simple MR tree
model for x(s).39 However of central interest for Poisson estimation and imaging applications is the case in
which the rate function λ(.)itself is random and is to be estimated from the observations of the count process
x(s). Since the mean of the sum of Poisson random variables is the sum of their individual means, the
count function λ(s) also has the same additivity property as the count process. Thus, we have the following
parent-child relationships for the rate as well:

λ(sα1 ) = ρ(s)λ(s)

(51)

λ(sα2 ) = [1 − ρ(s)]λ(s)
where ρ(s), which takes on values between 0 and 1, is precisely the fractional rate λ(sα1 )/λ(s) appearing as
the binomial parameter in (49).
To complete the formulation of the problem of estimating λ(s) given observation of x(s), we need to
specify the distributions for the independent random variables ρ(s), as well as the random variable λ(0)
corresponding to the total mean count over the entire interval. As discussed in [322, 188, 263], a particularly
judicious set of choices are to model λ(0) with a gamma distribution and each ρ(s) with a beta distribution.
In particular this choice is conjugate to the choice of a Poisson distribution for the total number of counts
x(0) and binomial distributions in (49). With these choices the conditional distribution for the rates and
fractional rates have the same forms as their priors and are simply obtained by updating the parameters of
these distributions using the observed count values x(s). The estimation problem can then be put exactly
in the form considered in Section 3, leading to a two-sweep algorithm. Thanks to the internality and special
structure of this model, the upward, ﬁne-to-coarse sweep consists simply of summing counts over intervals–
i.e., computing the unnormalized Haar scaling coeﬃcients of the numbers of counts over dyadic intervals–
followed by a nonlinear coarse-to-ﬁne sweep to specify the parameters of the conditional distributions and
hence the optimal estimates at each node. We refer the reader to [322, 188, 263] for details.
It is important to make several comments at this point. First, the use of Haar scaling coeﬃcients
in this case is critical, as the structure of this model depends crucially on the summing of independent
Poisson random variables. Hence, the same ideas do not work using other wavelets. Secondly, as mentioned
in Section 5.1, the multiplicative form of the models in (48) and (51) makes contact with other research
on wavelet cascades and multifractals (e.g., see [136, 15, 94, 279]). Furthermore, by carefully choosing the
parameters of the beta distributions for ρ(s) or by using mixture models instead, one can obtain a wide variety
of count models, including ones with self-similar or with bursty behavior, and to estimation algorithms that
have shrinkage-like characteristics. We refer the reader to [322, 188] for details. Also, the extension of the
models to 2-D deserves some comment. In particular, the approach described in [322, 188, 263] uses an
asymmetric model in which a coarse-level square at one resolution is ﬁrst split horizontally and then each
half is split vertically. Each of these two steps corresponds to a splitting a region into two halves, resulting
in models analogous to (48) and (51). As pointed out in [261, 263], one could directly consider a quadtree
structure in which counts over a square are split into 4 separate child counts over each of the quadrants.
In this case, the conditional distributions for each child given the parent becomes multinomial rather than
binomial, and the corresponding conjugate distributions for the fractional rates then become Dirichlet rather
than beta. In either case, the resulting two-sweep estimation algorithm has exactly the same structure as in
the 1-D case.
Finally, the estimation problem we have considered so far in this example is one in which we directly
observe the counts as a function of time or space–i.e., we have direct measurements of counts for each time
interval or each pixel. However, in many applications such as emission computed tomography, the estimation
problem is a true inverse problem in that the total count recorded by each measurement detector is the sum
of counts corresponding to photons from each pixel in the ﬁeld to be imaged that impinge on the detector.
39 Actually, (48) is not quite a tree model as x(sα ) and x(sα ) are not independent conditioned on x(s), since their sum
1
2
must equal x(s). This is the same issue as mentioned in Section 5.1 concerning the relationship of (44) to tree models and
which is examined and solved in Section 6.2 by very simple state augmentation (in particular, in this example, x(s) and δ(s)
together become the state in the MR tree model.)
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At ﬁrst glance, this problem seems to require very diﬀerent solution techniques from the ones that we
described previously in this example, since we do not directly observe the total number of photons emitted
at each location in the image. However, in [263] the iterative expectation-maximization (EM) algorithm 40
is employed, each step of which involves MR algorithms of the type just described and which is guaranteed
to converge to the optimal estimate. The key to this method is a clever choice of the so-called “complete
information” for the EM algorithm, namely the number of photons impinging on each measurement detector
from each individual image pixel. An example of the application of this procedure to simulated emission
computed tomographic data is illustrated in Figure 12.
As a ﬁnal comment, we note that most of the methods for inverse problems described in this section–
and certainly those that involve taking wavelet transforms of the observed data–assume the availability of
a regular set of nonlocal measurements. For example, the near-diagonalization of many such measurement
operators using wavelet transforms rely on this regularity to transform the observed data into what can be
modeled as measurements of individual wavelet coeﬃcients. Of interest as well are problems in which we
may have only a relatively few and irregularly spaced nonlocal measurements–e.g., as arises in data fusion
problems such as described in Section 2.6. In such a situation, wavelet-based methods do not apply (except
in the very special and unlikely case that the nonlocal measurements correspond exactly or approximately
to measurements of individual wavelet coeﬃcients), and instead other methods are required to fuse and
invert these data together with other measurements. In Section 6.2.2 we describe a way in which this can
be accomplished using MR models on trees

6

Multiresolution Model Construction and Identiﬁcation

As the development in Section 4 makes clear, MR models oﬀer the possibility of very eﬃcient and scalable
algorithms. A caveat to this, of course, is the requirement that the phenomenon and data of interest be
well-modeled within the MR framework, where “well-modeled” refers not only to capturing the desired
statistics to the required level of ﬁdelity but also to the parsimony of the resulting model. In particular,
while the complexity of various MR tree-based computations scales linearly with problem size as measured
by the number of nodes in the tree, estimation algorithms for linear-Gaussian problems scale quadratically or
cubically in the dimension of the state of the model at each node, while inference algorithms for discrete-state
processes are polynomial in the cardinality of the state set at each node. Thus, a requirement for a useful
MR model is that its state dimension or cardinality be comparatively small or increase at most modestly
with problem size.
The examples in the preceding sections make clear that there is a substantial body of inference problems
that can, indeed, be well-modeled and solved using MR models on trees. In this section we step back
from speciﬁc examples and, for the most part from predetermined notions of what variables (e.g., wavelet
coeﬃcients) populate the nodes of our model, and take a more careful look at the topic of MR modeling
from several diﬀerent vantage and starting points. Modeling and model estimation are, of course, vast topics
taking on a variety of guises in diﬀerent ﬁelds, and we will make contact with several of these. While we
certainly cannot explore all of these connections in real depth, we hope that the following serves not only to
show the unique blend of ideas that enter into MR modeling but also to provide points of entry for further
exploration.
The starting point for MR modeling has two components: a) the available data or statistical information
whose characteristics we wish to capture in our model; and b) the model class that is available to us. For the
former we have several possibilities, namely sets of measurements of some or all of the variables that we wish
to model; an explicit and complete probabilistic speciﬁcation of the variables whose statistical variability
we wish to capture in our model; or an implicit speciﬁcation of that probabilistic speciﬁcation in terms of a
graphical model. (e.g., an MRF model). As for the speciﬁcation of the class of models available to us, there
are also several possibilities: models in which the nature of all of the variables at every node in the MR
tree are already speciﬁed so that what is required for MR modeling is the identiﬁcation of the coarse-to-ﬁne
40 See

Section 6.3.1 for a brief description of the EM algorithm.

40

probabilistic dynamics; models in which the tree structure is speciﬁed but only some of the variables are
already speciﬁed (so that we must determine both the nature of the “hidden” variables and then the MR tree
dynamics); and models in which not even the tree structure is speciﬁed so even that needs to be identiﬁed or
learned. Interestingly, some of these possibilities are standard in some ﬁelds (e.g., signal processing, systems
and control, or graphical models) and completely foreign to others, a point we highlight on several occasions
in what follows.

6.1

From Graphical Model to Tree Model

We begin with some ideas that are well known in the graphical models ﬁeld but not nearly as common in the
ﬁelds of signals and systems, as not only do they involve one idea that is known in those ﬁelds (namely the
aggregation of variables or state augmentation) but one that is not usually considered, namely a complete
redeﬁnition of the index set of the graph. For the purposes of discussions to follow it is useful to describe two
alternate viewpoints for such graphical constructions, namely one based explicitly on seperators or cutsets
and one on the construct of a junction tree [204, 169, 314, 339, 207, 291, 108, 143, 128, 168].
6.1.1

Cutset Models

Consider a graphical model x(.) on a graph G = (V, E), and suppose that A is a cutset of the graph (see
Section 3.3), so that V/A is partitioned into two disconnected subsets U and W separated by A. Each of
the subsets U and W has its own induced graph (e.g., G1 = (U, E 1 ), where E1 is the subset of E of all edges
between elements of U), and thus we can repeat this process (i.e., ﬁnding cutsets that partition graphs into
disconnected subsets) on each of these two subgraphs and continue until we reach small enough subsets of
nodes (i.e., until an ultimate “ﬁnest” scale of singleton nodes).
Eq.(10) then allows us to construct a tree model. For example, since xU and xW are conditionally
independent given xA , we place the vector xA at the root node of our tree and then continue the process
using ﬁner and ﬁner cutsets and partitions. An example of this is depicted in Figure 13. As shown in
Figure 13(b), the set A = {3, 5, 7} is a cutset, with U = {1, 2, 6} and W = {4, 8, 9}, and in Figure 13(c) we
have indicated that xA = {x(3), x(5), x(7)} plays the role of the state at the root node of the tree. Further,
the singleton set B = {1} is a cutset for the subgraph on U, which might lead one to take x(1) as the state
at the corresponding second-level node. However, x(2) and x(6) are not independent when conditioned on
x(1), since in the full graph, there are other connections between nodes 2 and 6. However, if we augment
the value of the state at this second-level cutset with the values at its parent, i.e., at the ﬁrst level, then,
conditioned on all of these values, x(2) and x(6) are independent. The result is a tree model as shown in
Figure 13(c) in solid lines.
There are several points worth noting about this construction. The ﬁrst is that the individual values
of the graphical process in the model in solid lines show up at nodes at diﬀerent levels in the tree. It is
straightforward, however, to extend the model, as shown in Figure 13(c) with the additional dashed lines,
to a model in which all of the individual values of the process do indeed appear at the ﬁnest scale. This
corresponds simply to a deterministic copying of some of the variables from the parent node, much as the
root node value is copied to each of its children. Secondly, note that when we incorporate the dashed part
of the model in this ﬁgure, the resulting model is almost internal in the sense introduced in Section 2. In
particular, each of the states on the left branch of the tree (from root to leaf) is a deterministic function of
its ﬁnest-scale descendents. The same is not true on the right side, but this could easily be accomplished by
a redundant copying of the values of x(3), x(5), and x(7) to the ﬁnest scale.
Obviously these models (corresponding to the solid lines in Figure 13(c) or the solid and dashed lines
together) have considerable redundancy, which may or may not be of value in a representation but certainly
do increase dimensionality and thus raw computational complexity for algorithms using these models. Indeed, the simple fact of augmenting the state at a given node with the full state at its parent is generally
unnecessarily complex. For example, if we examine the graph in Figure 13(a) or (b), we see that nodes 2
and 6 are independent conditioned on less information than that contained in the U-cutset {1} augmented
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with the full cutset A. Indeed, we only need to add the boundary values {x(3), x(7)}(and not the internal
value x(5)) to accomplish this. Similarly, we only need augment the W-cutset {8} with a single boundary
value x(3) in order to achieve the desired conditional independence. Thus a considerably more parsimonious
tree model is that shown in Figure 13(d). We refer the reader to [156] for further discussion and examples
of the construction of such reduced-dimension tree models.
Note that the model for Brownian motion described in Example 2 is a cutset model, and we now see that
that style construction could be equally well used to construct a MR model for any temporal Markov chain or
process. In this case the dimensions of the states do not depend on the level in the MR representation nor on
the extent of the time interval of interest essentially because of the very simple structure of minimal cutsets
of the linear graph of a Markov chain. For more complex graphs, however, state dimensions can vary and, in
particular, grow with the size of the original graph. For example, consider the regular 2-D nearest neighbor
graph shown in Figure 14. In this case an obvious cutset is the red line of nodes in the center of this grid:
conditioned on the values of a graphical process on this cutset, the sets of values in the two remaining halves
of the graph are independent.41 Note, however, that in this case the cardinality of the cutset equals the linear
dimension of the grid which (for square grids) is the square root of the total number
√ of nodes, implying that
the dimension of the state of a linear-Gaussian MR model using such a cutset is O( N ), while for a discrete–
state model the cardinality of the state set corresponding to this cutset is exponentially large. Consequently,
the resulting MR representations, which are closely related to so-called nested dissection methods in scientiﬁc
computing and numerical linear algebra [133], lead to inference algorithms with complexities that do not
scale linearly with problem size.
Finally, as we develop in more detail in Section 6.2.2, it is often possible to construct reduced dimension
approximate models in which we keep only a lower-dimensional projection of the vector of cuset values at
each node on the tree, neglecting the residual dependency that remains among descendent nodes when we
condition only on this projection. A simple version of this approach was used in the texture discrimination
problem described in Section 2.2 (Example 5) and [225]. In particular, rather than assuming that the four
quadrants in Figure 14 are independent given the entire set of values of the ﬁeld along the red and blue
boundaries, we assume that they are independent given only a coarser version of the values along these
boundaries (essentially coarser 1-D wavelet approximations of these sets of boundary values). As shown
in [224], such models can have artifacts across tree boundaries (which can be reduced somewhat by more
judicious choice of lower-dimensional projections as described in Section 6.2.2), but they are more than
adequate for texture discrimination problems, as the results in Figure 10 indicate.
6.1.2

Junction Tree Models

A second viewpoint on constructing a tree model from a given graphical model involves the concept of a
junction tree. The ﬁrst step in the construction of a junction tree representation is the addition of edges in
order to triangulate the graph resulting in what is also referred to as a chordal graph. In particular such a
graph is deﬁned by the property that every cycle through the graph passing through 4 or more nodes contains
a chord (i.e., an edge in the graph that connects two nonconsecutive nodes on the cycle). For example, in
Figure 15(a) we have depicted one triangulation of the graph from Figure 13(a).
The second step in the construction is to identify a set of maximal cliques42 of the triangulated graph
that form the junction tree.43 Such a tree is shown in Figure 15(b). Note that each node of this graph
41 Note also that the choice of a somewhat larger cutset–e.g., taking both the red and blue lines in Figure 14–leads to
partitioning of the graph into four disjoint components, which in turn leads to a quadtree MR structure. Obviously one can
ﬁnd other sets of cutsets that lead to more general MR trees (e.g., unbalanced trees, trees with diﬀering numbers of children at
each node, etc.).
42 A maximal clique is a clique that is not contained as a proper subset of any other clique.
43 In some treatments of graphical models the junction tree explicitly includes intermediate nodes, representing separator
sets, that is sets of nodes that are common to the two cliques to which the separator is connected. For example, in Figure 15
this would lead to including a node labeled {3, 8} between the root node {3, 5, 6, 8} and the node {3, 4, 8}. Including such
nodes is often convenient, as it facilitates checking the junction tree property and identifying the explicit form of the resulting
factorization of the overall distribution. However, such nodes are unnecessary probabilistically, since the coarse-to-ﬁne dynamics
can just as easily be deﬁned on the model in Figure 15(b).
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corresponds to a maximal clique of the graph in Figure 15(a). Furthermore, the corresponding vectors of
values of the original graphical process that now populate this junction tree do, indeed form a Markov
model on the tree. For example, it is straightforward to see from the original graph that, conditioned
on {x(3), x(5), x(6), x(8)}, the vectors {x(5), x(6), x(7), x(8)}, {x(1), x(2), x(3)}, and {x(3), x(4), x(8)} are
mutually independent. Further, the clique tree in the ﬁgure has the property required for it to be a junction
tree: If a node of the original graph appears in cliques corresponding to two of the nodes in the junction tree,
then it must also appear in the cliques of every node on the path between those two junction tree nodes.
For example, node 8 of the original graph appears in both the root node and the bottom-right node {8, 9},
and it also appears in the intervening node {3, 4, 8}. The reason for this is very simple: The statistical
model we wish to construct on this tree should be equivalent to the statistical model of the variables on the
original graph, and thus must provide unambiguous values for each of the variables in the original model.
Consequently variables such as x(8) must, with probability 1, take on the same value in each of the vectors
of clique variables involving node 8. This can be ensured if the junction property is satisﬁed–e.g., the MR
dynamics for Figure 15(b) simply copy the value of x(8) from the root node to its two children that include
node 8, and that value is then copied again to the bottom-right node. This notion of consistency in a MR
model is very closely related to the idea of an internal MR model that we have introduced previously and
which we explore in more depth in Section 6.2.2
Note that the construction of a cutset model implicitly provides a triangulation of the graph (by grouping
entire cutsets of variables into single nodes which can be thought of as cliques in an augmented graph).
Typically there are many diﬀerent ways in which to triangulate a graph, and ﬁnding a triangulation that
leads to a junction tree with small maximal cliques can be a challenging graph-theoretic problem [315, 314,
207, 204, 169].44 Moreover, for some graphs, all triangulations have maximal cliques that are quite large.
For example, the triangulation of the regular 2-D graph in Figure 14 is nontrivial, requiring much more
than simply adding diagonal connections across each of the 2x2 blocks of nodes (e.g., there are cycles that
require triangulation much as the one that required the inclusion of the dashed edge in Figure 15 (a)). On
the other hand, for some graphs the construction of low-dimensional MR cutset or junction tree models is
straightforward. One such example is the MR model considered in [213] based on a quadtree structure as in
Figure 1(b) but with edges connecting each of the 4 children of each of the parents. In this case, each set of
4 children of a single parent form an elementary cutset, resulting in a MR model in which each such set of
4 variables is aggregated into a single node, resulting in a MR quadtree model.

6.2

Methods for constructing linear MR models

In this section we describe several general approaches to linear MR model construction that make contact
with the examples and discussions in previous sections and that also introduce several other important
concepts. The perspective pursued in this section is motivated by image and signal processing applications
in which the ultimate objectives, namely performing estimation or hypothesis testing, are quite diﬀerent
than the objective of exact matching of a statistical model. Indeed in many such applications the implied
or imposed prior model on the quantity to be estimated or analyzed is either only known approximately or
represents statistical regularization rather than “truth” about the phenomenon of interest. Such contexts
suggest the idea of approximating or replacing such a prior model with a MR model of (hopefully) modest
dimension that serves the desired purposes just as well in terms of capturing the expected behavior of the
phenomenon and much better in terms of admitting eﬃcient and scalable algorithms. This line of inquiry
has been the subject of considerable attention, and in this section we describe four lines of thought that have
been pursued for linear models.
44 Note that cutset models do not generally lead to the smallest maximal clique sizes. For example, the MR model for samples
of Brownian motion depicted in Figure 6(b) corresponds to creating cliques consisting of subinterval endpoints and midpoints.
In this case the original graph, in which each time point is connected only to the points immediately before and after it, is
already a junction tree. Thus there is a modest increase in dimensionality using the MR cutset model. In other cases, such as
cutting the grid in Figure 14 with vertical and horizontal lines, the resulting clique sizes are of the same order as in optimal
triangulations.
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6.2.1

Multiresolution Variants of “Smoothness Priors”

Some of the earliest work on exploiting MR models resulted from a simple observation concerning a class
of image processing algorithms based on variational formulations with what are often termed “smoothness
priors.” One example of such smoothness priors is that introduced in Section 2.4 (and revisited in Example 8
to follow) in the context of the problem of surface reconstruction. Another, simpler example is the problem
of image denoising. In particular, suppose that we observe y(r), a noise-corrupted version of an underlying
2-D image f (r), both deﬁned over the 2-D image domain r ∈ I. One approach to denoising involves choosing
as our estimate the function f (r) that minimizes the following functional:


2
α [y(r) − f (r)] dr + β | ∇f (r) |2 dr
(52)
I

I

The ﬁrst term in (52) is a data ﬁdelity term, while the second is a penalty on the size of the gradient of f (r)
penalizing the roughness of the reconstruction.
The ﬁrst of these terms has a simple statistical interpretation, namely that y(r) consists of measurements
of f (r) over I corrupted by 2-D white Gaussian noise of intensity 1/α. The precise statistical interpretation
of the second term requires some care45 , but, if we take the perspective that all we are attempting to do
is to capture the intent of this regularization penalty, we can use a simple observation to replace it with
a very simple MR quadtree model. In particular, as pointed out in [312, 223], the second term in (52)
can be thought of as a (Gaussian) “fractal prior.” For example, in 1-D each of the functions in Figure 16
yields identical values for the 1-D version of the second term in (52) and thus are “equally likely” under this
implied prior. Alternatively, as argued in [223, 111] this penalty term corresponds to a Gaussian process
with a fractal, 1/f 2 spectrum.
As is well–known in the literature (see, e.g.,[313, 116, 117, 349]) and as we have discussed in Examples 1
and 2 and already exploited in Example 4, the self-similar scaling behavior exhibited by such fractal processes
can also be captured through simple MR models, such as the scalar model (7), with the variance of w(s) taken
to decrease geometrically as we move to ﬁner scales. While deﬁnitely not identical to the prior model implied
by the smoothness penalty in (52), this model has similar qualitatitve characteristics, and its use instead
of the smoothness prior in (52) allows us to use the eﬃcient two-sweep estimation algorithm of Section 4
to compute both estimates and associated error variances. This should be contrasted with the computation
of the optimal estimate corresponding to minimizing (52) which requires the solution of an elliptic partial
diﬀerential equation for the computation of the optimal estimates and essentially the inversion of the elliptic
diﬀerential operator to calculate the corresponding error variances.
This same concept has been applied to somewhat more complicated image processing and computer vision
problems (optical ﬂow [223] and surface reconstruction [111]), and in Example 8 to follow we provide one
such illustration, including showing how the error statistics computed by the two-sweep estimation algorithm
can be used to localize signiﬁcant anomalies–i.e., spatial locations at which the smoothness penalty should
be relaxed (e.g., where there is an edge or abrupt change in the image or ﬁeld being imaged).
The use of this simple MR model does, however, raise an issue that we have encountered previously (e.g.,
in Example 4) and revisit in more detail here, namely the possibility of artifacts in the estimates produced
using MR tree models. In particular, consider the tree in Figure 1(b), where the ﬁnest scale of this tree
represents the actual image ﬁeld to be reconstructed and on which we wish to impose a smoothness or
fractal penalty. The simple MR model (7) certainly accomplishes the latter but does a spatially-variable
job of the former. In particular, consider the two ﬁnest-scale shaded nodes near the center of the image in
Figure 1(b) but on opposite main branches of the MR tree. In this case the tree distance between these
nodes is far greater than the spatial distance and, as a result, reconstructions based on this MR model can
lead to noticeable discontinuities across such major tree boundaries. As argued in [223], whether this is of
any signiﬁcance or not depends on the application. However, if it is of signiﬁcance, this simple MR model is
inadequate for the desired purpose.
45 See,

for example, [284]
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In this case there are four alternatives that one can consider. The ﬁrst is relaxing the requirement
of using a tree by allowing an edge between nodes across such tree boundaries. This, of course, leads to
the requirement to solve estimation problems on loopy graphs, which, as we have discussed can be complex.
However, we return to this possibility in Section 7. A second possibility is to increase state dimension in order
to capture the correlation across this major boundary more accurately. In particular, note that conditioned
on the root node of the tree in Figure 1(b), the two shaded nodes are independent. Since smoothness dictates
that these two pixel values are strongly dependent, this suggests that the state at the root node must capture
all or at least a signiﬁcant portion of this dependence.46 This is the basic idea behind approaches described
in the next section. A third possibility is the one used in Example 4 and also in many of the investigations
of other authors (see, e.g., [281, 261, 322, 188, 263]), namely to construct several MR models, using trees
that are spatially oﬀset with respect to each other (so that their major boundaries do not coincide), and to
then combine the results of estimation based on each of these trees.
Using multiple shifted trees is one approach to overcoming the problem of placing some nodes on one
side or another of a major tree boundary when we actually would like these nodes to be on all sides of such
boundaries. Another approach aimed at this same objective but employing only a single MR tree involves the
use of so-called “overlapping trees” [159]. In standard MR tree models, such as that shown in Figure 1(b),
the nodes at each level of the tree correspond to non-overlapping portions of the 2-D ﬁeld being represented.
For example, the standard quadtree in this ﬁgure has nodes corresponding to square regions of the ﬁeld,
each of which is subdivided into 4 non-overlapping subregions at the next ﬁner scale. In the overlapping
tree framework each region is subdivided into overlapping subregions at the next scale, so that each of these
subregions has linear dimensions somewhat larger than 1/2 of the dimensions of its parent.
There are several consequences of this construction. The ﬁrst is that an overlapping tree will always
have more resolutions than a standard one, since the linear dimensions decrease more slowly from level to
level. As a consequence, the total number of nodes in an overlapped tree model is larger than that for a
non-overlapped tree model, and, in fact, increases geometrically with the number of additional scales that
are added, implying that the number of scales that can be added (and hence the degree of overlap achieved)
needs to be carefully controlled in order to maintain computational feasibility. Second, each ﬁnest scale pixel
in the image domain actually corresponds to several ﬁnest scale nodes in the overlapped tree. Indeed this
is precisely the intention of the construct, as the set of ﬁne scale nodes to a single real pixel are guaranteed
to include elements that reside on diﬀerent sides of major tree boundaries. Of course, this then creates the
question of how to use such a tree when the real data and desired estimates both reside in real image space.
As described in [159], there is a straightforward way in which to “lift”the image domain estimation problem
to the redundant overlapped domain. This construct involves two linear operators, one of which takes an
image domain pixel value and replicates it at each of the redundant nodes corresponding to that pixel.
The second operator (which is a left inverse of the ﬁrst) collapses the values at each set of redundant tree
nodes into a single weighted average, which is then mapped to the corresponding image pixel. An estimator
using an overlapped tree, then, consists of the application of the ﬁrst operator to lift the image domain
measurements to the tree domain, followed by the application of the tree estimation procedure described in
Section 4.2, and then by the application of the second operator to project the tree estimates back to the
image domain.47
Example 8. One example of a successful application of this overlapping technique is to the surface reconstruction problem introduced in Section 2.4. The full development in [111] combines several important
features. The ﬁrst is the construction of MR models that accommodate both of the smoothness terms (thin
membrane and thin plate penalties) in (2) simultaneously. The second is overcoming the need to deal explicitly with the integrability condition mentioned in Section 2.4 and captured in the consistency relation
(3). The method used to deal with these in [111] is to construct a MR model with a 3-dimensional state
46 For 1-D signals it is always possible to maintain continuity of the signal modeled by a MR model by using an approach as
in Example 2 in which endpoints of intervals are included in the states at each node in the tree. In 2-D the problem is much
more complicated, motivating the development in Section 6.2.2.
47 Note that it appears that this approach ”overcounts” each real measurement by replicating it at several tree nodes. As
shown in [159], this is avoided by modeling each of the resulting tree measurements as having measurement noise with covariance
that is a multiple of the covariance of the real measurement, where the multiple used is the cardinality of the set of tree nodes
that correspond to the real image pixel being measured.
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that approximates both of the smoothness penalties as well as the consistency condition (3). The three state
variables at each node correspond to surface height z and surface gradient (p, q) at each scale and spatial
location. In addition, we replace the hard constraint (3) with a softer one, consisting of an additional “measurement” at each node, corresponding to requiring that the diﬀerence between the gradient48 of z and the
value of the (p, q) at each node is a zero-mean white noise process on the tree, with small variance. Finally,
the third component of the model construction is the use of overlapping, which has the eﬀect of modifying
the geometric decay in the covariance of the process noise w(s) as one moves to ﬁner resolutions.
Figure 17 shows an illustration of this method to such a surface reconstruction problem. Figure 17(a)
illustrates the eﬀectiveness of this method for the reconstruction of a relatively smooth surface (namely
ocean surface height as discussed in Example 4 but here using a more sophisticated MR model based on
(2)), while Figure 17(b) and (c) show the well-known problem that this as well as other smoothness-based
reconstruction methods have when there are discontinuities in the actual ﬁeld being reconstructed: The
smoothness penalty leads to blurring or smoothing of the surface across the discontinuity. However, because
of the ready availability of error variances when using MR methods, we can employ these statistics to
identify regions in which the diﬀerence between the raw surface measurements and the reconstructed surface
are statistically anomalous. Figure 17(d) illustrates the result in this case, in which we have also indicated
the sign of these anomalies, which provide clear indication of the nature of the discontinuous jumps in surface
height in this example.
The fact that MR error statistics allow us to localize discontinuities such as in Figure 17(d) suggests that
it should be possible to develop an adaptive algorithm that performs optimal estimation without blurring
across high-contrast edges or discontinuities. One such method is developed in [292] by considering a more
complex MR model, namely one which leads to estimates not only of surface height but also of an auxiliary
ﬁeld (roughly corresponding to α3 (s) and α4 (s) in (2)) that controls the spatially varying smoothness of
the ﬁeld.49 An alternate approach, developed in [324], addresses this and other, related problems using an
expectation-maximization formalism.
6.2.2

Internal Models and Approximate Stochastic Realization

In this section we describe a more general and formal construction of linear MR models [161, 85, 122, 82].
The approach makes use of concepts adapted from state space theory [8, 9, 214, 16]; however, the adaptation
to trees uncovers some important diﬀerences with the temporal case. First, in contrast to the usual temporal
state space framework–and, for that matter, to the framework implicitly used in most graph-theoretic studies–
we consider problems in which the random process or ﬁeld whose statistical behavior we wish to realize
corresponds to variables on only a fraction of the nodes of the MR tree. In particular, we focus initially (and
primarily) on problems in which the process to be realized, whose covariance or power spectrum is assumed
to be given (and which, for simplicity we assume is zero-mean), resides only at the ﬁnest scale of the tree,
i.e., at the leaf nodes. In standard time series analysis, in which the index set is a completely ordered interval
of integers, the set of “leaf” nodes is a singleton consisting of the single point at one end of the interval.
However, for dyadic trees or quadtrees, as in Figure 1, the ﬁnest scale can accommodate entire 1-D or 2-D
processes.
Another issue that arises in constructing MR models is specifying how to map the 1-D or 2-D process
of interest to the ﬁnest scale of the MR tree, a speciﬁcation that then also determines which ﬁnest scale
values have common parents, common grandparents, etc. The problem of estimating or identifying this
graph structure does not arise in standard time series analysis but is an important problem in its own right
both for trees and for more general graphs. We return to this problem in Section 6.3.3, but for this section,
we assume that this structure is ﬁxed and given. A typical example50 , to which we refer on occasion, is
that shown in Figure 18. Here we begin with a zero-mean Gaussian process, z[n], N0 ≤ n ≤ N1 , whose
48 Actually

a discrete, multiscale approximation to the gradient (see [111])
formulation in [292] represents a relaxed version of the widely-studied Mumford-Shah functional for image denoising
and segmentation [252, 11].
50 For simplicity we will illustrate these concepts using dyadic trees and 1-D examples; however, the same ideas work for
quadtrees and 2-D ﬁelds.
49 The
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second-order statistics are given and which we wish to realize, either exactly or approximately, at the ﬁnest
scale of the MR tree shown in the ﬁgure, in which we have indicated that the ﬁnest scale nodes are mapped
to consecutive integers over the interval in question. Note that with this ordering, each node at coarser scales
corresponds to an interval of the process (e.g., the node labeled s in the ﬁgure corresponds to the interval
[N0 , N0 + 3]), which is exactly the type of correspondence we have seen before–e.g., for Brownian motion in
Example 2.
With the graph structure ﬁxed the problem of MR modeling bears a number of similarities–and some
signiﬁcant diﬀerences–with state space modeling for time series. For example, we refer the reader to [29] for
the development of a state space theory for deterministic MR dynamics on trees and to [24, 25, 65, 66] in which
MR counterparts to autoregressive modeling and eﬃcient algorithms analogous to Levinson’s algorithm for
time series are developed for the class of isotropic processes on trees (i.e., processes in which the covariance
between variables at diﬀerent nodes depends only on the distance between the nodes). In this section we
focus on problems of approximate stochastic realization, where, as in standard state space realization theory
we must deal with the same basic issues: (i) We need to deﬁne the “state” of the process at each of the
unspeciﬁed, coarser-scale nodes of the tree; and (ii) We must then deﬁne the coarse-to-ﬁne dynamics among
these state variables, resulting in a model that is Markov with respect to the MR tree. Because of the special
property of trees, the ﬁrst problem bears a resemblance to the standard temporal problem for Gaussian
processes [8, 9, 214] in which the role of the state at any point in time is to decorrelate two sets of variables,
namely the values of the process in the past and the values in the future. Referring to the tree in Figure 18
(and the blue dashed lines therein), the role, then, of the state x(s) in this example is to decorrelate three
sets of variables, namely those in the subtree rooted at node sα1 , in the subtree rooted at sα2 , and the large
set of variables over the entire tree except for those in the subtree rooted at node s.
Note that the deﬁnition of the state in this case is given in a manner that couples the deﬁnitions at
distinct nodes–e.g., x(s) in Figure 18 must decorrelate x(t) from x(sα1 )–a fact that makes the general
analysis of realization more complex than its temporal counterpart, and a complete treatment still remains
to be developed. However, a considerable amount can be said if we borrow another concept from temporal
realization theory, and one whose MR counterpart we have encountered informally on several occasions
already, namely that of an internal model. For temporal systems, an internal model is one in which the state
at each point in time is a deterministic function of the process being realized. In particular, the state of an
internal model is typically taken to be a function of the past of the process to be modeled, capturing the
memory in the process required to decorrelate past and future.51 . Thus an internal state does not introduce
any additional randomness not present in the process to be realized. A very important result in standard
state space realization theory [8, 9, 214] is that it is always possible to ﬁnd internal state space realizations
that are minimal, i.e., that have the smallest state dimension possible, so that considering non-internal
realizations doesn’t buy us anything in terms of model dimensionality.
By analogy, for our problem we deﬁne the concept of an internal model as one in which the state of the
model x(σ), at any node σ, is a deterministic, linear function of the values of the process at the ﬁnest scale
in the subtree descending from σ. For example, the state of an internal model at node s in Figure 18 must
be a linear function of the values of z[n] for n = N0 , N0 + 1, N0 + 2, N0 + 3. As shown in [161, 122], there are
several very signiﬁcant implications of restricting attention to internal models. First, of course, these models
do not introduce additional randomness at coarser scales (and thus coarse-scale nodes, while technically not
observed are not really “hidden”). Second, there is a potential price to be paid by excluding non-internal
models, as it is sometimes possible to ﬁnd non-internal models of smaller state dimension. However, third,
and very importantly, internality considerably reduces the complexity of constructing state variables. In
particular, as shown in [122], in this case, the states can be deﬁned resolution by resolution, as it is suﬃcient
to design the state at each node simply by looking at the nodes one scale ﬁner. For example, the state x(s)
in Figure 18 must be a linear function of the states at its children, x(sα1 ) and x(sα2 ), and it is suﬃcient
to choose that linear function so that x(s) decorrelates its two descendent values from each other and from
the remaining nodes at that next ﬁner scale (the red dotted region in the ﬁgure). Note that since each
state is a linear functional of its children, we maintain a consistency along paths from coarser to ﬁner scales.
51 It is equally possible, however, to deﬁne the state of an internal model as a function of both the past and future. See, for
example, [214]
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In particular, the fact that x(s) consists of linear functionals of its two children implies that the coarseto-ﬁne dynamics (6) must deterministically “copy” the information from each parent to its children. This
consistency, while diﬀerent in detail is identical in purpose to the consistency requirements for a junction
tree as described in Section 6.1.2.
Note also that once we have performed this ﬁne-to-coarse process of deﬁning the state at every node, we
can immediately determine the coarse-to-ﬁne dynamics, i.e., the matrices A(s) in (6) and Q(s), the covariance
of w(s) in (6). In particular, A(s)x(sγ̄) is the best estimate of x(s) given x(sγ̄), and w(s) is simply the error
in this estimate. Thus computing A(s) and Q(s) requires only the joint statistics of x(sγ̄) and x(s). Since
both of these states are linear functions of the ﬁnest scale process (which, in our 1-D example in Figure 18
is the process z[n] whose second-order statistics have been speciﬁed), the joint statistics of x(s) and x(sγ̄)
can be computed in terms of the statistics of the ﬁnest scale.
Let us return to the issue of constructing the states at individual nodes. There are two points that make
this problem challenging even in this form. The ﬁrst is that the required state dimensionality to achieve
complete decorrelation may be prohibitively high. For example, note that the state at the root of any of our
trees must, in principle, completely decorrelate the disjoint regions associated with each of the root node’s
children, a task that may require very high state dimension (e.g., as we saw in Section 6.1.1 for the realization
of 2-D MRF’s on regular nearest-neighbor lattices). Large state dimensionality, of course, is also a problem
in standard state space realization, and once again we adopt ideas from that context. In particular, we may
wish to construct reduced-order models that yield realizations at the ﬁnest scale that only approximate the
desired statistics of the process we are attempting to model. Suppose, in fact that we follow such a procedure
(yet to be deﬁned) to deﬁne reduced-order states in a ﬁne-to-coarse manner, so that each state is still a linear
function of its children. In this case, we can still deﬁne the coarse-to-ﬁne MR dynamic matrices A(s) and
Q(s) using the same procedure as previously described, and we can also be assured that the “noise” w(s)
is uncorrelated with x(sγ̄), since w(s) is simply the error in an estimate based on x(sγ̄). However, since we
have used reduced-order states, so that in particular x(sγ̄) may not completely decorrelate its two children,
it will generally not be true that the values of w(s) are white over the entire tree.52 This is also the case for
standard state space models, where the idea, then, is to neglect these residual correlations; that is, we use
the model dynamics A(s) and Q(s) we have constructed and simply assume that w(s) is white. The resulting
model, then yields a process that has statistics at the ﬁnest scale that do not completely match those of the
target process z[n]. Speciﬁcally, the variance of individual samples of z[n] will be captured exactly by this
model, but the cross-covariances at diﬀerent points in time may not be realized exactly.
It remains to specify precisely how state-order reduction is to be carried out. For standard state space
models this is a well-developed ﬁeld, particularly for time-invariant systems [8, 9, 214], in which state
deﬁnitions are identical across all points in time, so that the impact of the decision on how to deﬁne the
state on global measures of ﬁdelity can be computed. In contrast, except in very special situations (e.g.,
in Example 2 or in the more general MR modeling of self-similar Gaussian processes in [83]), the states
at diﬀerent resolutions in MR models represent very diﬀerent quantities and may, in fact, have varying
dimension. Moreover, one of the major domains of application of these methods involves highly nonstationary
phenomena. As a result, the use of standard global measures of model accuracy (e.g., such as the KullbackLeibler divergence) have not yet led to computationally tractable algorithms for model construction, and
thus the methods that have been developed (and borrowed from standard time series contexts) focus on
local criteria for deﬁning states at individual nodes.53 In particular, the fundamental objective in deﬁning
the state x(s) in Figure 18 is to have it decorrelate x(sα1 ), x(sα2 ), and the set of variables inside the dashed
region in the ﬁgure. Consequently, it is natural to consider choosing approximations in terms of how well
they perform this decorrelation.
In the context of standard state space systems, this idea has led to the use of the statistical notion of
52 The

noises w(.) are guaranteed to be white on coarse-to-ﬁne paths but not necessarily uncorrelated between nodes (such as
sα1 and sα2 ) that are not on the same path from the ﬁnest scale to the root node. As a result, when we construct our reduced
order model by neglecting this residual correlation, we are guaranteed that some of the desired statistics are preserved in this
approximate model–e.g., the statistics along any coarse-to-ﬁne path and, in particular, the covariances of the individual ﬁnest
scale nodes–but not the complete statistical description of the ﬁnest scale process.
53 The development of computationally feasible methods to use such global measures either to evaluate the accuracy of an
approximate model or to design models directly to optimize such measures remains an open research topic.
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canonical correlations [9]. Roughly speaking, canonical correlation analysis takes two random vectors, z1
and z2 , and identiﬁes ranked-ordered pairs of linear functionals of each: (c1 T z1 , d1 T z2 ), (cT2 z1 , dT2 z2 ), etc.,
where each of these individual variables has unit variance, the functionals of z1 are all uncorrelated from
each other, as are the functionals of z2 , and the pairs of functionals (cTi z1 , dTi z2 ) have correlation λi ≥ 0,
with λ1 ≥ λ2 ≥... (so that (cT1 z1 , dT1 z2 ) represents the most highly correlated functionals of the two vectors
z1 and z2 , (cT2 z1 , dT2 z2 ), the next most correlated, etc.) In the context of time series, z1 represents the past
of the process and z2 the future, and the functionals cTi z1 form a rank-ordered set of natural state variables,
providing a quantitative basis for choosing the state variables to keep in a reduced-order model54
As discussed in [16, 122], one of the potential drawbacks of the metric corresponding to canonical correlations is that the rank-ordering is based on correlation coeﬃcients (since the linear functionals are normalized
to have unit variance). As a result, components of the past and future that contribute very little to the total
variance of either of these may rank higher than components that contain much more of the process variance. This observation suggests an alternate criterion referred to as predictive eﬃciency, which, as opposed
to canonical correlations, treats the variables involved asymmetrically: For the two random vectors z1 and
z2 , the objective is to produce a set of scalar linear functionals cTi z1 which are uncorrelated with respect
to each other and are rank-ordered in terms of the amount of variance reduction each of these functionals
provides toward the estimation of z2 . If z1 represents the past of a time series and z2 the future, this provides
an alternative criterion for ranking possible state variables in a time series model.
The computation of functionals either for the canonical correlations or predictive eﬃciency criteria involves the singular value decomposition (SVD) of a matrix derived from the covariance matrix of the two sets
of variables (e.g., past and future). For time series, both of these are typically of the same dimension, so that
there isn’t a computational advantage to either approach. However, for MR tree models, this is generally
not the case, and, in addition there are other important diﬀerences with the time series case. For example,
consider the node s in Figure 18. Note that in this case we wish to design x(s) to decorrelate not two, but
three random vectors, namely x(sα1 ), x(sα2 ), and the very large vector, call it χ, of values of x(.) at the
remaining nodes at the same scale as sα1 and sα2 . The ﬁrst complication is that we have three rather than
two variables, making the problem of deﬁning what we mean by the “best” variables to include in x(s) more
complex. Second, the dimensions of the three vectors are quite diﬀerent, and this asymmetry greatly favors
using the concept of predictive eﬃciency, with χ always playing the role of all or part of z2 . As described in
[122], this then leads to a procedure in which we sequentially add variables to form x(s), ﬁrst including some
linear functionals of x(sα1 ) of most value in estimating x(sα2 ) and χ, then adding functionals of x(sα2 )
that are of most additional value (i.e., taking into account the functionals already constructed), and then
possibly alternately adding functionals of x(sα1 ) and x(sα2 ) to enhance the ﬁdelity of the state design.55
The resulting approach to constructing a MR model has O(N 2 ) complexity. This complexity may not be
prohibitive for some applications, since it need only be performed once to build the model. On the other
hand, in many cases, the complexity is still too large and, more to the point, is often wasteful. For example,
in many time series problems, the primary correlation between the past and future relative to some time t is
captured in a comparatively small interval around that time. This suggests, for example, rather than using
all of the O(N )-dimensional vector χ in Figure 18 in order to deﬁne x(s), we might safely replace χ with
an O(1)-dimensional vector of the values closest to the nodes s, sα1 , and sα2 . Using this so-called boundary
approximation yields an algorithm of complexity O(N ).
A number of examples illustrating the use of this method are given in [122]. For example, if applied
to a Markov process, such as Brownian motion, the algorithm does indeed identify that the correct linear
functionals to keep at each node consist of the boundary points of the time interval corresponding to that
node, as in Example 2. Similarly, for 2-D nearest-neighbor MRF’s, in which each of the tree nodes corresponds
to a square region of the 2-D image domain, the full state required to decorrelate one such region from the
rest of the image consists of the values around the boundary of the region–exactly the type of construction
we saw in the cutset models in Section 6.1.1. However, the framework we have described here allows us to
54 Typically this is done in one of two ways: (a) we ﬁx the state dimension, say at a value d, and thus choose the functionals
corresponding to the d largest of the λi ; or (b) we set a threshold for residual correlation and keep as many functionals as
needed so that the sum of the remaining λi falls at or below the threshold.
55 Note that for a quadtree there are 5 sets of variables that need to be decorrelated by the state at any node, namely the
variables at each of the four children and the vector of all other tree variables at the same scale as those children.

49

consider reducing the dimensionality of the full cutset-state by keeping only those functionals of the process
around the boundary that rank highest in predictive eﬃciency in estimating the rest of the domain.56
Figure 19 illustrates another example, in this case to the approximate modeling of fBm, a process that
is not Markov but that does possess fractal, self-similar scaling properties that generalize those of Brownian
motion.57 As shown in [83], the optimal choices of linear functionals to keep in the state at each node
also have approximate self-similarity in scale. In this ﬁgure we show both the approximation errors in the
realized process covariance and also what is really the most important result, namely that the diﬀerences
in estimation accuracy using the exact fBm statistics or the approximate ones captured in the MR model
are statistically insignicant (especially given that fBm itself represents a mathematical idealization of real
processes).
Finally, it is worth noting that the scale-recursive procedure for state construction that we have described
has an important extension [82] to problems in which we have speciﬁc functionals of the ﬁnest-scale process
that we would like to include as state variables at coarser scales in the tree. As a simple example, consider
a ﬁne-scale process z[n], N0 ≤ n ≤ N1 , and suppose that we require that a particular linear functional of
the ﬁnest scale–e.g., a linear combination of z(N0 ), z(N0 + 1), z(N0 + 2), and z(N0 + 3)– be available as a
component of the state at some node. In this case, the ﬁrst common ancestor of the points N0 , · · · , N0 + 3
is the node s in Figure 18. However, as discussed in [161, 82, 122], placing the desired linear functional
directly at this node is not generally advisable, as conditioning on this linear functional can actually increase
the correlation between the variables at the children of node s. In particular, the correlation beween two
random vectors is always reduced if we condition on a linear functional of one or the other alone, but may,
in fact, increase when conditioned on a linear combination involving both vectors (e.g., two uncorrelated
random variables are no longer uncorrelated when conditioned on their sum). As a result, we actually place
two nonlocal functionals at node s, namely the separate functionals of z(N0 ), z(N0 + 1) and of z(N0 + 2),
z(N0 + 3) whose sum is the required linear functional. To maintain internality, then, we need to ensure
that these individual linear functionals can, in fact, be expressed as linear functionals of x(sα1 ) and x(sα2 ),
respectively, and this, in general, will also specify several components of each of these states as well.
In general this purely algebraic process involves successive examination of each of the descendents of nodes
at which nonlocal functionals have been placed. At each such node, internality ﬁrst requires that speciﬁc
functionals be available, while the requirement of reducing rather than increasing correlation among the
children of that node typically leads to each of these functionals be broken into several separate functionals.
Once we have completed this process, we can then begin the ﬁne-to-coarse construction of the full state
at each node, except now, when we come to design the state at each node, we may already have several
components of that state pre-speciﬁed. In this case, the only change to the procedure that we have outlined
is that the choice of additional linear functionals is based on the measure of predictive eﬃciency taking into
account the information already provided by the prespeciﬁed functionals. As the next example illustrates,
the ability to incorporate particular functionals of the ﬁeld in question as states of our MR model allows us to
fuse MR measurements and estimate speciﬁc coarse-scale functionals using the O(N ) estimation algorithm
described in Section 4.2.
Example 9. An example of the construction and exploitation of MR models in which speciﬁc nonlocal
variables are included in the states at coarser-scale nodes is the groundwater hydrology problem examined
in [84] and introduced in Section 2.6. In particular, in this problem the random ﬁeld modeled by the
MR tree represents the log-hydraulic conductivity ﬁeld of a region of interest. The measurements of logconductivity represent point, i.e., ﬁnest scale, measurements of this process at a scattered set of ﬁne-scale
nodes corresponding to the locations of the well measurements. However, as we discussed in Section 2.6,
hydraulic head, which is also measured at each well location, is a strongly nonlocal and also nonlinear
function of log-conductivity. The approach taken in [84] is to linearize this nonlinear relationship about
a known background log-conductivity value over the region of interest, resulting in a linearized model for
56 An alternate approach to reducing complexty of approximate cutset models involves not reducing the dimension of the
state corresponding to a boundary in a 2-D MRF but rather to reducing the complexity of the model for that state. We brieﬂy
discuss this idea in Section 7.
57 Fractional Brownian motion processes are characterized by the so-called Hurst parameter, H, which controls the rate of
spectral fall-oﬀ. In particular, while fBm is nonstationary, its power spectral density is well-deﬁned over any band of frequencies
[346] and falls oﬀ as l/f 2H+1 .
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hydraulic head at each well location, namely as a weighted integral of log-conductivity. Using the method
developed in [82] and just described, a MR model was constructed in which each of these nonlocal functionals
was included in the state at individual nodes of the tree.
As discussed in Section 2.6, the real objective of the application considered in [84] is the estimation
of the travel time for solute particles to migrate from one spatial point to another. This quantity is also
a complex, nonlinear, and nonlocal functional of log-conductivity, and in [84] two alternate methods are
described for its estimation. The ﬁrst is analogous to the method used to incorporate head measurements:
We linearize the relationship between travel time and log-conductivity, producing a model for travel time
(or, more precisely, the perturbation in travel time from its nominal value as computed using the assumed
background conductivity ﬁeld) as a weighted linear functional of log-conductivity. This linear functional can
then be augmented to the MR model in the same manner as the linearized head measurements, so that the
resulting MR estimation algorithm automatically estimates this travel time perturbation as well.
As discussed in [84] and as illustrated in Figure 20, this approach works as long as the perturbations from
the background conductivity are not too large. If this is not the case, an alternate method can be used that
emphasizes another feature of the MR formalism. In particular, suppose we do not augment the MR model
with a linearized model of travel time but simply use the available log-conductivity and head measurements
to estimate the log-conductivity ﬁeld. As we discussed in Section 4.2, the result of this estimation process is
not just a best estimate of that log-conductivity ﬁeld but also a MR model for the errors in that estimate.
This model can then be used to perform conditional simulations, which, as pointed out in Section 2.6, is
a well-known concept in geophysics [171, 173, 172].58 In particular we can generate samples from this MR
error model, add them to the best estimate and use the resulting log-conductivity ﬁeld to solve the hydrology
equation (4), which in turn yields the velocity ﬁeld (5) which can then be used to compute the travel time for
this particular log-conductivity ﬁeld. By repeating this conditional simulation process many times, we can
estimate the probability distribution for travel times. The key here is that, thanks to the tree structure of
our MR models, we can construct such conditional realizations of the log-conductivity ﬁeld very eﬃciently.
6.2.3

Linear MR Models and Wavelet Representations

In this section we return to the topic of MR models and wavelets. As mentioned in Section 5.1, while wavelet
synthesis can readily be viewed as a dynamic recursion in scale (44), more is needed to build MR models
on trees based on wavelets. Consider ﬁrst the simple case of the Haar transform, and suppose that we wish
to represent a stochastic process z[n], N0 ≥ n ≥ N1 , at the ﬁnest scale of a dyadic tree as in Figure 18. In
this case, the use of the Haar transform might ﬁrst suggest that the states at each coarser scale node should
be the corresponding (normalized or unnormalized) Haar scaling coeﬃcient–e.g., referring to Figure 18, we
might consider taking
1
(z[N0 ] + z[N0 + 1])
2
1
x(sα2 ) = (z[N0 + 2] + z[N0 + 3])
2
1
x(s) = (z[N0 ] + z[N0 + 1] + z[N0 + 2] + z[N0 + 3])
4

x(sα1 ) =

(53)

However, note in this case that the dynamics of the Haar wavelet synthesis imply that
x(sα1 ) = x(s) + w(sα1 )

(54)

x(sα2 ) = x(s) + w(sα2 )
where
w(sα1 ) = −w(sα2 ) =
58 We

1
(z[N0 ] + z[N0 + 1] − z[N0 + 2] − z[N0 + 3])
4

refer the reader to [198] for another example of the use of MR models for conditional simulation in geophysics.
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(55)

Thus not only are w(sα1 ) and w(sα2 ) not independent, they are in fact deterministically related.
One solution to this would simply be to assume that w(sa1 ) and w(sa2 ) are independent, corresponding
to the noninternal model in (7) and (47), in which case the variables in the MR model no longer correspond
to the scaling coeﬃcients of the ﬁnest scale process (e.g., x(s) will not be the deterministic average of its
children). Alternatively, if we do wish to maintain internality and the interpretation of states as components
of the wavelet representation of the ﬁnest-scale process, detail coeﬃcients, such as in (55), must also be
included as components of the state at each node (except for the ﬁnest scale at which we only need the
individual signal value). For example, the two-dimensional state at node s in Figure 18 consists of the
scaling coeﬃcient x(s) in (54) and the wavelet coeﬃcient in (55). Note that with this deﬁnition of the state,
the coarse-to-ﬁne dynamics of our MR model is partially deterministic. For example, as (54), (55) show, the
ﬁrst components (i.e., the scaling coeﬃcients) of the states at the two children of node s are deterministic
functions (a simple sum and a simple diﬀerence) of the two components of the state at node s. The other
components of the states at these two nodes are then the new wavelet coeﬃcients that will then be used in
the next step of the coarse-to-ﬁne synthesis. If the Haar transform did, indeed exactly whiten the process
z[n], the coarse-to-ﬁne dynamics would simply insert a white noise value for this detail coeﬃcient. However,
the structure of our MR model allows us to do better than this if the Haar transform does not perfectly
whiten the process. In particular, using the same procedure for constructing the A(s) and Q(s) matrices
as in Section 6.2.2, we can deﬁne dynamics that take advantage of the residual correlation in the wavelet
coeﬃcients to do the best job of predicting the ﬁner scale wavelet coeﬃcient from its parent scaling and
wavelet coeﬃcients. This idea has been used, for example, in [83] to obtain better approximations to fBm
than methods that completely neglect this residual correlation.59
The Haar case is a particularly simple and obvious one in its connection to MR tree models, thanks to
the non-overlapping support of the shifted and scaled Haar scaling functions and wavelets that comprise a
dyadically-scaled orthogonal basis. For example, the scaling coeﬃcients in (54) involve only values of the
ﬁne-scale process z[n] at points in the subtree below the corresponding nodes. However, if we consider more
complex orthogonal or biorthogonal wavelets–e.g., ones with additional vanishing moments [86, 329, 228] and
thus with higher degrees of smoothness–the situation appears to be much more complicated. In particular
in this case the synthesis of each signal value, e.g., z[N0 + 1] in Figure 18, requires contributions from all of
the wavelet and scaling functions whose support includes the point N0 + 1. Thus, achieving a form for the
coarse-to-ﬁne wavelet synthesis “dynamics” that has the structure of (6) requires that all of these required
scaling and wavelet coeﬃcients be part of the state sα1 .
As discussed in [85], this state augmentation can, indeed be done, but it is only half the story, since if
only this condition were used to deﬁne the state at each node, the resulting model would not be internal. The
implications of this lack of internality in this case are severe. In particular, because of the need to augment
the state at each node, individual scaling and detail coeﬃcients appear at multiple nodes. Suppose, for
example that a particular coeﬃcient appears in the state at two nodes s and t. The junction tree constraint
(or, more precisely its counterpart for linear models) would then require that this coeﬃcient also appear in
(or, more precisely, be a deterministic linear function of) the state at each of the nodes on the path between
s and t. However, the augmentation done simply to make sure that everything needed for wavelet synthesis
at a particular node is included in the state at that node does not satisfy this condition. As a result of this
violation of the junction tree constraint, the multiple replicas of what is supposed to be a single coeﬃcient
need not (and typically with probability 1 will not) be equal.
The key to see how to overcome this problem and recover internality is the examination of the ﬁne-tocoarse wavelet analysis dynamics, in which wavelet and scaling coeﬃcients at successively coarser resolutions
are constructed as linear combinations of scaling coeﬃcients at the previous, ﬁner resolution. Again because
of the overlapping supports of the wavelets and scaling coeﬃcients at each scale, each of these coarser scaling
coeﬃcients, say one located at node s in Figure 18, is a linear combination of a number of the ﬁner-scale
59 Note also that exploiting this residual correlation in order to do the best job possible of predicting ﬁner-scale wavelet detail
coeﬃcients is similar in spirit to discussion in Section 5.1 and in particular to the model (46). The key diﬀerence is that the
model in (46) allows the use of the entire vector of scaling coeﬃcients at the preceding scale to be used to estimate each detail
coeﬃcient at the next scale. In the tree-based approach described here for the Haar transform each detail coeﬃcient is predicted
based only on the state (single wavelet and detail coeﬃcient) at its parent node.
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scaling coeﬃcients. If the model we construct is to be internal, we must then have that all of these required
coeﬃcients must be resident at the two children of node s. Accomplishing this requires some additional
state augmentation, which at ﬁrst blush, might lead one to believe that it would then be necessary to revisit
the synthesis side of the problem in order to guarantee that we have everything we need at each node for
consistent coarse-to-ﬁne dynamics as in (6), and then to revisit the analysis side, etc. However, as shown
in [85], this is not necessary, as the combination of a preliminary state deﬁnition for the synthesis dynamics
followed by a second augmentation to ensure internality leads to a well-deﬁned internal, linear, MR model
in which the state at each node consists, with probability 1, of a vector of scaling and detail coeﬃcients of
the ﬁnest-scale process.
Not surprisingly, the dimension of the state of the resulting model grows linearly with the support of
the wavelet (or wavelets in the biorthogonal case), as typically does the degree to which such a wavelet
transform whitens a given process such as fBm. In pure wavelet analysis this often suggests the use of fairly
high-order wavelets so that the residual correlation can be safely neglected. However, using our coarse-to-ﬁne
dynamics, we do not need to neglect the residual correlation and can in fact exploit it to enhance the ﬁdelity
of the resulting model. The result of this is that high-ﬁdelity approximations of processes such as fBm can
be created using MR representations based on wavelets of much smaller support than are typically used
otherwise.
While the beneﬁt described in the preceding paragraph is interesting and while the rapprochement with
wavelets is intellectually satisfying, neither of these by themselves make a compelling case for why one would
want to use such a representation. However one good reason given in [85] is that once we have this model, we
can consider estimation of a process based on sparse, irregular, and even multiresolution measurements–i.e.,
to problems in which the data themselves are so erratically distributed that direct application of wavelet
analysis is not possible. Figure 21 illustrates the use of an internal MR tree model based on the Daubechies
6-tap orthogonal wavelet [86] to estimate an fBm process given “gappy” measurements of diﬀering quality
over the two ends of the interval over which the process is to be estimated. Note that the resulting estimate
is nearly identical to the one based on the exact fBm statistics, with deviations only a tiny fraction of one
standard deviation of the errors in the optimal estimates.
6.2.4

Covariance Extensions, Maximum Entropy, and MR Models

In this section we turn to another important topic in statistical signal processing with strong ties to graphtheory and to MR models. The problem is that of covariance extension. Speciﬁcally, in many applications
it is unreasonable to expect to be provided with the complete covariance of a random process or ﬁeld–
or to have data available from which such a complete speciﬁcation could be estimated. For example, in
dealing with large-scale remote sensing problems, the random ﬁelds of interest can have dimensionality in
the millions, making not only the availability but even the storage of a full covariance matrix prohibitive. In
such problems, what is more likely to be the case is that only a comparatively small part of the covariance
matrix is speciﬁed, and what we then seek is a model that is consistent with that partial speciﬁcation.
This idea of modeling from partial speciﬁcations is well known in the signal processing ﬁeld. In particular,
consider the construction of a stochastic model for a stationary time series that matches a partially speciﬁed
correlation function. Speciﬁcally, we are only given (and only need match) the ﬁrst few values of that
correlation function. If this partial speciﬁcation is valid (i.e., if it does indeed correspond to the ﬁrst few
values of a completely speciﬁed correlation function), then it is indeed possible to ﬁnd models that match that
partial speciﬁcation, one of which, namely the maximum entropy extension, corresponds to an autoregressive
(AR) signal model whose coeﬃcients can be eﬃciently calculated from the speciﬁed portion of the correlation
function, using, for example, the celebrated Levinson recursions (see, for example, [307]). Further, although
not typically emphasized, the resulting AR model can then be used for the eﬃcient, recursive computation
of the covariance values not speciﬁed originally.
Interestingly, that maximum entropy extension also has important implications for MR modeling. In
particular, the resulting AR model is a kth-order Markov process, where k is the number of covariance values
that were originally speciﬁed. As a result, using a construction analogous to that for Brownian motion in
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Example 2, we can, in principle, construct a MR model for this process analogous to that shown in Figure 6,
except that the number of boundary points kept at each end of each subinterval would be k rather than 1.
That construction, however, requires knowledge of what appears to be a considerable number of covariance
values other than those that were originally speciﬁed. For example, referring to Figure 6, for a ﬁrst-order
Markov process, specifying the coarse-to-ﬁne dynamics requires knowledge of the covariance between points
(namely end- and mid-points) that are not near each other. In principle these can be computed from the AR
model as mentioned in the preceding paragraph, but that recursive method also calculates many elements of
the covariance sequence that are not needed to construct the MR model. This raises the question, then, of
whether the needed elements can be computed much more directly and eﬃciently, and that, in turn, leads
to some important ties to graph theory.
In particular, suppose that P is a partially speciﬁed covariance matrix, i.e., only certain elements of P ,
always including its diagonal, are speciﬁed. Furthermore, we must also have that P is valid, namely that any
completely ﬁlled principal submatrix (i.e., any submatrix consisting of the same choices of rows and columns
of P and for which all of the elements are speciﬁed) is positive deﬁnite. An extension of P , then, corresponds
to ﬁlling in some of the unspeciﬁed values in P while still maintaining validity, while a completion is an
extension in which every element is speciﬁed, yielding a full, positive-deﬁnite covariance matrix.
Two important questions are: (1) Does a given partially speciﬁed covariance matrix have extensions and
completions; and (2) If so, what is the maximum entropy extension? Answers to both of these questions have
important graph-theoretic interpretations. In particular, if P is an N × N matrix, consider the undirected
graph with nodes labeled 1, 2, ..., N, where we include the edge (i, j) between distinct nodes i and j if the
ij th element of P has been speciﬁed. Then, the following results hold [21, 75, 142]:
a) Given a particular graph of this type, extensions and completions exists for any valid partially speciﬁed
covariance with this graph structure if and only if the graph is chordal.60
b) If a completion exists for a given partially speciﬁed covariance, then the maximum entropy extension
is Markov with respect to the graph determined by P .
One typical example in which (a) holds is if a consecutive set of diagonal bands of P are speciﬁed–this is
simply the generalization of the usual AR modeling framework to allow for the time series to be nonstationary
(so that each of the diagonals within the band need not have constant values). In this case, the resulting
maximum entropy model is, as we have said, kth-order Markov, which is identical to the process being
Markov with respect to the graph determined by P .
Suppose, that the graph, G, of P is chordal. The question of then calculating particular elements of
P , or more precisely, the possible recursive orders in which these elements can be calculated also has a
graph-theoretic interpretation, as shown in [121]. Speciﬁcally let Pe be an extension of P (so that Pe agrees
with P wherever P is deﬁned), and let Ge be the graph corresponding to Pe (so that G ⊂ Ge ). Then if Ge is
also chordal, we can calculate the additional elements of Pe without having to calculate any other elements
beyond those in Pe . Moreover, this can be accomplished recursively, by constructing a chordal sequence:
G ⊂ G1 ⊂ G2 ⊂ · · · ⊂ Ge

(56)

where each step in this sequence corresponds to adding a single edge to the preceding graph. This sequence
then provides a recursive ordering for the computation of the required elements of Pe .
In [121] it is also shown that each step of this recursion deﬁnes a range of values for the new element of
the extension, providing, in essence, a complete characterization of all possible extensions much as reﬂection
coeﬃcients do for standard time series models [307]. In particular, it is shown in [121] that the required
computations for each of the steps in the sequence involves a submatrix corresponding to the new maximal
clique formed by the addition of the new edge. This submatrix has a single new element to be computed.
Choosing any value that makes the submatrix positive deﬁnite is valid, and choosing the particular value
that maximizes the determinant of this submatrix corresponds to the maximum entropy extension. In some
cases the maximal clique size can grow as the recursion progresses, apparently implying that the required
60 If the graph is not chordal, existence of extensions and completions depend on the speciﬁc numerical values of the speciﬁed
elements of P .
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computations also grow. However, we refer the reader to [121] for an additional set of graph-theoretic
conditions on the chordal sequence in (56) that guarantee, in essence that most of the computations required
at each stage of the recursion have already been performed at previous stages. This result provides a
nontrivial extension of Levinson-like recursions.
Finally, let us examine the speciﬁc extension required to form the MR tree model when we begin with
a partial covariance consisting of k diagonal bands on either side of the main diagonal. In this case, as
described previously, the additional elements of the maximum entropy extension that must be computed are
unusually distributed (and, in fact have a fractal pattern–see [121]). Moreover, they are an extremely sparse
subset of the elements of P (having O(N ) elements). Surprisingly, however, the graph corresponding to this
extension is chordal. Moreover, when the corresponding chordal sequence is constructed to compute these
needed elements, we ﬁnd that the resulting sequence of new maximal cliques remains bounded in size, so
that the total computational load to construct the resulting MR model is also O(N ). We refer the reader to
[121] for details.

6.3

Estimation of Model Parameters and Learning of MR Models

In this section we take a brief look at the problem of estimating or learning MR models from data. There
are three separate classes of problems we describe, as detailed in the following sections.
6.3.1

Estimation of MR Model Parameters

The ﬁrst class of problems involves the estimation of parameters of MR models of ﬁxed and known structure61
As discussed in Section 4.3, the computation of likelihood functions can be performed eﬃciently for MR
models, implying, for example, that one can use these computations as the basis for maximum likelihood
parameter estimation. Examples of this for linear models can be found in [114, 113] for both the estimation
of the Hurst parameter of fBm and for the estimation of noise correlation structure and parameters for
models used in oceanographic remote sensing.
For discrete or hybrid MR models–e.g., as in the MR segmentation model in [42] or the Hidden Markov
Tree models illustrated in Example 6 and developed in detail in [80, 261, 59, 281, 282]–a very eﬀective
approach to parameter estimation involves the use of the EM algorithm [97]. The employment of EM
requires the speciﬁcation of the so-called complete data, which includes not only the actual measured data
but also some additional hidden variables, which, if available make the computation of parameter estimates
much easier. For example, as described in [80], for Hidden Markov Tree models, the clear choice for the
complete data consists not only of the actually observed wavelet coeﬃcients but also the hidden discrete
states at each node, where for the following discussion we let w and s denote the vectors of all of the wavelet
coeﬃcients and discrete state variables, respectively. We also denote by θ the vector of parameters to be
estimated, consisting of the probabilities deﬁning the discrete-state hidden Markov model and the means and
variances for each wavelet coeﬃcient conditioned on each of the possible values of the corresponding discrete
state. The E or expectation step then consists of computing the conditional expectation of the log-likelihood
function log[p(w, s|θ)] conditioned on both w and on the previous iteration’s estimate of θ. This corresponds
to averaging over the possible values of s given the conditioning information. The maximization or M step
then involves maximizing the function computed during the E step in order to compute the next iteration’s
estimate of θ. Note that the vector s, consisting of choices for all of the discrete states at every node in
the tree, has a number of possible values that is exponential in the number of nodes in the tree. Thus, as
discussed in [222] and also in Section 6.1, the computation of such expectations for general graphical models
can be prohibitively complex, while for trees such computations can be performed extremely eﬃciently. As
a result, the implementation of EM-based algorithms for parameter estimation for MR models on trees are
computationally attractive. We refer the reader to [42, 80] for further discussion and examples.
61 In many cases the quantities to be estimated are often referred to as hyperparameters, typically a small number of unknowns,
where the actual parameters of the model–e.g., the elements of the matrices A(s) and Q(s) in linear MR models–are (typically
nonlinear) functions of these unknowns.
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6.3.2

Learning MR Models

An alternative to the parametric estimation methods discussed in the preceding section is the use of a
nonparametric or machine learning philosophy in building such models. We brieﬂy describe two lines of
investigation, in each of which wavelet transforms are used to populate the variables in such a MR model
and then MR models are learned from training data.
The ﬁrst of these, described in [125, 124] involves the construction of nonlinear coarse-to-ﬁne statistical
models for wavelet transforms, i.e., models much as in (45) and (46) except that the estimate of each wavelet
coeﬃcient is allowed to be a nonlinear function of a window of nearby scaling coeﬃcients. Speciﬁcally the
wavelet coeﬃcients at each scale are modeled as being independent when each is conditioned on its own
local window of scaling coeﬃcients, and the conditional distribution for each coeﬃcient is assumed to be
Gaussian. However, the mean (variance) of that conditional distribution is modeled as piecewise aﬃne
(constant) function of the window of scaling coeﬃcients. For any such “piece” we have a linear parametric
model as in (45). However, determining how many such linear pieces there should be and specifying the region
over which each linear function should be applied require nonparametric estimation techniques. We refer
the reader to [125, 124] for details and also for the application of these models to problems of tomographic
reconstruction. Finally we note that since each wavelet coeﬃcient depends on several scaling coeﬃcients, the
question arises as to whether the resulting MR model forms a tree–or, more precisely, if state augmentation
methods such as described in Section 6.2.3 can be applied to transform this model into a tree model. In
some cases, this will certainly be the case. However, in others the result will be a more complex graph that
does not yield a junction tree or cutset tree model with acceptably small state dimension.
Another very interesting approach to MR modeling for image processing is that developed in [91, 90, 92].
The basic idea behind this approach is quite simple: Given a sample image, we form a MR pyramid by
performing a MR decomposition of the image–the speciﬁc decomposition used in [91] is an overcomplete
steerable pyramid [298]. Thus, at each node s, on a quadtree, we have a vector of coeﬃcients, denoted by
z(s), sensitive to variations in diﬀerent directions at the location and scale corresponding to node s. From
this one image sample–or perhaps from a small set of images [20]–we wish to learn non-Gaussian, nonlinear
coarse-to-ﬁne statistical dynamics. In particular, what is done in [91, 90, 92, 20] is to use nonparametric
density estimation methods to estimate both the distribution of the vector of values at the root node and
the conditional distributions for every other node given all of its direct ancestors. That is for each node s
other than the root node 0, we estimate the density:
p(z(s) | z(sγ̄), z(sγ̄ 2 ), · · · , z(0))

(57)

The way in which this is done is to assume an interesting variation of stationarity, namely that each node s
at a given scale has the same conditional distribution (57) as all other nodes at that scale. What this implies
is that even with a single image from which to learn the distribution, we will have a signiﬁcant number of
samples from which to estimate these densities at ﬁner scales (at which there are many nodes), although
the resulting learned densities at coarser scales will be less certain. Note also that the distributions in (57)
do not correspond to a Markov model on the tree for z(s), since if that were the case, conditioning z(s)
on z(sγ̄) would make further conditioning on more distant ancestors of no informational value. However,
just as in time series analysis, it is simple to turn such a higher-order Markov description into a ﬁrst-order
representation by state augmentation, i.e., by deﬁning the state at each node to consist of a vector of the
values of z(.) at the ancestors of that node. As with hybrid and nonlinear wavelet-based methods , such as
in [80, 261, 59, 281, 282, 333], the motivation for this modeling methodology is to capture both the nonGaussian nature of wavelet statistics and the cascade behavior characteristic of wavelet decompositions of
natural images. Figure 22 illustrates one example suggesting the promise of this approach for the modeling
of natural imagery.
6.3.3

Learning MR Tree Structure

Throughout the discussions in this entire section we have focused on aspects of the MR modeling problem
other than identifying or learning the structure of the MR tree; that is, we have focused on identifying
56

the variables to place at particular nodes on a prespeciﬁed tree and/or the problem of determining the
parameters of a model once those variables have been speciﬁed. A strong argument can be made that this
is reasonable for signal and image processing applications, since the nodes and variables at these MR nodes
have, at least, rough intuition associated with them related to the representation of phenomena at diﬀerent
scales and spatial locations. Nevertheless, it is worth noting that the topic of identifying the structure of the
tree has received some attention [64, 238, 239, 230, 177, 303], mostly in ﬁelds other than signal and image
processing.
Perhaps the best known work in this area is that of Chow and Liu [64]. The idea in this work is that we
are given an index set, V, a set of random variables, {z(s)|s ∈ V}, and a number of independent realizations
of this set of variables. We assume that the joint distribution of these variables is given by a tree distribution–
i.e., that the z(s) form a graphical model with respect to a tree with node set V. However, we neither know
which of the many trees with this index set is the correct one nor the distribution for these variables. The
objective, then, is to use the available measurements to determine the maximum likelihood estimate of both
the tree and the distribution with respect to that tree. Since for any a speciﬁc choice of tree structure, the
ML estimates of the distribution over that tree is simply the empirical factored distribution based on the
observed data, the central problem reduces to identifying the best choice of tree structure. As shown in [64],
this problem can be solved very eﬃciently.
The special nature of trees is reinforced by the observation that the solution to this problem in which
we allow graphs other than trees is much more diﬃcult and, in fact, is NP–Hard [303]. An important recent
advance in this area is the work reported in [177, 303] which focuses on chordal graphs with bounded treewidth (so that maximal clique sizes are bounded). Even for this limited set of graphs optimal identiﬁcation
is prohibitively complex, but the results in [177, 303] show that it is possible to develop computationally
feasible algorithms that have ranks (with respect to maximizing the likelihood) that are provably bounded
relative to the optimal. The signiﬁcance of these results for MR modeling have yet to be developed, but
some additional motivation for considering graphs that are, in some sense “close” to trees is given in the
next section.

7

Moving Beyond Trees

As the preceding sections make clear, MR models on trees have many attractive properties that lead to
powerful and eﬃcient signal and image processing algorithms that have extensive domains of application.
The fact that these models are Markov on trees, i.e., graphs without loops, leads both to the power of
these algorithms and also to the apparent limitations on their applicability. In particular, as we discussed
in Section 6 , while it is always the case that any process (e.g., any MRF or graphical process on a loopy
graph) can be modeled (exactly or approximately) using a MR model on a tree, in many cases the resulting
dimensionality or cardinality of the state of that tree model is large. Since the complexity of the algorithms
we have described grows polynomially with state dimension or cardinality, we have three alternatives: (1)
Reduce the dimension or cardinality of the state; (2) Develop alternative algorithms and approximations that
reduce complexity but allow us to keep higher-dimensional or higher-cardinality states; and (3) Consider MR
models on graphs with loops.
In the preceding sections we described a variety of approaches to the ﬁrst of these alternatives. In
some cases (e.g., with the smoothness-based models described in Section 6.2.1) reduction of state size can
be accomplished by replacing one model with another that serves essentially the same purpose. In others
(e.g., with the approximate stochastic realization methods in Section 6.2.2) the method used is to reduce
state dimensionality by keeping a limited-dimensional projection of the full state at each node, chosen to
minimize the residual correlation between variables that the full state completely decorrelated. Alternatively,
as discussed at the end of Section 6.2.1 one could use the method based on overlapping trees to overcome
the severe burden, especially at coarser scales, that is placed on the state of a tree model, namely providing
complete conditional mutual independence to the sets of variables in the separate subtrees descendent from
that node. However, as we also indicated, one of the prices for using an overlapping tree is that the total
number of tree nodes, N , increases by a factor of 2 for a dyadic tree and by a factor of 4 for a quadtree
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with every additional scale. Thus, the amount of overlap that can be accommodated while maintaining
computational eﬃciency of the resulting inference algorithms also has limits.
As a result, there is considerable motivation to consider the other two alternatives mentioned previously. In the next section we take a brief look at an approach that keeps state size large but reduces the
computational burden of the resulting inference algorithms, and in this context we also make contact with
the very important ﬁeld of space-time processes and algorithms and its counterparts, e.g., Dynamic Bayes
Nets (DBNs), in the graphical model literature. In Section 7.2 we then take a brief look at several recently
introduced methods that have been developed to deal with estimation on graphs with loops. While these
methods were originally motivated by inference problems for MR pyramidal structures, they can be applied
to arbitrary graphical models and thus are of independent interest to the graphical model community.

7.1

Reduced-Complexity Cutset Models and Time-Recursive Approximate Modeling

In this section we return to the cutset models discussed in Section 6.1.1, and while the ideas we describe can
(and have) been applied to more general graphs and to nonlinear models, for illustrative purposes we frame
our discussion in terms of a linear-Gaussian, nearest-neighbor MRF on a regular 2-D lattice as in Figure 14.
As we discussed in Section 6.1.1, an exact MR model can be formed by taking as the state at the root node
either the full set of variables along either the red row or blue column of the grid in Figure 14 (leading to
a dyadic tree structure in which, for example, we alternatively bisect regions horizontally and vertically) or
where we take the root node state to be the set of variables along both the red row and blue column in the
1
ﬁgure (leading to a quadtree model). In either case the dimension of the state at the root node is O(N 2 ),
where N is the number of nodes in the 2-D grid. Note that the dimensions of nodes at successively ﬁner
scales are only half the dimension of their parents, so that the overall complexity of inference algorithms
1
is not as bad as if every state had dimension O(N 2 ), but it is still the case that large state dimension at
even a small number of nodes leads to problems for procedures such as the estimation algorithm described
in Section 4.2.
In particular, the dynamic model (6) and the estimation algorithm given by (20) - (37) are written in
a form that requires the explicit representation, computation, and storage of various estimates and error
covariances of the state at each node in the tree (e.g., see (20), (24); (25), (26), (35), (36)), and in general
each of these covariance matrices will be full. The key to the method described in this section is an alternative
form for estimation equations known as the information ﬁlter, in which the quantities that are stored and
computed directly are information matrices, P −1 , i.e., inverses of covariances, and information states, i.e.,
P −1 x̂, where the covariances and estimates here could be any of the pairs appearing in the algorithm in (20)
- (37) . As is well known for time series [174], the information ﬁlter algorithm has a form analogous to (20)
- (37), in which it is these information quantities that are recursively computed.
At ﬁrst glance, this approach seems to have bought us nothing, since, in general, there is no guarantee
that the computations involved in this alternate form will be any less demanding than (20) - (37), and in
addition we now have additional computations to perform, namely to recover x̂ from P −1 x̂. However, as
pointed out in Section 3.3, the inverse of a covariance matrix has an interpretation as specifying a model for
a random vector or process, and this is the key to an alternate form of approximation for cutset models to
that considered in Section 6.2.2. In particular, consider the set of variables corresponding to the values of
a ﬁrst-order Gaussian MRF along the center, red row of Figure 14. What we would like to do is to think
of this set of values as a 1-D signal. However, while the inverse of the entire covariance of the full 2-D
process is sparse (thanks to the graphical structure of the model), the inverse of the covariance matrix of this
center row alone is generally full, implying that the graphical model associated with this 1-D signal is fully
connected. On the other hand, as discussed and illustrated in [316, 82, 166], in many cases–e.g., in particular
for many ﬁrst-order MRF’s–these information matrices are nearly banded, i.e., the dominant nonzero values
are in a relatively narrow diagonal band around the main diagonal of the matrix. Consequently, if we were
to approximate such matrices by setting to zero the values that are deemed to be small,62 we obtain an
62 In

particular, as discussed in [204, 143], it is relatively easy, with local computations to compute what is known as the partial
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approximation for the inverse covariance of this 1-D signal that is banded. This corresponds to pruning
edges from the fully connected graphical model to produce an approximate 1-D Markov model of order equal
to the width of the nonzero diagonal band.
This suggests the structure of a MR modeling algorithm–and of the corresponding estimation algorithm
as well–in which we recursively compute banded approximations to information matrices and information
states for each of the cutset states in a tree model on the lattice of Figure 14. Since the approximate
information matrices have small numbers of nonzero elements, the computations involved in each step are
much simpler (e.g., only linear or at worst quadratic in state dimension). As a result, this approximate
algorithm has total complexity that is at worst O(N ) [166]. Moreover the recovery at each node of x̂ from
P −1 x̂ is also straightforward–and, in fact, corresponds precisely to a 1-D Kalman Filter/Rauch-Tung-Striebel
smoother–thanks to the banded structure of our approximation to P −1 . We refer the reader to [316, 82, 166]
for examples and details, including examples in [166] applied to other, less regular graphs than the one in
Figure 14. In addition, these same principles can be applied to discrete-state and nonlinear graphical models,
although the criterion for pruning edges must obviously take a form other than examination of elements of
the inverse of a covariance matrix (see, e.g., the references in the following discussion of DBNs).
The method just described has close relationships both to well-known methods for the numerical solution
of partial diﬀerential equations [106, 138] and to algorithms and ideas for space-time processes and DBNs. In
particular, as described in [81] (see also [181]), suppose that instead of beginning with the middle red row in
Figure 14 we begin either with the top row or the leftmost column and then “march” either downward row by
row or from left to right column by column, where in either case we propagate an approximate version of the
inverse covariance, i.e., an approximate 1-D Markov model for the values of the ﬁeld along each successive
row or column. Note that such an approach eﬀectively treats one of the two spatial dimensions as a time-like
variable for the row-to-row or column-to-column recursion, and this in turn provides a direct connection
to space-time processes, e.g., processes on grids such as in Figure 14 in which one of the two independent
variables is time.
The idea of propagating approximate graphical models in time is a topic of signiﬁcant current interest
[134, 43, 254], and we refer the readers to these references for details. We note in particular that in [43] the
authors confront a problem of considerable concern not only for DBNs but for the approximate MR modeling
methods described in this and previous sections, namely the issue of how approximation errors propagate
and accumulate over time. In particular, these authors obtain results that show that, as long as the temporal
dynamics of the process of interest have suﬃcient “mixing”, the Kullback-Leibler divergence between exact
and approximate models decreases with temporal propagation, which implies that if comparable approximation errors are made at each time step, the accumulation of these errors over time (as measured by K-L
divergence) remains bounded. Developing comparable results (and possibly stronger ones in the linear case)
for MR tree models remains an open topic whose resolution would provide a way in which to relate local
approximations at each node in a tree with the impact on global model accuracy.
We also refer the reader to [54, 55, 56] for related research in space-time estimation in which the spatial
phenomenon can be 2-D or 3-D, and for which the objective, then is to propagate an MRF model (e.g., a
ﬁrst- or higher-order MRF on a grid such as Figure 14), and to [342, 147] for approaches to direct temporal
propagation of a MR tree model for a space-time process. An important issue that [147] begins to address
is that of the temporal “mixing” of spatial scales–i.e., features at one scale at one point in time can interact
through the temporal dynamics to produce features at diﬀerent scales as time evolves. This characteristic
implies that the statistical relationships–e.g., between a parent and child node–at one point in time depend
on the relationships at the previous time among nodes that may be at several diﬀerent scales. The resulting
structure consists of a temporal sequence of MR models on trees with directed edges between nodes in the
tree at one time to nodes in the tree at the next time in order to capture temporal dynamics and mixing.
correlation coeﬃcient corresponding to a particular edge, namely the conditional correlation between the nodes connected by
that edge conditioned on all the rest of the variables in the entire graph. Removing edges corresponding to small partial
correlations is the approach taken in [166].
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7.2

MR and Tree-Based Algorithms for Graphs with Loops

In this section we describe approaches that relax the requirement that the MR model live on a loop-free
graph, thereby reducing the decorrelation burden on (and hence the dimension of) coarse-scale nodes by
allowing additional paths between ﬁner-scale nodes. For example, rather than using MR models on trees
such as in Figure 1(a), one might consider MR models on pyramidal structures such as in Figure 23 in which
there are edges between pairs of nodes at various scales, in essence providing a short circuit between nodes
that would otherwise be far apart as measured by distance along the MR tree.
Other examples of MR graphs with loops–e.g., ones in which each node is connected to several parent
nodes (e.g., see [42, 110, 156])–have been mentioned previously. With the use of any such graph, however, one
must confront the problem of inference, which, as we discussed in Section 4.4, is a challenging problem that is
the subject of considerable current interest. Indeed, the graphical model and turbocoding literature contain
important results on the behavior of belief propagation algorithms (e.g.,[278, 337, 123, 332]), including results
for linear-Gaussian models [285, 338, 332], as well as the introduction of new classes of iterative algorithms
(e.g., [357, 334, 332]). It is not our intention to describe or review this vast and active area of research.
Rather, we refer the interested reader to the references just given and the others on graphical models cited
previously and limit ourselves here to brief descriptions of several investigations that have been directly
motivated by MR models and tree algorithms, beginning with the following example.
Example 10. In this example, we return to the problem of image segmentation introduced in Section 2.5
and, in particular, to an approach, introduced in [42] and subsequently employed in a variety of other
contexts (see, for example, [323, 183, 289, 290, 53]). For simplicity we describe the idea in the context
developed in [42], which employs a MR discrete-state Potts model, as introduced in Example 3 and (8),
to describe the coarse-to-ﬁne dynamics of a Hidden Markov Tree representing segmentation labels at a
sequence of resolutions. The actual observed data in [42] consists of data only at the ﬁnest scale, where the
measurements are assumed to be conditionally independent when the measurement at each ﬁnest scale node
is conditioned on the value of the hidden discrete label at that same node (where the form of the conditional
distribution is taken to be Gaussian or a Gaussian mixture in the examples in [42] or a generalized Gaussian
in other references (e.g. [289, 290]).
While the model described in the previous paragraph is essentially identical in structure to others we have
described (e.g., see Example 6), there are two signiﬁcant additional components of the complete approach
developed in [42] that distinguish it and lead to inference algorithms with very diﬀerent structure. First,
rather than using either an MAP or MPM criterion for optimal estimation of the discrete label set, the
authors suggest an alternative measure aimed in part at overcoming the problematic use of MAP estimation
for segmentation [234] and also at exploiting the structure of MR models. In particular, using the argument
that errors at coarser scales are geometrically more expensive (since they correspond to misclassiﬁcations
over geometrically larger regions), the authors derive a criterion that puts exponentially larger weights on
errors that occur at coarser scales (see [42] for the precise formulation). The result is a criterion whose precise
optimization is rather complicated. However, the authors demonstrate that a very good approximation to
the criterion to be optimized at each scale results in a very simple and intuitively appealing structure: A
ﬁrst ﬁne-to-coarse sweep, much as in the two-sweep algorithms we have described previously, is performed to
compute, at each node the conditional log-likelihood for the data in the subtree below that node conditioned
on the discrete state value at that node. That is, if we let x(s) denote the discrete-state at node s and Ys
denote the data at the ﬁnest scale nodes descendent from s, the coarse-to-ﬁne sweep computes

s (k) = log p(Ys |x(s) = k)

(58)

at each node s and for each value k that x(s) can take on. At the root node, we can then compute the
optimal estimate as

x̂(0) = arg max 0 (k)
k
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(59)

The approximate estimation algorithm then proceeds in a coarse-to-ﬁne manner, where, at each stage we
essentially assume that the estimate at the parent node is correct. That is, the approximate coarse-to-ﬁne
recursion is given by


x̂(s) = arg max s (k) + log p(x(s) = k | x̂(sγ̂))
k

(60)

However, as we have pointed out, and as is also pointed out in [42], use of such a tree model can lead
to artifacts, and this leads to the introduction in [42] of an alternative to the tree-based Potts model of
Example 3, namely a directed graph model, from coarse-to-ﬁne scales in which the discrete state x(s) at any
node s depends on the values at three nodes at the preceding, scale, namely the parent node sγ̄ and two of its
neighbors at the same scale, where for simplicity here, we denote this set of three nodes as P(s). The model
used is a straightforward variation of (8) in which the state x(s) is inﬂuenced by all three of its parents (see
[42] for details). As a result of adopting this non-tree model, the computation of the likelihood in (58) and
in fact the entire structure of the computation of optimal estimates becomes much more complex thanks to
the loopy structure of the graph corresponding to this 3-parent model. In principle, maximization cannot be
performed node-by-node at each scale; rather all nodes at each scale need to be considered simultaneously,
a combinatorially explosive requirement at ﬁner scales.
Thus, as with any inference problem on a complex graph with loops, an approximation or iterative scheme
is needed. The approach taken in [42] is to deﬁne a non-iterative, two-pass algorithm that is motivated by the
perspective of MR processing but that is decidedly diﬀerent from approaches found in the general graphical
model literature. In particular, [42] assumes that both a tree-based Potts model as in Example 3 and a
3-parent non-tree model are available for the discrete state process. The tree-based model is used on the
ﬁne-to-coarse sweep, computing the likelihoods in (58). The optimal root node estimate is then computed
as in (59), and the estimates at other nodes are computed node-by-node in a coarse-to-ﬁne sweep using the
following recursion in place of (60):

x̂(s) = arg max {s (k) + log p(x(s) = k | x̂(t), t ∈ P(s))}
k

(61)

Comparing (60) and (61) we see that the only diﬀerence is the conditioning on the set of 3 parents rather
than simply x(sγ̄) in the transition distribution. As discussed in [42], at each scale what this algorithm
resembles (but does not equal) is the optimal estimate based on using a 3-parent Potts model for coarser
scales but a tree-based Potts model for ﬁner scales.
Figure 24(a) shows the result from [42] of applying this algorithm to the multispectral image in Figure 5(a), in which the data at each pixel consists of a vector of multispectral measurements, and the image
is segmented into 5 regions, the pixels in each of which are modeled as a multivariate Gaussian mixtures.
Figure 24(b) shows corresponding results for the segmentation of the document page in Figure 5(b) into
3 regions (text, picture, and background). The algorithm used for this second example and developed in
[53] uses the same structure (tree for ﬁne-to-coarse likelihood computation and non-tree for coarse-to-ﬁne
estimation) but much more sophisticated and involved data and model structures. We refer the reader to
[53] for details.63
Finally, we brieﬂy describe research motivated both by MR loopy graphs as in Figure 23 and also by
the eﬃcient algorithms described in Section 4 for inference on trees. Speciﬁcally, consider estimation for
a graphical model on a (connected, loopy) graph G = (V, E), based on noisy measurements of variables at
some (or all) of the nodes on the graph. The basic idea behind the algorithms in [332] is to carry out this
63 The algorithm in [53] involves the use of Haar wavelets to transform the raw measurements into detail coeﬃcients, an aﬃne
class-dependent MR model for the scale-to-scale dynamics for these coeﬃcients, and a directed graph model for the multiscale
class labels with transition probabilities that are in general much more complex than those used in [42]. All of these aspects of
the model are learned by training on a small set of sample images.
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estimation process using inference on tree models as a basic engine. In particular, suppose that we identify
a set of spanning trees, S1 , · · · , ST for the graph G. That is, each of these trees connects all of the nodes
in V and has a set of edges that is a subset of the edge set, E, of G. For example, Figure 23 (b) and (c)
depict two spanning trees for the graph in Figure 23(a). The general structure of the algorithms in this class
involve iterative application of tree-based inference using the statistical structure implied by using each of
these trees individually.
Speciﬁcally, let x be a zero-mean, Gaussian, graphical process on G with covariance matrix Px , and
suppose that we have linear measurements, y, as in (38) with C and the covariance, R, of the measurement
noise v block-diagonal. As discussed in Section 4.4, the optimal estimate x̂s is the solution of (39), and
the corresponding error covariance Pe is given by (40). Further, as we also discussed previously, Px−1 has
a nonzero element in the oﬀ-diagonal (s, t) block only if (s, t) ∈ E. If G were a tree, this would allow us to
apply the fast estimation algorithm of Section 4.2 to calculate both x̂s and the diagonal blocks of Pe . Since
G is not a tree, we can’t do this; however, for each of the spanning trees, S1 , · · · , ST we can write
Px−1 = Pi−1 − Ki ,

i = 1, · · · , T

(62)

where the only nonzero oﬀ-diagonal blocks of Pi−1 correspond to edges in the spanning tree Si , and Ki has
nonzero elements only in blocks corresponding to edges eliminated from G in order to form Si (and possibly
in the diagonal blocks corresponding to nodes involved with the edges eliminated).64 As a result Ki has rank
proportional to the number of edges removed from G.
Using (62), we can rewrite (39) as
 −1

Pi + C T R−1 C x̂s = Ki x̂s + C T R−1 y

(63)

which suggests an iterative algorithm of the following form. Let i(n) denote a sequence that designates which
of the T spanning trees is used at the nth iteration (e.g., chosen to cycle periodically through these trees or
chosen randomly), and let x̂n denote the approximation to the optimal estimate at the nth iteration, which
is the solution to the following equation:

−1
Pi(n)
+ C T R−1 C x̂n = Ki(n) x̂n−1 + C T R−1 y
(64)
Since the matrix on the left-hand side of (64) has tree structure corresponding to the i(n)th tree, this equation
can be solved eﬃciently using the MR estimation algorithm in Section 4.2.
In [334] examples are given demonstrating that such Embedded Tree (ET) algorithms can lead to very
eﬃcient methods for computing the optimal estimates. As with Belief Propagation [285, 338], if an ET
algorithm converges, it does so to the optimal estimate. Moreover, while BP does not yield the correct error
covariances, it is shown in [334] that the computations performed in an ET algorithm can be used to compute
a sequence of approximations that do converge to the correct error covariances. Furthermore, experimental
evidence reported in [334, 310] indicates that ET algorithms converge for a broader class of processes than
the general, local message-passing version of BP. Roughly speaking this is due to the fact that the algorithm
takes advantage of much more global structure of the process, as captured by each of the spanning trees.
We refer the reader to [334, 310] for examples and theoretical analysis including conditions guaranteeing
convergence of this tree-based algorithm.
We also refer the reader to [332] for the introduction and investigation of a set of algorithms for discrete–
state processes that also use embedded trees but are much closer to Belief Propagation. Roughly speaking
the idea behind this work is to take advantage of an interpretation discussed at the end of Section 4.2, that
exact computations of conditional probabilities on a tree corresponds to a refactorization of the probability
distribution for a graphical model, essentially in terms of a distribution at a root node and parent-child
transition distributions. The Tree Reparameterization algorithm developed in [332] then corresponds to
iterative refactorization of the entire distribution on a loopy graph, where at each step the factorization
involves only those edges corresponding to one of the spanning trees used in the algorithm. We refer the
64 That

is, if the edge (s, t) has been eliminated, the (s, t), (s, s) and (t, t) blocks of Ki may be nonzero.
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reader to [332] for the theoretical analysis of this algorithm and for examples that show its promise for
inference on loopy graphs.65 While the methods in these references have only recently been introduced, the
results obtained so far and their explicit use of global rather than local graph structure suggests that there
may be much more that will result from further investigation over the next few years.

8

Conclusions

In this paper we have described a framework for MR modeling and processing of signals and images. As we
have seen, this framework, based on Markov models on pyramidally-structured, multiresolution trees, admits
eﬃcient processing algorithms and also is rich enough to capture broad classes of statistical phenomena. As a
result, these methods have found application in a variety of very diﬀerent contexts. Moreover, the formalism
on which this methodology is based is of deep interest intellectually, as it makes contact with a variety of
topics, including wavelets, graphical models, Hidden Markov models, multigrid and coarse-to-ﬁne algorithms,
inverse problems, data fusion, state space system theory, stochastic realization theory, and maximum entropy
modeling and covariance extensions.
We believe that the theory and methodology that we have described can be of value to researchers and
practitioners in many diﬀerent ﬁelds. In addition, we also believe that this area remains fertile ground for
further basic research. For example, while the MR methods that have been developed have been successfully
applied to many problems and much is known anecdotally about the problems to which they can be applied,
there is still more that can be done to deepen our understanding of the problems for which these methods
are appropriate and the limits to their applicability. In particular, in many signal and image processing
problems (such as the texture discrimination and groundwater hydrology examples discussed in the paper),
while the underlying phenomenon may be extremely complex, the available data and the inference objectives
are much simpler and lower dimensional. This suggests (and these examples support) the idea that for such
inference problems, it may be acceptable to use relatively simple and therefore crude MR approximations
which nevertheless yield near-optimal performance for speciﬁc inference problems of interest. Formalizing
this idea and developing more general methods for constructing models suited for particular processing tasks
remain to be accomplished.
There are many other theoretical topics that also remain to be explored. One of these is the development
of data-driven algorithms for model construction analogous to the ones we have described based on explicit
knowledge of the covariance structure of the process to be modeled. Here we are motivated by the fact
that standard temporal modeling methods (e.g., for AR or ARMA models) have versions that work directly
from covariance speciﬁcations and other versions that work recursively from data. We expect that data–
driven algorithms with considerable computational advantages can be developed, and we refer the reader to
[167, 325] for some initial eﬀorts in this direction
In addition, for a variety of reasons it is of considerable interest to develop methods for MR modeling on
graphs with cycles. One of these reasons is the recently-developed set of algorithms for loopy graphs described
in Section 7, which show that one can make use of the power of tree-based algorithms for many graphical
models on loopy graphs such as in Figure 23(a). How do we build such models? Are there variations on the
stochastic realization or covariance extension methods described in Section 6.2 for such loopy graphs? For
example the covariance extension results in [121] that are described in Section 6.2.4 assume that the known
covariance elements form a chordal graph among the variables to be modeled. However, in many applications,
especially in remote sensing, that will almost never be the case. In particular, in such applications, we are
likely to have knowledge of correlations among ﬁne-scale variables (e.g., temperature variations in the ocean)
that are in close proximity spatially as well as correlations among coarser spatial averages of these variables
across longer distances, forming a non-chordal graph of known covariance values. Such a problem, in which we
have both local ﬁne-scale and more distant coarse-scale statistical characterizations that are of importance,
65 Note that the Tree Reparameterization Algorithm developed in [332] is fundamentally diﬀerent than the Embedded Tree
Algorithm in [334, 310], as the specialization of the former to linear-Gaussian models does not yield the Embedded Tree
Algorithm. Further, as shown in [332], Belief Propagation itself can be viewed as a very special variant of Tree Reparametrization
in which very simple embedded (but not spanning) 2-node trees in the graph are used at each step of the iteration.
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is reminiscent of the structure that is exploited in multipole algorithms [280, 256] for the solution of partial
diﬀerential equations. We refer the reader to [115] for a ﬁrst attempt to adapt multipole ideas to MR
estimation and also to [22, 167, 325] for some results on MR modeling and covariance extension on graphs
with cycles.
Other directions for further research can be found in virtually every corner of this paper. One is the
investigation of what we have called non-internal MR realizations, a topic that oﬀers the possibility of
additional ﬂexibility not present if we constrain ourselves to internal models (see [325] for some initial results
along these lines). Another is the further investigation of methods for space-time problems, either in which
time is treated in a multiresolution fashion as well (e.g., as is found in so-called multirate Kalman ﬁltering
and estimation theory [150, 151, 51, 96, 79]) or, as in the methods discussed in Section 7.1, in which time
is treated as a sequential variable but space is treated in a MR graphical manner. The results we have
presented (and others in the literature such as [274]) represent a start to this very important area which
extends well beyond MR modeling to the investigation of Dynamic Bayesian Networks.
As this discussion and the results summarized in the preceding sections illustrate, multiresolution statistical modeling and inference remains a fertile, active, and important area of investigation. It is the author’s
hope that this paper will help to stimulate further use of the methods that already exist and inquiry into
extensions that can enhance our understanding of these methods as well as the range of problems to which
they can be successfully applied.
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G
V
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A, U, W
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C
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x(s), y(s), w(s), v(s)
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Px (s)
x̂s (s)
Pe (s)
x̂(s|s)
P (s|s)
x̂(s|s−)
P (s|s−)
x̂(s|sαi )
P (s|sαi )
Px
x̂
Pe
r
I
z(r)
(p(r), q(r))

Usage/Meaning
a graph
node or vertex set of a tree or graph
set of nodes in the subtree rooted at node s
(i.e. node s and all its dessendents)
edge set of a graph
subsets of nodes in a graph
a clique in a graph
set of all cliques of a graph
nodes on trees and graphs
children of node s on a tree
parent of node s on a tree
closest common ancestor to nodes s and t on a tree
index for scale in a MR representation
scale of node s in a tree
matrices used to deﬁne MR models on trees
random variables or vectors at node s in a tree or graph
collection or vector of the variables {x(s)|s ∈ A}
collection or vectors of variables over an entire tree or graph
prior covariance of x(s) in a MR model
smoothed estimate of x(s) in a MR model
covariance of the error in the estimate x̂s (s)
estimate of x(s) based on data in Vs
covariance of the error in the estimate x̂(s|s)
estimate of x(s) based on all of the data in
Vs except the measurements at node s
covariance of the error in the estimate x̂(s|s−)
estimate of x(s) based on data in Vsαi
covariance of the error in the estimate x̂(s|sαi )
prior covariance of the vector x
optimal estimate of x
covariance of the error in the estimate x̂
spatial variable in two or three dimensions
2-D planar region
height of a surface over the 2-D region I
gradient of the surface z(r)
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Figure 1: Examples of MR trees, organized into resolutions. (a) A dyadic tree, typically used for the MR
representation of 1-D signals, including notation for nodes on the tree that are used in this and subsequent
sections of the paper; (b) A quadtree, frequently used for MR representations of 2-D imagery and random
ﬁelds. Here we have used a pictorial representation that emphasizes that each node on the tree represents
a “pixel” or spatial region of spatial resolution and at a spatial location corresponding to that node. The
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Figure 2: A set of TOPEX/POSEIDON measurement tracks in the North Paciﬁc Ocean. Taken from [112].

89

(a)

(b)

(c)

(d)

Figure 3: (a) A noise-free image; (b) noisy version of the image; (c) restored version of this image using
optimal Wiener ﬁltering over 3 × 3 image blocks; (d) restored version using Wiener ﬁltering over 7 × 7 image
blocks. Taken from [282].
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Figure 4: Illustration of two textures based on Markov random ﬁeld models. (a) pigskin; (b) sand. Taken
from [225].
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Figure 5: (a) Remotely sensed multispectral SPOT image (from [42]); (b) Document page (from [58]).
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Figure 6: (a) Illustrating the midpoint deﬂection construction of samples of Brownian Motion; (b) The MR
tree model structure corresponding to the midpoint deﬂection construction.
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Figure 7: (a) A typical example of a tree; (b) The tree of part (a) redrawn as it appears when the node
labeled “0” is taken as the root node.
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Figure 8: Illustrating the recursive structure of statistical processing algorithms on MR trees. (a) The
ﬁne-to-coarse “upward” sweep of the optimal estimation algorithm (see equations (31) - (26)). (b) The
coarse-to-ﬁne ”downward” sweep producing optimal smoothed estimates (see equations (33) - (37)). (c)
The hybrid recursive structure for the whitening of MR data; the upward, ﬁne-to-coarse portions of these
computations comprise the Kalman ﬁltering upward sweep shown in (a) to produce partially whitened
measurement residuals; the downward portion of these computations complete the whitening based on a
particular total ordering of nodes on the tree that is compatible with the partial order implied by the tree
itself. Adapted from [225].
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Figure 9: (a) Estimates of ocean height (relative to the geoid) based on a set of TOPEX/POSEIDON
measurements along the tracks in Figure 2; (b) Estimation error variances associated with the estimates
in (a). Both of these maps were computed using a MR estimation algorithm. (c) An overlay of ocean
bathymetry contours with the locations of statistically anomalous measurement residuals. Taken from [112].
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Figure 10: (a) Comparison of the probabilities of correct classiﬁcation (as a function of a parameter ω).
Here the dashed line represents the optimal performance using the exact Gaussian Markov Random Field
(GMRF) likelihood ratio test (LRT); the solid line corresponds to the performance using a MR model (MM)based LRT (using what is referred to in [225] as a 0th -order model (corresponding to keeping only a scalar
state at each node in the quadtree model)), and the dash-dot line is the performance using the suboptimal
minimum–distance (MD) classiﬁer from [50]. The results in (a) are for a 32× 32 image chip at an SNR of
0dB. (b) Illustrating how performance approaches the optimal achievable as we increase the order of the
approximate MR model (these results are for a 16x16 image chip at an SNR of 0dB). Taken from [225].
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Figure 11: Denoised version of the noisy image shown in Figure 3(b) using a hidden Markov MR tree model
and complex wavelet decomposition. Taken from [282]
.
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Figure 12: (a) Noise-free image to be reconstructed from emission computed tomographic (ECT) measurements; (b), (c), (d) three diﬀerent reconstructions from ECT measurements using three diﬀerent MR models
corresponding to diﬀerent parameter values and corresponding “strengths” of the prior models, ranging from
weakest in (b) to strongest in (d) (See [263] for details).
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Figure 13: Illustrating the construction of cutset tree models. (a) A graph over which a graphical model
x(.) is deﬁned. (b) Illustrating a particular choice of root cutset, A, along with the disjoint subsets U and
W separated by A. (c) The cutset tree model resulting from this choice of root cutset; here the dashed lines
indicate redundant values that can be added to the ﬁnest scale so that the entire process resides at the ﬁnest
scale. (d) a lower-dimensional model in which unnecessarily repeated variables are removed from various
nodes.
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Figure 14: A regular 2-D nearest-neighbor lattice, with a horizontal cutset (in red) containing a number of
nodes equal to the linear dimension of the lattice. Taking this cutset together with the vertical one (in blue)
leads to a quadtree MR model structure.
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Figure 15: (a) A triangulation of the graph in Figure 13. (b) The junction tree for this triangulation.
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Figure 16: A set of 1-D signals each of which yield’s the same value for the 1-D version of the smoothness
penalty in (52). Taken from [223].
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Figure 17: (a) Ocean surface reconstruction from TOPEX/POSEIDON data such as in Figure 2; (b) Discontinuous surface to be reconstructed; (c) Reconstruction of the surface given noisy measurements and using
the MR estimation algorithm described in the paper employing thin plate and membrane priors which lead to
smooth reconstructions across surface discontinuities; (d) distribution of locations and signs of statistically
signiﬁcant measurement residuals, providing clear statistical evidence for the detection, localization, and
estimation of the surface discontinuity. Taken from [120].
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Figure 19: Illustrating the result of applying the scale-recursive method for constructing internal approximate
MR stochastic realizations, in this case of fractional Brownian motion (with Hurst parameter H = 0.7). (a)
Plot of the exact covariance matrix for a window of fBm; (b) plot of the covariance achieved using a MR
model with state dimension 4; (c) the diﬀerence between the covariances in (a) and (b), plotted as an image;
(d) a set of noisy measurements of this fBm process over the two ends of the interval of interest; (e) the
estimates using the MR algorithm and the 4-dimensional state model (solid line), the optimal estimates
using the exact fBm statistics (dashed line almost completely obscured by the solid line), and plus/minus
one standard deviation error bars (dotted line); (f) error standard deviations given by the MR estimator
(solid line) and based on the exact fBm statistics (dashed line, again almost completely obscured by the
solid line). Taken from [122].
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Figure 20: Illustration of the eﬀectiveness of the MR algorithm in estimating travel time perturbations.
In each ﬁgure the dashed line represents the distribution predicted by the direct estimation of travel time
perturbation modeled as a linearized functional of log-conductivity, which was directly incorporated into
the MR model as a state at a coarse-scale node–i.e., these dashed Gaussians have means and variances
corresponding to the resulting estimate and error variance computed by the MR estimation algorithm. The
histogram in each ﬁgure depicts the result of conditional simulation, in which we use the estimates of ﬁnescale conductivity and the MR model of the errors in these estimates to draw sample conductivity ﬁelds
which are then used to drive the hydrologic equations, yielding sample values for travel time. The ﬁgure
in (a) corresponds to the case in which the log-conductivity perturbation from the background value is
comparatively small, while it is an order of magnitude larger in (b). Taken from [84].
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Figure 21: Illustrating the use of an internal MR tree model for fBm (with Hurst parameter H = 0.3) using
the Daubechies 6-tap orthogonal wavelet. Here we consider the problem of estimating a sample path of fBm
given noisy measurements (shown in (a))of the process over subintervals at the two extreme ends of the
overall interval of interest. The plot in (b) depicts the estimation results using both this MR model (solid
line) and also using the exact fBm statistics (dash-dot line), as well plus minus one standard deviation bars
(dashed line). Taken from [85].
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Figure 22: An example of the method developed in [91] for nonparametric estimation of MR models of
steerable wavelet pyramids of a sample image. The small region included within the black border in the
image on the right is a real image, from which a MR model was learned. The entire image shown is entirely
synthetic, using this learned model, except for this one small region in which the real image is located. Based
on [91, 90].
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(a)
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(c)

Figure 23: (a) An example of a MR (loopy) graphical structure, including several direct connections across
what are major boundaries of the underlying MR tree. Two spanning trees of this graph are shown in (b)
and (c)
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(a)

(b)

Figure 24: Segmentation results on the images in Figure 5: (a) From [42] using the technique described in
Example 10 (each multispectral pixel is classiﬁed into one of ﬁve region types); (b) From [53] using a more
sophisticated MR algorithm building on the framework described in Exmaple 10 (here each pixel is classiﬁed
into one of three classes, text, picture, and background).
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